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Explain how this works and get to the mathematics of it.
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The zero vector, denoted by 0, is the unique vector such that for
any vector a one has
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The zero vector behaves like 0 in R.
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To each vector a, one has a (unique) negative of a, denoted by —a
satisfying the condition:
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Negative vectors behave like negative numbers in R.
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Vectors

Some timely examples must intrude at this point.

Example
1 -1
Leta=| 2 |and b=|-2]. Then,

1 ~1\  (1+(-1)\ (0O
ot be (2)(2) (2+<_2>): (0)
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Some timely examples must intrude at this point.

Example
1 0 0
Leti=|0],j=|1], k=]|0}|.
0 0 1
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Vectors

Some timely examples must intrude at this point.

Example
1 0 0
Leti=|0], j= 1 , k= O.
0

Then, for any vector v = y , we have:

X 1 0
yl=x]0]|+y 1 +z|0
z 0 0 1

NIE
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X
For any vector v =] y |, we have
p4

v =xi+ yj+ zk.
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Vectors

X
For any vector v =] y |, we have
p4

v =xi+ yj+ zk.

So, the set
{i, j, k}

forms the basic building blocks — basis.
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Definition (Unit vector)

The unit vector in the same direction as a is defined to be

.1
a:=—a
|al
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Vectors

Definition (Unit vector)

The unit vector in the same direction as a is defined to be

R 1 a
a=—aor —.
|al al

Here, |a| is the magnitude or length of a.
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Vectors

Scalar multiplication of a vector a to a real scalar « dilates it:

Q-a or aa.
a
2a

Figure: a=-1, 2 :7NIE
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The behaviour of scalar multiplication can be captured by the
following:

Laws of vector algebra

la=a
A(pa) = (Ap)a
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Vectors

Another timely example is in place:

Example
1 -1

Leta=| 2 |and b=|-2]. Then,
-1 3

1 -1 1-)
a+t b= 2 +X|-2]=1] 2-2)|.
-1 3 -1+3\
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Vectors

Another timely example is in place:

As X varies, the point P with position vector

1 -1
r=| 2 |+X\]|-2
-1 3
-1
traces out the straight line through A(1,2,-1) parallel to | -2 |.
3
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Enlarging the scope

We now adopt a more liberal viewpoint.

Paradigm shift

Any set of mathematical entities, endowed with + and -, which
satisfies all these conditions is called a vector space, and the
elements of which vectors.

We make a new definition out of properties observed in a special
case!
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Let C be the set of continuous real-valued functions

f:R— R.
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Enlarging the scope

Define + on C as follows:

(f+8)(x) = f(x) + g(x).

Define - on C as follows:

(a-)(x) = af(x).
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Graphically, addition can be interpreted below:

Figure: Pointwise addition ‘7
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Enlarging the scope

Graphically, scalar multiplication can be interpreted below:

Figure: Pointwise scaling ‘7
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Enlarging the scope

One check that the set of functions C satisfies all of the following:

Laws of vector algebra

H +g=g+f

B(f+g)+h=f+(g+h)

BO+f=f+0="F

Bf+(-f)=-f+f=0

B1lf=f

A A(u-f)=(Au)-f

B M\+p)-f=X-f+u-f
A(F+g)=A-f+ X

B\ (f+g) g ?\LE'
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The set of continuous functions C, together with addition scalar
multiplication of functions, forms a vector space (C,+,-).

Proof.

The zero vector is the zero function

0:R— R, x—»0, xeR

and the negative vector of a function f is just
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Enlarging the scope

The set of continuous functions C, together with addition scalar
multiplication of functions, forms a vector space (C,+,-).

Proof.

The zero vector is the zero function

0:R— R, x—»0, xeR
and the negative vector of a function f is just

-f:R— R, x~—f(x), xeR.

