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Research interests

I do many more cool things, such as:
@ Programming semantics and logic
@ Theories of computability and computation

@ Real exact arithmetic
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Research interests

Along the way, | also play with:
@ Number theory: Fourier series applied to the ¢ function
@ Algebra: Universal algebra and Category theory

@ Mathematics education
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In this talk, we touch on two topics:

@ Scott co-topology and its representation theory
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Structure of talk

In this talk, we touch on two topics:
@ Scott co-topology and its representation theory

@ Sober Scott spaces
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Scott co-topology and its representation theory
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Preliminary Srasiit tepalEmy

Sober space

Structures of discussion

We talk about a special topology on a special kind structure:
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Preliminary Srasiit tepalEmy

Sober space

Structures of discussion

We talk about a special topology on a special kind structure:

Partially Ordered Sets

-
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Preliminary Scott topology

Sober space

Partial order

A partial order is a relation < on a set P which is

-
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A partial order is a relation < on a set P which is
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A partial order is a relation < on a set P which is

@ reflexive,
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Preliminary Scott topology

Sober space

Partial order

A partial order is a relation < on a set P which is

@ reflexive,
@ antisymmetric and

© transitive.
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Preliminary Srasiit tepalEmy

Sober space

Partial order

A partial order is a relation < on a set P which is

@ reflexive,
@ antisymmetric and
© transitive.

We say that (P, <) is a partially ordered set or a poset, for short.

-

Mathematics and Mathematics Education Nation  Scott Co-topology and Sober Scott Spaces



Preliminary Scott topology

Sober space

Reflexive

For any x € P, we have
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Preliminary Scott topology

Sober space

Reflexive

For any x € P, we have
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Preliminary Srasiit tepalEmy

Sober space

Antisymmetric

If x<yand y <xin P, then
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Antisymmetric

If x<yand y <xin P, then
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Preliminary Srasiit tepalEmy

Sober space

Transitive

If x<yand y<zin P, then
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Preliminary Srasiit tepalEmy

Sober space

Transitive

If x<yand y<zin P, then
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Preliminary Srasiit tepalEmy

Sober space

Examples of posets

Let X be a set.
Then the powerset

(P(X), <),

the set of all subsets of X, is a poset.

-
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Preliminary Scott topology

Sober space

Hasse diagram

kix.y} /{ .2} {y.z}

Figure: (P({x,y,z}),<)
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Preliminary Scott topology

Sober space

Hasse diagram

)
L\{X.y}- /{ .2} {2}

Figure: (P({x,y,z}),<)

Here X = {x,y, z} is finite.

Mathematics and Mathematics Education Nation  Scott Co-topology and Sober Scott Spaces



Preliminary Scott topology

Sober space

Hasse diagram

)
(e (tezt 2

Figure: (P({x,y,z}),<)

Here X = {x,y, z} is finite.
Of course, X may be infinite.

-
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Preliminary Srasiit tepalEmy

Sober space

Food for thought

Rupiah-Question

Given the poset Q = (P(X),<) for a set X, how can | tell whether
a particular element A € P(X) is finite or not using only
information about the structure of Q7
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Preliminary Srasiit tepalEmy

Sober space

Food for thought

Rupiah-Question

Given the poset Q = (P(X),<) for a set X, how can | tell whether
a particular element A € P(X) is finite or not using only
information about the structure of Q7

You cannot count the number of elements in A since you have no
access to its elements.
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Preliminary Srasiit tepalEmy

Sober space

Examples of posets

Number theory

Let N:={0,1,2,...} be the set of natural numbers.
We define the relation < on N as follows:

-
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Preliminary Srasiit tepalEmy

Sober space

Examples of posets

Number theory

Let N:={0,1,2,...} be the set of natural numbers.
We define the relation < on N as follows:

a <,b < b is an integer multiple of a.

-
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Preliminary

Scott topology
Sober space

Examples of posets

Number theory

Let N:={0,1,2,...} be the set of natural numbers.
We define the relation < on N as follows:

a <,b < b is an integer multiple of a.

Then (N, <) is a poset.

-
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Preliminary

Scott topology
Sober space

Examples of posets

Number theory

Let N:={0,1,2,...} be the set of natural numbers.
We define the relation < on N as follows:

a <,b < b is an integer multiple of a.

Then (N, <) is a poset.

Number theorists use the well-known symbol a| b for a < b.
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Preliminary Scott topology

Sober space

Examples of posets

Recall that a partition of an interval [a, b] is a finite subset {a;}7
of it with
a=ag<aj<ap<---<ap=b.

-
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Preliminary Scott topology

Sober space

Examples of posets

Recall that a partition of an interval [a, b] is a finite subset {a;}7

of it with
a=ag<aj<ap<---<ap=b.

Integration theory

Let P[a, b] be the collection of all partitions on [a, b]. Define < on
this set as follows:

P<Q

if P contains all the points of @ and possibly some other points.
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Preliminary

Scott topology
Sober space

Definition (Directed subsets)
A subset D of a poset P is directed if for any di, dp € D,

-
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Preliminary

Scott topology
Sober space

Definition (Directed subsets)

A subset D of a poset P is directed if for any di, da € D, there
exists d3 € D such that

di <d3 & dr < ds.

-
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Preliminary

Scott topology
Sober space

Definition (Directed subsets)

A subset D of a poset P is directed if for any di, da € D, there
exists d3 € D such that

di <d3 & dr < ds.

Directed subsets which are lower are called ideals.
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Preliminary

Scott topology
Sober space

Directed subsets

© Every subset of a chain is directed.

-
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Preliminary

Scott topology
Sober space

Directed subsets

© Every subset of a chain is directed.

@ Every subset of the form
Ix:={peP|p<x}, xeP

in a poset P is an ideal.

-
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Preliminary Srasiit tepalEmy

Sober space

Definition (Dcpo)

A poset is a dcpo if every directed subset has a supremum.
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Preliminary Srasiit tepalEmy

Sober space

Definition (Dcpo)

A poset is a dcpo if every directed subset has a supremum.