0Py
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Paradigm shift

Physical variations such as signals and seismic waves
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Motivation

Because an arbitrary continuous signal is hard to code
mathematically, it may perhaps be good to break it down into
(several) basic components.
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Find the projection of the vector a = 2i — 3j + k onto the vector

b= 5(i-k).

b =
3 e



Are you getting the right signal?
L Dot product

Projection problem

To tackle the projection problem, we need a piece of vector
machinery called

Dot Product.
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Definition (Dot product)

The dot product (a.k.a. scalar product or inner product) of two
vectors a = aji + apj + ask and b = byi + byj + bsk is defined to be
the real scalar

a-b:= albl + 82b2 + a3b3.
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Dot product

Definition (Dot product)

The dot product (a.k.a. scalar product or inner product) of two
vectors a = aji + apj + ask and b = byi + byj + bsk is defined to be
the real scalar

a-b:= albl + 82b2 + a3b3.

It appears that the above definition of a-b is dependent on the
coordinate basis {i, ], k}.
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Dot product

Suppose the position vectors a and b of the points A and B with
respect to the origin O.
Writing a = aji + apj + azk and b = byi + byj + bsk,

AB=b-a= (b —a1)i+ (by—ay)j+ (b3 —a3)k.
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Dot product

Suppose the position vectors a and b of the points A and B with
respect to the origin O.
Writing a = aji + apj + azk and b = byi + byj + bsk,

AB=b-a= (b —a1)i+ (by—ay)j+ (b3 —a3)k.
Using the Pythagoras Theorem,
AB? = (b1 —a1)? + (b - a2)” + (b3 — a3)°.
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Dot product

On the other hand, we can make use of the angle 2« AOB =6 and
the cosine rule

AB? = OA% + OB% - 2(OA)(OB) cos .
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Dot product

On the other hand, we can make use of the angle 2« AOB =6 and
the cosine rule

AB? = OA% + OB% - 2(OA)(OB) cos .
This yields

AB? =(a% + a5 + a3) + (b? + b3 + b3)

—2\/a%+a§+a§\/b%+b%+b§cose

o
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Dot product

Equating the two expressions for AB?, we have

(b1 —31)2 +(bp - 32)2 + (b3 —33)2 = (a% +a% + ag) + (b% + bg + bg)

—2\/a%+a§+a§\/b§+b§+b§cosﬁ
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Expanding the left hand side and cancelling the squares, we have

~2(ayby + axby + agb3) = —2\/a§ +a3+ ag\/bf + b3 + b3 cos,
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which then simplifies to
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Expanding the left hand side and cancelling the squares, we have

~2(ayby + axby + agb3) = —2\/a§ +a3+ ag\/bf + b3 + b3 cos,

which then simplifies to
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Dot product

Expanding the left hand side and cancelling the squares, we have

~2(ayby + axby + agb3) = —2\/a§ +a3+ ag\/bf + b3 + b3 cos,

which then simplifies to

aib1 + asby + azbs = \/af + ag +a§\/bf + bg + bgcose.

Thus,
a-b =|al|b|cosb.

o
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Dot product

Given any points O, A and B, all the three quantities
m OA,
m OB, and
m 2zAOB

are fixed and thus independent of any coordinated basis.
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Dot product

This then gives rise to a coordinates-independent definition of the
dot product.
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L Dot product

Dot product

This then gives rise to a coordinates-independent definition of the
dot product.

Definition (Dot product)

The dot product of two vectors a and b is defined to be the real

scalar
a-b:=la||b|cos b,

where 0 = 2 AOB.

o



Are you getting the right signal?
L Dot product

Dot product

Let a and b be given vectors, and the angle between them 6.
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Dot product

Let a and b be given vectors, and the angle between them 6.
Then we have the following:

Hab>0<«<— 0§9<§.

a-b=0 < 0:%.
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Dot product

Let a and b be given vectors, and the angle between them 6.
Then we have the following:

a-b>0 < 0<0<7.

a-b=0 < 0=7.

Hab<0 < %<9£7r.
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Projection problem

We are now ready to solve the original projection problem:

Question

Find the projection of the vector a = 2i — 3j + k onto the vector

b= J5(i-k).

:7 I
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Projection problem

By the definition of dot product, we have:
a-b =|al|b|cosb,

where 0 = 2 AOB.

:7 I
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Projection problem

By the definition of dot product, we have:

= |a||b| cos 6,

where 6 = 2 AOB.
But we can work out a-b using their coordinates, i.e.,

2\ (1
-b=1-31-—1 0
) (1) ﬁ(l) '
:_[(2)(1)+( 3)(0) + (1)(-1)] = ?

L
V2

Sl

=/



Are you getting the right signal?
L Dot product

Projection problem

From the fact that
a-b = |a||b| cos b,

the positive value of a-b implies that

cosf >0

o
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L Dot product

Projection problem

From the fact that
a-b = |a||b| cos b,

the positive value of a-b implies that

cosfd >0 — 0£9<g.

o
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L Dot product

Projection problem

From the fact that
a-b = |a||b| cos b,

the positive value of a-b implies that

cosfd >0 — 0£9<g.

So the diagram we drew is correct.

o
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L Dot product

Projection problem

The length of the projection of a unto b is

V2

a-B _|a-b|
bl| b 1 2’

M

||a| cosb] =

since b is a unit vector.

o
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L Dot product

Projection problem

The length of the projection of a unto b is

M

b| _ la-b| _ﬁ
b bl 1 27

||a|cosf| = |a-

since b is a unit vector. So, the required projection (vector) is

?B:ib_l( -k).

o
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Projection problem

Theorem
Let vi,vp,v3 be three mutually perpendicular unit vectors. Then
any 3D vector v can be decomposed into

V = Q1V] + (pVo + (\3V3,

where
A =V - Vi, k=1, 2, 3.

o



Are you getting the right signal?
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Projection problem

Theorem

Let vi,vp,v3 be three mutually perpendicular unit vectors. Then
any 3D vector v can be decomposed into

V = Q1V] + (pVo + (\3V3,

where
QY =V -V, k=1, 2, 3.

Proof.
Easy: Just dot the vector equation by v, (k =1,2,3). O

=
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To tell you the truth, we shall be using:
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Signal processing

To tell you the truth, we shall be using:
m Functions
m Graphing techniques
m Trigonometry

m Integration
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LSignal processing

Signal processing

To tell you the truth, we shall be using:
m Functions
m Graphing techniques
m Trigonometry
m Integration
which you have learnt or will be learning in H2 Mathematics.

o
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Signal processing

Electronic .
Transducer Processors Transmitter
ﬂ m Electronlc /\f'.\ ol
. Sl LV gl
’
Receiver Transducer

Electromagnetic Electronic
wave PP Signal ;

Figure: A diagrammatic summary of signal processing
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Signal processing

In this lecture, we only have time to take a glimpse at
Signal — Simpler sine/cosine signals

via Fourier series.
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LSignal processing

Signal processing

In this lecture, we only have time to take a glimpse at
Signal — Simpler sine/cosine signals

via Fourier series.
But the motivation comes from the reverse direction.

o
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Combining sinusoidal waves

We start with a simple Graphing Calculator activity.
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Combining sinusoidal waves

We start with a simple Graphing Calculator activity.

Sketch the following graphs in succession:
mY1l: y=-2sin(t)
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Are you getting the right signal?

LSignal processing

Combining sinusoidal waves

We start with a simple Graphing Calculator activity.

Sketch the following graphs in succession:
mY1l: y=-2sin(t)
m Y2: y=-2sin(t) +sin (2t)

o
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LSignal processing

Combining sinusoidal waves

We start with a simple Graphing Calculator activity.

Sketch the following graphs in succession:
mY1l: y=-2sin(t)
m Y2: y=-2sin(t) +sin (2t)
m Y3: y=-2sin(t)+sin(2t) - %sin (3t)

o



Are you getting the right signal?

LSignal processing

Combining sinusoidal waves

We start with a simple Graphing Calculator activity.