Recall from our experience in real analysis that

supremum = least upper bound
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Preliminary

Scott topology
Sober space

Here are some dcpo's:
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Preliminary

Scott topology
Sober space

Here are some dcpo's:

© Finite posets
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Preliminary

Scott topology
Sober space

Here are some dcpo's:

© Finite posets

@ Complete lattices
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Scott topology
Sober space

Here are some dcpo's:
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Preliminary

Scott topology
Sober space

Here are some dcpo's:

e (Id(P),<), the set of ideals of a poset P
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Preliminary

Scott topology
Sober space

Here are some dcpo's:

e (Id(P),<), the set of ideals of a poset P
o (Filt(P),<), the set of filters of a poset P

-
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Preliminary

Scott topology
Sober space

Here are some dcpo's:

e (Id(P),<), the set of ideals of a poset P
o (Filt(P),<), the set of filters of a poset P

@ Irr(L), the poset of join-irreducible elements of a complete
lattice L

-
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Preliminary

Scott topology
Sober space

Here are some dcpo's:

e (Id(P),<), the set of ideals of a poset P
o (Filt(P),<), the set of filters of a poset P

@ Irr(L), the poset of join-irreducible elements of a complete
lattice L

We shall add one more important example later.
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Preliminary Scott topology

Sober space

Order isomorphism

We regard two posets to be the ‘same’ if they have the same
structure.

-
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Preliminary Srasiit tepalEmy

Sober space

Order isomorphism

Definition

Posets P and @ are isomorphic, denoted by
P=Q

if there is an order-preserving bijection between them.

-
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Preliminary Scott topology

Sober space

Order isomorphism

Two isomorphic posets
120 {334,581
P N
4 40 &0
| > X I
8 12 20 30 {248 {234} {245} {235}
N XIS NI XK XN
4 g 10 15 241 {23} {35} {3,5}

N> X N <K XX

{2348} {2,458} {2345}

o 3 5 R S 1}
\\1/ \\(L/
Figure: Pz Q

3N I1E
Mathematics and Mathematics Education Nation  Scott Co-topology and Sober Scott Spaces



Preliminary Srasiit tepalEmy

Sober space

Definition ( To-space)

A topological space X is Ty if for every pair of distinct points
x # y, there exists an open set U that contains exactly one of them.

-
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Preliminary Srasiit tepalEmy

Sober space

Definition ( To-space)

A topological space X is Ty if for every pair of distinct points
x # y, there exists an open set U that contains exactly one of them.

notTO

TO but no1 T1

T1 but ot T2

006

T2

®
®

-
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Preliminary Srasiit tepalEmy

Sober space

Scott topology

Definition (Scott open)

Let P be a poset and U c P.
U is Scott open if

-
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Preliminary Srasiit tepalEmy

Sober space

Scott topology

Definition (Scott open)

Let P be a poset and U c P.
U is Scott open if

@ U is upper, and

-
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Preliminary Srasiit tepalEmy

Sober space

Scott topology

Definition (Scott open)

Let P be a poset and U c P.
U is Scott open if

@ U is upper, and
@ U is inaccessible by directed suprema.

-
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Preliminary

Scott topology
Sober space

Scott topology

In other words,

Definition (Scott open)

Let P be a poset and U c P.
U is Scott open if

-
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Preliminary

Scott topology
Sober space

Scott topology

In other words,

Definition (Scott open)

Let P be a poset and U c P.
U is Scott open if

e 1 U=U, and

-
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Preliminary

Scott topology
Sober space

Scott topology

In other words,

Definition (Scott open)

Let P be a poset and U c P.
U is Scott open if

e 1 U=U, and

o Vdirected DCP. | |IDeU — DnU=+@.
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Preliminary

Scott topology
Sober space

Scott topology

Let P be a poset.

Definition (Scott topology)

The collection of all Scott open subsets of P is called the Scott
topology of P, and is denoted by o(P).
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Preliminary

Scott topology
Sober space

Scott topology

Let P be a poset.

Definition (Scott topology)

The collection of all Scott open subsets of P is called the Scott
topology of P, and is denoted by o(P).

Figure: Dana Scott
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Preliminary Srasiit tepalEmy

Sober space

Scott topology

The Scott topology can capture the notion of

observability by finite means.

-
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Preliminary Srasiit tepalEmy

Sober space

Example of Scott topology

Example (Interval domain)

The interval domain IR consists of elements the closed intervals
[a,b] € R, ordered by reverse inclusion.

v

-
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Preliminary Srasiit tepalEmy

Sober space

Example of Scott topology

Example (Interval domain)

A Scott-open set looks like this:

-
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Preliminary Srasiit tepalEmy

Sober space

Example of a Scott open set

Example (Decimal representations not equal to )

Think of real numbers in decimal representations as streams of
natural numbers.

Consider the observation (by a machine or computer program) that
can decide that an input stream (real number) is not equal to 7.

-
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Preliminary Srasiit tepalEmy

Sober space

Scott topology

Proposition

The Scott topology on any dcpo is Ty.
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Preliminary Srasiit tepalEmy

Sober space

Scott topology

Proposition

The Scott topology on any dcpo is Ty.

Proposition

With respect to the Scott topology, the closure of singleton x is
precisely the principal ideal generated by it, i.e.,

cl ({x}) =ix.

K
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Preliminary Srasiit tepalEmy

Sober space

Scott co-topology

Sometimes, it is useful to define a topology by specifying the
closed subsets.

-
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Preliminary Srasiit tepalEmy

Sober space

Scott co-topology

Sometimes, it is useful to define a topology by specifying the
closed subsets.

In the case of the Scott topology, we can define the Scott-closed
sets as follows:

Definition (Scott closed)

A subset C of a poset P is Scott-closed if
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Preliminary Srasiit tepalEmy

Sober space

Scott co-topology

Sometimes, it is useful to define a topology by specifying the
closed subsets.

In the case of the Scott topology, we can define the Scott-closed
sets as follows:

Definition (Scott closed)

A subset C of a poset P is Scott-closed if
Q@ C is lower, and
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Preliminary Srasiit tepalEmy

Sober space

Scott co-topology

Sometimes, it is useful to define a topology by specifying the
closed subsets.

In the case of the Scott topology, we can define the Scott-closed
sets as follows:

Definition (Scott closed)
A subset C of a poset P is Scott-closed if
Q@ C is lower, and

@ C is closed under the formation of directed suprema.
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Preliminary Srasiit tepalEmy

Sober space

Lattice of Scott-closed sets

Definition (I'(P))
We denote the lattice of Scott-closed sets, ordered by inclusion, of
P by

(T(P),<)

-
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Preliminary
? Scott topology

Sober space

Sober space

Definition (Irreducible subsets)

A nonempty subset A of a topological space X is irreducible if
A c Bu C for closed subsets B and C implies Ac Bor Ac C.

-
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Preliminary
? Scott topology

Sober space

Sober space

Definition (Irreducible subsets)

A nonempty subset A of a topological space X is irreducible if
A c Bu C for closed subsets B and C implies Ac Bor Ac C.

Point closures cl({p}) are always irreducible closed subsets.

-
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Preliminary
? Scott topology

Sober space

Sober space

Definition (Sober space)

A topological space X is sober if for every irreducible closed set C,
there exists a unique x € X such that cl({x}) = C.

-
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Preliminary
? Scott topology

Sober space

Sober space

Definition (Sober space)

A topological space X is sober if for every irreducible closed set C,
there exists a unique x € X such that cl({x}) = C.

A sober space is automatically Ty because cl({x}) =cl({y})
always implies x = y.
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Preliminary

Scott topology
Sober space

Specialization order

Proposition (Specialization order)

Let (X,7) be a Ty-space.

-
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Preliminary

Scott topology
Sober space

Specialization order

Proposition (Specialization order)

Let (X,7) be a Ty-space.
Define the relation <, on X as follows:

-
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Preliminary

Scott topology
Sober space

Specialization order

Proposition (Specialization order)

Let (X,7) be a Ty-space.
Define the relation <, on X as follows:

x<;y <= VUer(xelU = yel).

-
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Preliminary

Scott topology
Sober space

Specialization order

Proposition (Specialization order)

Let (X,7) be a Ty-space.
Define the relation <, on X as follows:

x<;y <= VUer(xelU = yel).

Then <, is a partial order on X, known as the specialization order.

-
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Preliminary

Scott topology
Sober space

Specialization order

Example (Scott topology)

The specialization order of the Scott topology coincides with the
underlying order.
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The problem

Scott is not always sober

We now add one more example of a dcpo.

Proposition

Let X be a sober topological space. Then

-
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The problem

Scott is not always sober

We now add one more example of a dcpo.

Proposition

Let X be a sober topological space. Then

@ the specialization order on X is a dcpo, and
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The problem

Scott is not always sober

We now add one more example of a dcpo.

Proposition

Let X be a sober topological space. Then

@ the specialization order on X is a dcpo, and

@ the topology on X is contained in the Scott topology for the
specialization order on X.
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The problem

Scott is not always sober

This naturally leads one to ask in the opposite direction:

-
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The problem

Scott is not always sober

This naturally leads one to ask in the opposite direction:

Is the Scott topology on a dcpo always sober?
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The problem

Scott is not always sober

In December 1978, P.T. Johnstone discovered a counterexample
that answers this question in the negative.
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The problem

Scott is not always sober

Example (Johnstone's construction)
Let P=Nx (Nu{oo}).
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The problem

Scott is not always sober

Example (Johnstone's construction)
Let P=Nx (Nu{co}). We order P as follows:
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The problem

Scott is not always sober

Example (Johnstone's construction)
Let P=Nx (Nu{co}). We order P as follows:

(m,n) < (m',n") < either m=m' & n<n"orn' =co & n<m'.
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The problem

Key features of Johnstone's dcpo
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The problem

Key features of Johnstone's dcpo

@ P is a poset whose maximal elements are (m, co).

-
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The problem

Key features of Johnstone's dcpo

@ P is a poset whose maximal elements are (m, co).

@ A directed subset of L either has a greatest element or is
contained in {m} x (Nu {co}) for some m.
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The problem

Key features of Johnstone's dcpo

@ P is a poset whose maximal elements are (m, co).

@ A directed subset of L either has a greatest element or is
contained in {m} x (Nu {co}) for some m.

© P is a dcpo.
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The problem

Key features of Johnstone's dcpo

@ P is a poset whose maximal elements are (m, co).

@ A directed subset of L either has a greatest element or is
contained in {m} x (Nu {co}) for some m.

© P is a dcpo.

@ Any two non-empty Scott open subsets of P have a nonempty
intersection.
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The problem

Scott is not always sober

P fails to be sober because ...

-
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The problem

Scott is not always sober

P fails to be sober because ...

@ P itself is irreducible.
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The problem

Scott is not always sober

P fails to be sober because ...

@ P itself is irreducible.

@ P is clearly not a principal ideal
(i.e., not the Scott closure of a point).
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The problem

Scott is not always sober

P fails to be sober because ...

@ P itself is irreducible.

@ P is clearly not a principal ideal
(i.e., not the Scott closure of a point).
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The problem

The quest for a characterization

The next natural question is:

-
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The problem

The quest for a characterization

The next natural question is:

Open Problem

Find an order-theoretic characterization for those dcpo’s for which
their Scott topology is sober.

— Continuous lattices and domains, p.155
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The underlying idea
The solution

Where | started

Previous work

Characterize those complete lattices of the form:
r(P):= o (P),

for a complete semi-lattice P.

-
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The underlying idea

The solution

Where | started

In other words,

Representation theory of Scott co-topology
Which exactly are those complete lattices M that are isomorphic to

r(P)

for some complete semi-lattice P?

?\N [\‘E
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The underlying idea
The solution

Parallel theories

This runs parallel to the classical representation theory for
Id(P)

for some poset P.

-
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The underlying idea
The solution

Representation theory

Suppose a complete lattice M =T (P) for some complete
semi-lattice P.

-
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The underlying idea
The solution

Representation theory

Suppose a complete lattice M =T (P) for some complete
semi-lattice P.