Sketch the following graphs in succession:
mY1l: y=-2sin(t)
m Y2: y=-2sin(t) +sin (2t)
m Y3: y=-2sin(t)+sin(2t) - %sin (3t)
m Y4: y=-2sin(t)+sin(2t) - %sin (3t) + 3 sin (4t)

o
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LSignal processing

Combining sinusoidal waves

We start with a simple Graphing Calculator activity.

Sketch the following graphs in succession:
mY1l: y=-2sin(t)
m Y2: y=-2sin(t) +sin (2t)
m Y3: y = —2sin(t) +sin (2t) - 2sin (3t)

3
m Y4: y=-2sin(t)+sin(2t) - %sin (3t) + 3 sin (4t)
m Y5: y =-2sin(t)+sin(2t) - %sin (3t) + %sin (4t) - %sin (5t)

o
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Exercise

Write down, in summation notation, the Nth function.
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LSignal processing

GC Activity

Exercise

Write down, in summation notation, the Nth function.

fN(t) = ivz M

n=1

sin (nt).

o
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GC Activity

This produces a sequence of graphs:
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GC Activity

This produces a sequence of graphs:

el

=7
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GC Activity

This produces a sequence of graphs:

NS
~ [~
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GC Activity

This produces a sequence of graphs:

=y

~

o



Are you getting the right signal?

LSignal processing

GC Activity

This produces a sequence of graphs:

Pl P
~ ™~
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LSignal processing

GC Activity

Where is this sequence of functions limiting to?

o
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GC Activity

ML
~

Figure: Graph of fig(t) = 12, X nl) sin (nt)

o
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GC Activity

GC suggests that on the interval —7 < t < 7 the sequence f,(t)

tends to

i 2(=1)" sin(nt) = —t:=f(t),
n=1 n

and
f(t+2m)="1(t).

o



Are you getting the right signal?

L Fourier series

Problem solving

In order to prove that on [-m, 7],

2(-1)"
1 n

8

sin (nt) = —t,

3
Il

one may proceed in this way.

o



Are you getting the right signal?
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Problem solving

We generalize to the following problem:

Problem

Given a function f defined on [-m, 7], find coefficients a,'s and
b,'s such that

f(t)=ao+ i ap cos (nt) + by sin (nt).

n=1

o
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If we treat continuous functions on [—7, 7] as vectors, then looking
for a,’s and b,'s amounts to a projection problem!
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L Fourier series

Making connections

If we treat continuous functions on [—7, 7] as vectors, then looking
for a,’s and b,'s amounts to a projection problem!

f(t)=aol+ Z apcos (nt) + bysin (nt),
n=1
where the infinite basis is given by {1,cos (nt),sin (nt)}52.

o
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Making connections

But recall the solution to the projection problem:

Theorem

Let vi,vp,v3 be three mutually perpendicular unit vectors. Then
any 3D vector v can be decomposed into

V = Q1V] + (pVo + (\3V3,

where
QY =V -V, k=1, 2, 3.

o
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What do the following terms mean in our present context of the
vector space of functions?
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Making connections

What do the following terms mean in our present context of the
vector space of functions?

| 3D

mutually perpendicular vectors
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Making connections

What do the following terms mean in our present context of the
vector space of functions?

3D
mutually perpendicular vectors

unit vectors

o
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L Fourier series

Making connections

The above terms make sense only if we have a sensible way of
defining the dot product for the vector space

Cl-m,m]:={f|f:[-m,m] — R is continuous}.

o
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Making connections

To do so, one must define the dot product abstractly from its
properties.

o
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Making connections

Theorem

Let - be the dot product of 3D vectors. Then the following
properties are satisfied for all vectors a, b and c, and for all real
number o:
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Making connections

Theorem

Let - be the dot product of 3D vectors. Then the following
properties are satisfied for all vectors a, b and c, and for all real
number o:

a-b=b-a.

o
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Making connections

Theorem

Let - be the dot product of 3D vectors. Then the following
properties are satisfied for all vectors a, b and c, and for all real
number «:

a-b=b-a.

(c@)-b=a(a-b).

o
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Making connections

Theorem

Let - be the dot product of 3D vectors. Then the following
properties are satisfied for all vectors a, b and c, and for all real
number o:

a-b=b-a.
(c@)-b=a(a-b).
a-(b+c)=a-b+a-c.

o
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L Fourier series

Making connections

Theorem

Let - be the dot product of 3D vectors. Then the following
properties are satisfied for all vectors a, b and c, and for all real
number o:

a-b=b-a.

(c@)-b=a(a-b).
a-(b+c)=a-b+a-c.

a-a >0 with equality if and only ifa=0.

o
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Making connections

We generalize this to invent a new definition:

Definition (Dot product space)

A vector space (V/, +,-) is a dot product space (better known as
inner product space if the following conditions are satisfied for all
vectors a, b and ¢, and for all real number a:
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Making connections

We generalize this to invent a new definition:

Definition (Dot product space)

A vector space (V/, +,-) is a dot product space (better known as
inner product space if the following conditions are satisfied for all
vectors a, b and ¢, and for all real number a:

a-b=b-a.
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We generalize this to invent a new definition:

Definition (Dot product space)

A vector space (V/, +,-) is a dot product space (better known as
inner product space if the following conditions are satisfied for all
vectors a, b and ¢, and for all real number a:
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(cd@)-b=a(a-b).
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Making connections

We generalize this to invent a new definition:

Definition (Dot product space)

A vector space (V/, +,-) is a dot product space (better known as
inner product space if the following conditions are satisfied for all
vectors a, b and ¢, and for all real number a:

a-b=b-a.
(cd@)-b=a(a-b).
a-(b+c)=a-b+a-c.
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L Fourier series

Making connections

We generalize this to invent a new definition:

Definition (Dot product space)

A vector space (V/, +,-) is a dot product space (better known as
inner product space if the following conditions are satisfied for all
vectors a, b and c, and for all real number a:

a-b=b-a.

(cd@)-b=a(a-b).

a-(b+c)=a-b+a-c.

a-a >0 with equality holding if and only if a=0.

o
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L Fourier series

Making connections

For 3D vectors, the usual dot product has been defined by

u(1)) (v(1)
u(2) |- v(2) | :=u(1)v(l) +u(2)v(2) + u(3)v(3)
u(3)) \v(3)

o
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L Fourier series

Making connections

For 3D vectors, the usual dot product has been defined by

u(1)) (v(1)
u(2) |- v(2) | :=u(1)v(l) +u(2)v(2) + u(3)v(3)
u(3)) \v(3)

Rewriting the above as

u-vi= >y u(i)v(i).

i€{1,2,3}

o
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Making connections

For functions, the dot product should therefore involve some kind
of infinite summation over real numbers, i.e., it should look like:

o
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L Fourier series

Making connections

For functions, the dot product should therefore involve some kind
of infinite summation over real numbers, i.e., it should look like:

f-g:= Z f(x)g(x).

xe[—m,m]

o



Are you getting the right signal?

L Fourier series

Making connections

Infinite summation over real numbers is

o
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L Fourier series

Making connections

Infinite summation over real numbers is INTEGRATION.

o
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Making connections

Definition (Dot product of functions)

Define the dot product of two functions f and g € C[-7, 7] as
follows:

f-g:= [: f(x)g(x) dx.

o



Are you getting the right signal?

L Fourier series

Making connections

With this definition, one can check that all the conditions of a
(generalized) dot product are satisfied, i.e.,
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Making connections

With this definition, one can check that all the conditions of a
(generalized) dot product are satisfied, i.e.,

Theorem

For all functions f, g and h in C[-m, 7], and for all real number «,
the following conditions hold:
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L Fourier series

Making connections

With this definition, one can check that all the conditions of a
(generalized) dot product are satisfied, i.e.,

Theorem

For all functions f, g and h in C[-m, 7], and for all real number «,
the following conditions hold:

f-g=g-f.

o
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Making connections

With this definition, one can check that all the conditions of a
(generalized) dot product are satisfied, i.e.,

Theorem

For all functions f, g and h in C[-m, 7], and for all real number «,
the following conditions hold:

f-g=g-f.
(af)-g=a(f-g).
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Making connections