Task of recovery

The main job is to identify those elements in M which are induced
by elements in the poset P.
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The underlying idea
The solution

Representation theory

Suppose a complete lattice M =T (P) for some complete
semi-lattice P.

Task of recovery

The main job is to identify those elements in M which are induced
by elements in the poset P.
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The underlying idea

The solution

Representation theory

To understand how this is done, we recall the

Rupiah-Question

Given the poset Q = (P(X), <) for a set X, how can | tell whether
a particular element A € P(X) is finite or not using only
information about the structure of Q7

?\N“ [\‘E
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The underlying idea

The solution

Representation theory

Theorem (Kuratowsky's characterization of finiteness)

The following statements are equivalent:
Q@ AcP(X) is finite.

=

)
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The underlying idea

The solution

Representation theory

Theorem (Kuratowsky's characterization of finiteness)

The following statements are equivalent:
Q@ AcP(X) is finite.
@ For every directed family D in P(X), whenever JD 2 A, then
there is already D € D with D 2 A.

We use the symbol A << A to denote (2).

-
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The underlying idea

The solution

Representation theory

The following statements are equivalent:
@ Acld(P) is a principal ideal.
@ For every directed family D in |d(P), whenever UD 2 A, then
there is already D € D with D 2 A.

We use the symbol A << A to denote (2).

-
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The underlying idea

The solution

Representation theory

The following statements are equivalent:
@ AcTl(P) is a principal ideal.
@ For every Scott closed family D in |d(P), whenever UD 2 A,
then there is already D € D with D 2 A.

We use the symbol A < A to denote (2).

-
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The underlying idea
The solution

Representation theory

Given M =T (P), we recover P by setting

P=K(M),

where

K(M):={meM | m=< m}.

-
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The underlying idea

The solution

Let us have a 10 minutes break.
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Some consequences

The quest for a characterization

Recall that the problem we are about to attack is:
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The quest for a characterization

Recall that the problem we are about to attack is:

Open Problem
Find an order-theoretic characterization for those dcpo’s for which
their Scott topology is sober.

— Continuous lattices and domains, p.155
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Some consequences

The idea |

Characterize those dcpo’s of the form
H(P) :=1rr(T'(P))

for some kind of dcpo P.

-
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Main t il
Some consequences

The idea |

Characterize those dcpo’s of the form
H(P) :=1rr(T'(P))
for some kind of dcpo P.

Irr(L) = the dcpo of join-irreducible elements
of a (distributive) lattice L.

-
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Some consequences
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Main t il
Some consequences

@ In 2006, X. Mao and L. Xu have considered H(P) (they used
the notation c(P)) to study FS-posets as a generalization of
FS-domains.

-
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@ In 2006, X. Mao and L. Xu have considered H(P) (they used
the notation c(P)) to study FS-posets as a generalization of
FS-domains.

@ They called H(P) the directed completion of P.
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@ In 2006, X. Mao and L. Xu have considered H(P) (they used
the notation c(P)) to study FS-posets as a generalization of
FS-domains.

@ They called H(P) the directed completion of P.

© Its order-theoretic properties were not studied for
non-continuous P.

?\N“ [\‘E
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Main t il
Some consequences

The idea |l

If one can characterize those dcpo's @ of the form
H(P)

for some (kind of) dcpo P, then one should be able to

-
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Main t il
Some consequences

The idea |l

If one can characterize those dcpo's @ of the form
H(P)

for some (kind of) dcpo P, then one should be able to

@ recover P from Q by
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Main t il
Some consequences

The idea |l

If one can characterize those dcpo's @ of the form
H(P)

for some (kind of) dcpo P, then one should be able to
@ recover P from Q by

@ identifying the ‘compact’ elements of Q.

-

Mathematics and Mathematics Education Nation  Scott Co-topology and Sober Scott Spaces



Main t il
Some consequences

The idea |l

If one can characterize those dcpo's @ of the form
H(P)

for some (kind of) dcpo P, then one should be able to
@ recover P from Q by
@ identifying the ‘compact’ elements of Q.

Denote the set of ‘compact’ elements of a dcpo Q by K(Q).

-
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Main theorem
Some consequences

The idea Il

Since the ‘compact’ elements of H(P) are supposedly the principal
ideals, we can deduce the following:

-
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Main t il
Some consequences

The idea Il

Since the ‘compact’ elements of H(P) are supposedly the principal
ideals, we can deduce the following:
A dcpo P is sober with respect to its Scott topology iff
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Main t il
Some consequences

The idea Il

Since the ‘compact’ elements of H(P) are supposedly the principal
ideals, we can deduce the following:
A dcpo P is sober with respect to its Scott topology iff

H(P) = K(H(P))

-
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Main t il
Some consequences

The idea Il

Since the ‘compact’ elements of H(P) are supposedly the principal
ideals, we can deduce the following:
A dcpo P is sober with respect to its Scott topology iff

H(P) = K(H(P)) = P.

-
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ation of H(P)
in th m
Some consequences

The idea Il

The next step is to require by brute force that
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Some consequences

The idea Il

The next step is to require by brute force that

Every element of P is ‘compact’.

-
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Characterization of H(P)
Main theorem
Some consequences

A crucial comparison

Draw the following parallel:
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Characterization of H(P)
Main theorem
Some consequences

A crucial comparison

Draw the following parallel:

Id(P) \ H(P)
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Characterization of H(P)
Main theorem
Some consequences

A crucial comparison

Draw the following parallel:

Id(P) H(P)
directed sets | irreducible Scott-closed sets

-
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Characterization of H(P)
Main theorem
Some consequences

A crucial comparison

Draw the following parallel:

Id(P) H(P)
directed sets | irreducible Scott-closed sets
< <

-
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Characterization of H(P)
Main theorem
Some consequences

A crucial comparison

Draw the following parallel:

Id(P) H(P)

directed sets | irreducible Scott-closed sets
< <

continuous H-continuous

-
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Characterization of H(P)
Main theorem
Some consequences

A crucial comparison

Draw the following parallel:

Id(P) H(P)

directed sets | irreducible Scott-closed sets
< <

continuous H-continuous

compact H-compact

-
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Characterization of H(P)
Main theorem
Some consequences

A crucial comparison

Draw the following parallel:

Id(P) H(P)

directed sets | irreducible Scott-closed sets
< <

continuous H-continuous

compact H-compact

| left out H-algebraic on purpose.