With this definition, one can check that all the conditions of a
(generalized) dot product are satisfied, i.e.,

Theorem

For all functions f, g and h in C[-m, 7], and for all real number «,
the following conditions hold:

f-g=g-f.
(af)-g=a(f-g).
f-(g+h)=Ff-g+f-h.

o
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L Fourier series

Making connections

With this definition, one can check that all the conditions of a
(generalized) dot product are satisfied, i.e.,

Theorem

For all functions f, g and h in C[-m, 7], and for all real number «,
the following conditions hold:

f-g=g-f.

(af)-g=a(f-g).

f-(g+h)y=f-g+f-h.

f-f >0 with equality holding if and only if f =0.

o
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Sinusoidal waves

There is something natural about the choice of the functions
1,cos(nx),sin(nx), n=1,23,-

with regards to this dot product of functions.

o
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L Fourier series

Sinusoidal waves

The dot product of any pair of distinct waves must be zero.

1-cos(nx) = [Wcos(nx)dx=0.

= e e

FFCeddxn=-1.43E 13 e
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L Fourier series

Sinusoidal waves

The dot product of any pair of distinct waves must be zero.

1-sin(nx) = [Wsin(nx)dx=0.

-

SRiedx=0 L e




Are you getting the right signal?

L Fourier series

Sinusoidal waves

The dot product of any pair of distinct waves must be zero.

cos (mx) - cos (nx) = /:W cos (mx) cos (nx)dx = 0.

M A aene 4 Cas

SF(xddx=-6.9E-1E e
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L Fourier series

Sinusoidal waves

The dot product of any pair of distinct waves must be zero.

cos (mx) -sin (nx) = /:W cos (mx) sin (nx)dx = 0.

SRiedx=0 L e
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L Fourier series

Sinusoidal waves

The dot product of any pair of distinct waves must be zero.

sin (mx) -sin (nx) = /:: sin (mx) sin (nx)dx = 0.

Dt ol g

FF(xidx=5.90E -1Y4 e
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L Fourier series

Sinusoidal waves

Now we have to check that each of the waves are of unit
magnitude.

o
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Sinusoidal waves

For the first flat wave, we have:
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L Fourier series

Sinusoidal waves

For the first flat wave, we have:
1-1- f (1)(1)dx

:fwldx

= 2.

o
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L Fourier series

Sinusoidal waves

For the first flat wave, we have:
1.1-= f (1)(1)dx
:fwldx
=2m.

Thus,
1]=v1-1=+2n7.

o
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L Fourier series

Sinusoidal waves

So we obtain the first unit wave:

o
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Sinusoidal waves

For the cosine waves, we have:
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L Fourier series

Sinusoidal waves

For the cosine waves, we have:

cos (nx) - cos (nx) = /Wcos2(nx)dx
m1 2
:_/ + cos ( nx)dx

7r 2
1 o S (2nx)
2 2n r
1
= 5(277)
=T.

o
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L Fourier series

Sinusoidal waves

For the cosine waves, we have:

cos (nx) - cos (nx) = /Wcos2(nx)dx
m1 2
:_/ + cos ( nx)dx

7r 2
1 o S (2nx)
2 2n r
1
= 5(277)
=T.

Thus,
cos (nx)| = /. =
|cos (nx))| 3 1
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Sinusoidal waves

So we obtain the second class of unit (cosine) waves:

cos (nx)

, :]_’273’...
N

o
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L Fourier series

Sinusoidal waves

Similarly, we obtain the third class of unit (sine) waves:

sin (nx)

, :1,2’3’...
N

o
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L Fourier series

Sinusoidal waves

We thus obtain the following basis for C[-7, 7 ]:

{ 1 cos(nx) sin(nx)}oo
Vorl T T

which are mutually perpendicular unit vectors.