-
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Characterization of H(P)
Main theorem
Some consequences

Definitio
Let P be a poset. Define x €y as
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Characterization of H(P)
Main theorem
Some consequences

Let P be a poset. Define x €y as

VCeH(P).(| JC>y = xeC).
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Characterization of H(P)
Main theorem
Some consequences

Let P be a poset. Define x €y as

VCeH(P).(| JC>y = xeC).

For any a € P, we denote {x € P | x 4 a} by

H(a).

-
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Characterization of H(P)
Main theorem
Some consequences

Pause and think
Let P be a poset. We defined x € y as
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Characterization of H(P)
Main theorem
Some consequences

Pause and think
Let P be a poset. We defined x € y as

VCeH(P).(|JCz2y = xe ).

-
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Characterization of H(P)
Main theorem
Some consequences

Pause and think
Let P be a poset. We defined x € y as

VCeH(P).(|JCz2y = xe ).

What is « when P is sober w.r.t. its Scott topology?

-
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Characterization of H(P)
Main theorem
Some consequences

H-continuity

Definition

A poset P is H-continuous if for all a€ P,
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Characterization of H(P)
Main theorem
Some consequences

H-continuity

Definition

A poset P is H-continuous if for all a€ P,
@ H(a) e H(P), and

-
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Characterization of H(P)
Main theorem
Some consequences

H-continuity

Definition

A poset P is H-continuous if for all a€ P,
@ H(a) e H(P), and
Q LIH(a) = a.

-
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Characterization of H(P)
Main theorem
Some consequences

H-continuity

Definition

A poset P is H-continuous if for all a€ P,
@ H(a) e H(P), and
Q LIH(a) = a.

H(a) is always Scott-closed but may not be irreducible.

-
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Characterization of H(P)
Main theorem
Some consequences

Union completeness

For any poset P and any C € H(H(P)), the following holds:

L] c=Ue.

H(P)

-
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Characterization of H(P)
Main theorem
Some consequences

Union completeness

For any poset P and any C € H(H(P)), the following holds:

L] c=Ue.

H(P)

This results in:

For any poset P, the dcpo H(P) has suprema of all irreducible
Scott closed subsets.

We call this kind of completeness ISC completeness.

-
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Characterization of H(P)
Main theorem
Some consequences

H-compact elements

Definition (H-compactness)
We define the H-compact elements of a poset P to be those x € P
for which
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Characterization of H(P)
Main theorem
Some consequences

H-compact elements

Definition (H-compactness)
We define the H-compact elements of a poset P to be those x € P
for which

X 4 X.
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Characterization of H(P)
Main theorem
Some consequences

H-compact elements

Definition (H-compactness)
We define the H-compact elements of a poset P to be those x € P
for which

X 4 X.

We use K(P) to denote the set of all H-compact elements of P.
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Characterization of H(P)
Main t m
Some consequences

K(M) as a sub-dcpo of M

Proposition

If M is a depo and K(M) # &, then K(M) is a sub-dcpo with
respect to the order inherited from M.

-
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Characterization of H(P)
Main theorem
Some consequences

Principal ideals are H-compact

Thanks to union-completeness of H, we have:
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Characterization of H(P)
Main theorem
Some consequences

Principal ideals are H-compact

Thanks to union-completeness of H, we have:

Let P be a poset. Then for each x € P,

Ix e K(H(P)).

-
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Characterization of H(P)
Main theorem
Some consequences

Principal ideals are H-compact

Thanks to union-completeness of H, we have:

Let P be a poset. Then for each x € P,

Ix e K(H(P)).

Not every H-compact element of H(P) is a principal ideal.

?\N“ [\‘E
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Characterization of H(P)
Main theorem
Some consequences

H-algebraic poset

Definition (H-algebraic dcpo)

A poset P is said to be H-algebraic if for each a € P,

-
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Characterization of H(P)
Main theorem
Some consequences

H-algebraic poset

Definition (H-algebraic dcpo)

A poset P is said to be H-algebraic if for each a € P,
Q a=1I{xeK(P)|x<a},

-
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Characterization of H(P)
Main theorem
Some consequences

H-algebraic poset

Definition (H-algebraic dcpo)

A poset P is said to be H-algebraic if for each a € P,
Q a=1I{xeK(P)|x<a},
@ lp{xeK(P)|x<a}eH(P), and

-
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Characterization of H(P)
Main theorem
Some consequences

H-algebraic poset

Definition (H-algebraic dcpo)

A poset P is said to be H-algebraic if for each a € P,
Q a=|l{xeK(P)|x<a},
@ lp{xeK(P)|x<a}eH(P), and
Q@ {xeK(P)|x<a}eH(K(P)).

-
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Characterization of H(P)
Main theorem
Some consequences

Passage between M and K (M)

To facilitate the transport of lower sets between M and K(M), we
create a two-way passage:

-
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Characterization of H(P)
Main theorem
Some consequences

Passage between M and K (M)

To facilitate the transport of lower sets between M and K(M), we
create a two-way passage:

(M) % L(K(M))

-
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Characterization of H(P)
Main theorem
Some consequences

inition (b & )
Let M be a poset and S be any non-empty subset of M.
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Characterization of H(P)
Main theorem
Some consequences

n(b & )
Let M be a poset and S be any non-empty subset of M.
Define for each Ac M, a corresponding subset Af ¢ S given by

=/
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Characterization of H(P)
Main theorem
Some consequences

n(b & )
Let M be a poset and S be any non-empty subset of M.
Define for each Ac M, a corresponding subset Af ¢ S given by

Al:=ANnS

=/
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Characterization of H(P)
Main theorem
Some consequences

n(b & )
Let M be a poset and S be any non-empty subset of M.
Define for each Ac M, a corresponding subset Af ¢ S given by

Al:=ANnS

and for each B ¢ S, a corresponding subset of M given by

=/
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Characterization of H(P)
Main theorem
Some consequences

Definition (b & §)

Let M be a poset and S be any non-empty subset of M.
Define for each Ac M, a corresponding subset Af ¢ S given by

Al:=ANnS

and for each B ¢ S, a corresponding subset of M given by

B':={meM|3be B.m< B}.