)
n=1

o
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Projection problem

The projection problem of obtain a,’'s and b,'s is easy to solve now.
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L Fourier series

Projection problem

This is equivalent to solving for A,'s and B,'s such that

o ali) Eu(2) (),

o
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L Fourier series

Projection problem

. . 1 .
To find Ag, we project f along the flat wave Nt

1 m 1 1 ™
AO:f-\/—2_7T:[W f(x)(\/—z_ﬂ)dx:gv[w £(x)dx.

o
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L Fourier series

Projection problem

To find A, we project f along the class of cosine waves cos(mx).

cos(nx) 1 7r,C(X) cos (nx)dx.

A, =foSst) 1
ﬁ ﬁ -7

o
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L Fourier series

Projection problem

To find B, we project f along the class of cosine waves sin ().

sin(nx) 1 7r,c(x) sin (nx)dx.

By=f —"2=_"_
NZs Nz

o
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Projection problem

Definition (Fourier series)

Let f be a continuous function on [-7,7].

:7 I
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Projection problem

Definition (Fourier series)

Let f be a continuous function on [-7,7].
The Fourier series of f is given by

F(x) = Ao (%) 54,0 g (00

where

1 ™ 1 0
Ao = \/_2_7r /:Tr f(x)dx, A, = ﬁ /:Tr f(x) cos (nx)dx,

and

B,= L[W f(x)sin (nx)dx. 5] i
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Definition (Fourier series)

Let f be a continuous function on [-7,7].
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Projection problem

Definition (Fourier series)

Let f be a continuous function on [-7,7].
The Fourier series of f is given by

f(x)=ap+ i(an cos (nx) + by sin (nx)),

n=1

where

ap = ifﬂ f(x)dx, a, = lfw f(x) cos (nx)dx,
21 J-m mwJ-7

and 1 rn
b,,:—f £ () sin (nx)dx. !
™ J-7 7IE
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Projection problem

Consider the function f defined by

f(ty=-t, -m<t<m.

o
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L Fourier series

Projection problem

We calculate a,’s and b,'s as follows.
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Projection problem
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Projection problem

1 ™
a,,:—[ —tcos (nt)dt
™ J-7

o
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L Fourier series

Projection problem

1 ™
an=— [ —tcos (nt)dt
™ J-7
=0
since the function —tcos(nt) is odd, i.e., has rotational symmetry
about O (of order 2).

o
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Projection problem

Making use of the result that

% (tcos(nt)) = —ntsin (nt) +sin (nt),

we evaluate

1 s
b,,:—f —tsin (nt)dt

T ™

= % %([tcos(nt)] [: COS(”t))
- % . % ( m(-1)" - % [sin (nt)]L)
_2(-1)" 1)”

! B
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L Fourier series

Projection problem

Consequently, we have shown that on [-7, 7] it holds that

o0
—t= Z =
n=1

2(-1)"

n

sin (nt),

as desired.

o
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Back to signals

Physical signals are in general more irregular such as:

g
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L Fourier series

Back to signals

Music also comes in this form:

L

[
[111e
[111e

o

a5,
&g

D¢

'
ES
i

Tt oo b bao oo b Tood oo hen 18

o
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L Fourier series

Back to signals

The theory developed so far guarantees that no matter how
irregular the continuous (time dependent) signal is, it can be
decomposed into its cosine and sine components of varying
amplitudes a, and b, depending on the frequency n.

o
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L Fourier series

Back to signals

The theory developed so far guarantees that no matter how
irregular the continuous (time dependent) signal is, it can be
decomposed into its cosine and sine components of varying
amplitudes a, and b, depending on the frequency n.

Fourier transform

Time domain — Frequency domain

o
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Back to signals

There is a long way from the orchestra music to your head-set.
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Back to signals
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Back to signals

There is a long way from the orchestra music to your head-set.

Sound waves —> Discrete sampling of signals (time domain) —
Discrete data in frequency domain — Transmission/Storage —>
Decoded sound waves

In practice, the second arrow involved DFT (Discrete Fourier
Transform).

o



Are you getting the right signal?

L Fourier series

Back to signals

Let us see how experience how vectors make music:

http://falstad.com/fourier/
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Are you getting the right signal?
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