?N |\‘E
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Characterization of H(P)
Main theorem
Some consequences

b and § as e-p pair

Proposition

-
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Characterization of H(P)
Main theorem
Some consequences

b and § as e-p pair

Proposition

@ (b,}j) forms an e-p pair pair between the lattices of lower
subsets of M and that of S.

-
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Characterization of H(P)
Main theorem
Some consequences

b and § as e-p pair

Proposition

@ (b,}j) forms an e-p pair pair between the lattices of lower
subsets of M and that of S.

@ For any x € S, it holds that

(bs x)" =bm x & (by x)! =45 x.

-
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Characterization of H(P)
Main theorem
Some consequences

From now on, when we take b and {f, we always restrict to
S=K(M).
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Characterization of H(P)
Main theorem
Some consequences

From now on, when we take b and {f, we always restrict to
S=K(M).

(M) % L(K(MY)

-
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Characterization of H(P)
Main theorem
Some consequences

b, § & H-algebraicity

Let P be an H-algebraic poset.
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Characterization of H(P)
Main theorem
Some consequences

b, § & H-algebraicity

Let P be an H-algebraic poset. Then for any a € P, it holds that

-
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Characterization of H(P)
Main theorem
Some consequences

b, § & H-algebraicity

Let P be an H-algebraic poset. Then for any a € P, it holds that

(H(a))*" = H(a).

-
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Characterization of H(P)
Main theorem
Some consequences

H-algebraicity implies H-continuity

The preceding lemma is used to obtain the following result:

-
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Characterization of H(P)
[\ EI m
Some consequences

H-algebraicity implies H-continuity

The preceding lemma is used to obtain the following result:

Proposition

Let P be an H-algebraic poset.

-
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Characterization of H(P)
[\ EI m
Some consequences

H-algebraicity implies H-continuity

The preceding lemma is used to obtain the following result:

Proposition

Let P be an H-algebraic poset. Then P is H-continuous.

-
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Characterization of H(P)
Main theorem
Some consequences

Dominated dcpo

Let us motivate a crucial concept: dominated dcpo’s.
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Characterization of H(P)
Main theorem
Some consequences

Dominated dcpo

Let us motivate a crucial concept: dominated dcpo’s.
We must reverse-engineer!
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Characterization of H(P)
Main theorem
Some consequences

Recovery of P from H(P)

One wishes to have a theorem that looks like this:

-

Mathematics and Mathematics Education Nation  Scott Co-topology and Sober Scott Spaces



Characterization of H(P)
Main theorem
Some consequences

Recovery of P from H(P)

One wishes to have a theorem that looks like this:

Let P be a 7 dcpo.

-
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Characterization of H(P)
Main theorem
Some consequences

Recovery of P from H(P)

One wishes to have a theorem that looks like this:

Let P be a 7 dcpo.
Then X € K(H(P)) if and only if X is principal.

?\N“ [\‘E
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Characterization of H(P)
Main theorem
Some consequences

Recovery of P from H(P)

One wishes to have a theorem that looks like this:

Let P be a 7 dcpo.
Then X € K(H(P)) if and only if X is principal.

The converse is always true for any poset, as mentioned earlier.

-
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Characterization of H(P)
Main theorem
Some consequences

Recovery of P from H(P)

Given that X € K(H(P)), we hope to have some x € X such that
X clx.

-
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Characterization of H(P)
Main theorem
Some consequences

Recovery of P from H(P)

To make use of the definition of X € K(H(P)), we must produce
some Cx € H(H(P)) such that [ |y(pyCx 2 X.

?\N“ [\‘E
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Main theorem
Some consequences

Recovery of P from H(P)

To make use of the definition of X € K(H(P)), we must produce
some Cx € H(H(P)) such that [ |y(pyCx 2 X.

But this choice of Cx must result in the existence of x € X such
that X cx.

?\N“ [\‘E
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Main theorem
Some consequences

Recovery of P from H(P)

To make use of the definition of X € K(H(P)), we must produce
some Cx € H(H(P)) such that [ |y(pyCx 2 X.

But this choice of Cx must result in the existence of x € X such
that X cx.

Crucially, X € Cx.

?\N“ [\‘E
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Characterization of H(P)
Main theorem
Some consequences

Recovery of P from H(P)

This forces upon us the choice:

Cx:={F e H(P)|3x e X.F c|x}.

-
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Characterization of H(P)
Main theorem
Some consequences

Recovery of P from H(P)

This forces upon us the choice:
Cx :={F e H(P)|3xe X.F c|x}.

Note that

L] x = X.
H(P)

-
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Characterization of H(P)
Main t m
Some consequences

Recovery of P from H(P)

Do we always have:

Cx e H(H(P))

for any irreducible Scott closed set X ¢ P?

-
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Characterization of H(P)
Main theorem
Some consequences

Recovery of P from H(P)

Do we always have:

Cx e H(H(P))

for any irreducible Scott closed set X ¢ P?

We cannot even be sure that Cx e [(H(P))!

-
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Characterization of H(P)
Main theorem
Some consequences

Dominated dcpo

Definition (X-dominated)

Let P be a poset and X € P be a nonempty.

-
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Characterization of H(P)
Main theorem
Some consequences

Dominated dcpo

Definition (X-dominated)

Let P be a poset and X € P be a nonempty.

@ A subset F of P is X-dominated if there exists x € X such
that F c|x.

-
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Characterization of H(P)
Main theorem
Some consequences

Dominated dcpo

Definition (X-dominated)

Let P be a poset and X € P be a nonempty.

@ A subset F of P is X-dominated if there exists x € X such
that F c|x.

@ A family F of subsets of P is X-dominated if every F € F is
X-dominated.

=

)
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Characterization of H(P)
Main theorem
Some consequences

Dominated dcpo

Definition (Dominated poset)

P is dominated if for every irreducible Scott closed set X of P and
for every directed X-dominated family D of irreducible Scott
closed subsets of P,

(D is X-dominated.

Mathematics and Mathematics Education Nation  Scott Co-topology and Sober Scott Spaces

-



Characterization of H(P)
Main theorem
Some consequences

Dominated dcpo

Proposition

Every dominated poset is a dcpo.

Henceforth, we only use the terminology dominated dcpo.

-
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Characterization of H(P)
Main theorem
Some consequences

Dominated dcpo

@ Complete lattices and complete semilattices.
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Characterization of H(P)
Main theorem
Some consequences

Dominated dcpo

@ Complete lattices and complete semilattices.

@ ISC complete dcpo’s.
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Characterization of H(P)
Main theorem
Some consequences

Dominated dcpo

@ Complete lattices and complete semilattices.
@ ISC complete dcpo’s.
© Dcpo’s whose Scott topology is sober.

-
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Characterization of H(P)
[\ EI m
Some consequences

Equivalent formulations for a dominated dcpo

Let P be a poset. Then t.f.a.e.:

-
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Characterization of H(P)
Main theorem
Some consequences

Equivalent formulations for a dominated dcpo

Let P be a poset. Then t.f.a.e.:
© P is dominated.

?\N“ [\‘E
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Main theorem
Some consequences

Equivalent formulations for a dominated dcpo

Let P be a poset. Then t.f.a.e.:
© P is dominated.

@ For every irreducible Scott closed subset X of P, LIypy D is
X-dominated for all directed X-dominated family D of
irreducible Scott closed subsets of P.
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Characterization of H(P)
Main theorem
Some consequences

Equivalent formulations for a dominated dcpo

Let P be a poset. Then t.f.a.e.:
© P is dominated.

@ For every irreducible Scott closed subset X of P, LIypy D is
X-dominated for all directed X-dominated family D of
irreducible Scott closed subsets of P.

© For every irreducible Scott closed subset X of P, it holds that

Cx € H(H(P)).

-
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Characterization of H(P)
Main theorem
Some consequences

Equivalent formulations for a dominated dcpo

Let P be a poset. Then t.f.a.e.:
© P is dominated.

@ For every irreducible Scott closed subset X of P, LIypy D is
X-dominated for all directed X-dominated family D of
irreducible Scott closed subsets of P.

© For every irreducible Scott closed subset X of P, it holds that

Cx € H(H(P)).

@ For every irreducible Scott closed subset X of P, it holds that

Cx e T(H(P)). =
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Characterization of H(P)
Main theorem
Some consequences

Open problem

Unsolved problem

Give an example of a dcpo, if any, which is not dominated.
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Characterization of H(P)
Main theorem
Some consequences

Properties of H(P) for dominated P

Let P be a dominated dcpo.
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Characterization of H(P)
Main theorem
Some consequences

Properties of H(P) for dominated P

Let P be a dominated dcpo.
Then X € K(H(P)) if and only if X is principal.

-
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Characterization of H(P)
Main theorem
Some consequences

Properties of H(P) for dominated P

Let P be a dominated dcpo.

-
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Characterization of H(P)
Main theorem
Some consequences

Properties of H(P) for dominated P

Let P be a dominated dcpo. Then

P=K(H(P)).

?\N“ [\‘E
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Characterization of H(P)
Main theorem
Some consequences

Properties of H(P) for dominated P

H(P) is H-algebraic for any dominated dcpo P.

-
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Characterization of H(P)
Main theorem
Some consequences

An equivalent condition for dominated P

Let P be a dcpo. Then t.f.a.e.:
© P is dominated.

-
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Characterization of H(P)
Main theorem
Some consequences

An equivalent condition for dominated P

Let P be a dcpo. Then t.f.a.e.:
© P is dominated.

@ For every irreducible Scott-closed subset C of H(P), it holds
that

(C)F" € H(H(P)).

=

)
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Characterization of H(P)
Main theorem
Some consequences

Dcpo'’s with sober Scott topology as fixed point

Let P be a dcpo. Then t.f.a.e.:

K
NIE
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Characterization of H(P)
Main theorem
Some consequences

Dcpo'’s with sober Scott topology as fixed point

Let P be a dcpo. Then t.f.a.e.:
(i) (P,o(P)) is sober.

-
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Characterization of H(P)
Main theorem
Some consequences

Dcpo'’s with sober Scott topology as fixed point

Let P be a dcpo. Then t.f.a.e.:
(i) (P,o(P)) is sober.
(ii) For every irreducible Scott-closed subset C of H(P), it holds
that

C=(ch’.

-
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Characterization of H(P)
Main theorem
Some consequences

b-stable dcpo

Definition (b-stability)

Let M be a dcpo. We say that M is p-stable if for every
B e H(K(M)), it holds that

B" € H(M).

?\N“ [\‘E
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Characterization of H(P)
Main theorem
Some consequences

Fundamental lemma

For an H-algebraic dominated dcpo M, t.f.a.e.:

-
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Characterization of H(P)
Main theorem
Some consequences

Fundamental lemma

For an H-algebraic dominated dcpo M, t.f.a.e.:
(i) M is p-stable.

-
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Characterization of H(P)
Main theorem
Some consequences

Fundamental lemma

For an H-algebraic dominated dcpo M, t.f.a.e.:
(i) M is p-stable.
(i) K(M) is dominated.

-
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Characterization of H(P)
Main theorem
Some consequences

Fundamental lemma

For an H-algebraic dominated dcpo M, t.f.a.e.:
(i) M is p-stable.
(i) K(M) is dominated.

An immediate consequence of this is:

Proposition

H(P) is b-stable for any dominated dcpo P.

=

)
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Characterization of H(P)
Main theorem
Some consequences

Coherent dcpo

Definition

A dcpo M which has all suprema of irreducible Scott-closed
subsets of K (M) is called coherent.

-
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Characterization of H(P)
Main t m
Some consequences

Coherent dcpo

Definition

A dcpo M which has all suprema of irreducible Scott-closed
subsets of K (M) is called coherent.

H(P) is coherent for any dominated dcpo P.

-
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Characterization of H(P)
Main theorem
Some consequences

Stably H-algebraic dcpo

Definition (Stably H-algebraic dcpo)

A )p-stable, coherent, ISC-complete H-algebraic dcpo will be called
a stably H-algebraic dcpo, for short.

?\N“ [\‘E
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Characterization of H(P)
Main t m
Some consequences

Characterization of H(P)

A dcpo M is isomorphic to H(P) for a dominated dcpo P if and
only if M is stably H-algebraic.

-
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Characterization of H(P)
Main theorem
Some consequences

Strongly H-algebraic dcpo

Definition (Strongly H-algebraic)

A stably H-algebraic dcpo P with K(P) = P will be called strongly
H-algebraic.

?\N“ [\‘E
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Cl ation of H(P)
Main theorem
Some consequences

Main theorem

Let P be a dcpo. The following statements are equivalent:

-
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Characterization of H(P)
Main theorem
Some consequences

Main theorem

Let P be a dcpo. The following statements are equivalent:
(i) (P,o(P)) is sober.

-
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Characterization of H(P)
Main theorem
Some consequences

Main theorem

Let P be a dcpo. The following statements are equivalent:
(i) (P,o(P)) is sober.
(i) P is strongly H-algebraic.

-
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Charac
Main theorem
Some consequences

(=)

@ Since P is sober, K(H(P)) = H(P).
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Charac
Main theorem
Some consequences

(=)
@ Since P is sober, K(H(P)) = H(P).
@ Since P is sober, it is dominated.
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Characterization of H(P)
Main theorem
Some consequences

(=)
@ Since P is sober, K(H(P)) = H(P).
@ Since P is sober, it is dominated.
@ Since P is dominated, K(H(P)) = P.

-
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Characterization of H(P)
Main theorem
Some consequences

(=)

Since P is sober, K(H(P)) = H(P).
Since P is sober, it is dominated.
Since P is dominated, K(H(P)) = P.
So Pz H(P).

-
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Characterization of H(P)
Main theorem
Some consequences

(=)
@ Since P is sober, K(H(P)) = H(P).
@ Since P is sober, it is dominated.
@ Since P is dominated, K(H(P)) = P.
e So Pz H(P).
So P takes on all the properties of H(P), for a dominated P.

-
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Charac
Main theorem
Some consequences

(=)

@ Since P is stably H-algebraic, P~ H(K(P)).

Mathematics and Mathematics Education Nation  Scott Co-topology and Sober Scott Spaces



C ation of H(P)
Main theorem
Some consequences

(=):
@ Since P is stably H-algebraic, P~ H(K(P)).
o Since P = K(P), P~ H(P).

-
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Characterization of H(P)
Main theorem
Some consequences

(<=):
@ Since P is stably H-algebraic, P~ H(K(P)).
o Since P = K(P), P~ H(P).
@ Since P is ISC-complete, it is dominated.

-
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Characterization of H(P)
Main theorem
Some consequences

(<=):

Since P is stably H-algebraic, P~ H(K(P)).
Since P = K(P), Pz H(P).

Since P is ISC-complete, it is dominated.
Since P is dominated, P = K(H(P)).

-
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Some consequences

(<=):

Since P is stably H-algebraic, P~ H(K(P)).
Since P = K(P), Pz H(P).

Since P is ISC-complete, it is dominated.
Since P is dominated, P = K(H(P)).

Thus H(P) = K(H(P)).

-
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Main t
Some consequences

Usefulness of the Main Theorem

The main theorem asserts that:
A dcpo P is sober if and only if P is

-
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Main t
Some consequences

Usefulness of the Main Theorem

The main theorem asserts that:
A dcpo P is sober if and only if P is

@ ISC-complete,

-
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Main t
Some consequences

Usefulness of the Main Theorem

The main theorem asserts that:

A dcpo P is sober if and only if P is
@ ISC-complete,
@ H-algebraic,

-
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Main t
Some consequences

Usefulness of the Main Theorem

The main theorem asserts that:
A dcpo P is sober if and only if P is

@ ISC-complete,
@ H-algebraic,
© -stable,

-
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Characterization of H(P)
Main theorem
Some consequences

Usefulness of the Main Theorem

The main theorem asserts that:
A dcpo P is sober if and only if P is

@ ISC-complete,
@ H-algebraic,
© -stable,

@ coherent, and

?\N“ [\‘E
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Characterization of H(P)
Main theorem
Some consequences

Usefulness of the Main Theorem

The main theorem asserts that:
A dcpo P is sober if and only if P is

@ ISC-complete,
@ H-algebraic,
© -stable,

@ coherent, and

© contains nothing but H-compact elements.

?\N“ [\‘E
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Main t
Some consequences

Johnstone's construction

Johnstone's dcpo fails to be sober because it is not ISC-complete.

-
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Main t
Some consequences

Isbell’s construction

Isbell constructed a complete lattice L for which the Scott
topology is not sober.

-
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Main t
Some consequences

Isbell’s construction

Isbell constructed a complete lattice L for which the Scott

topology is not sober.
In that example, there exists an irreducible Scott closed set X for

which X =[] X.
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Characterization of H(P)
Main theorem
Some consequences

Isbell’s construction

Isbell constructed a complete lattice L for which the Scott

topology is not sober.
In that example, there exists an irreducible Scott closed set X for

which X #{[]X. Thus,
X ¢X.
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Characterization of H(P)
Main theorem
Some consequences

Isbell’s construction

Isbell constructed a complete lattice L for which the Scott

topology is not sober.
In that example, there exists an irreducible Scott closed set X for

which X #{[]X. Thus,
X ¢X.

So L contains at least one element which is not H-compact,
namely, [ ] X.

?\N“ [\‘E
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Some consequences

An extension of Isbell’'s construction

Let L be Isbell's complete lattice.
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Main t
Some consequences

An extension of Isbell’'s construction

Let L be Isbell's complete lattice.
We claim that H(L) is also not sober.

-
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Main t
Some consequences

An extension of Isbell’'s construction

Suppose not, i.e., H(L) is sober w.r.t. its Scott topology.

-
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Characterization of H(P)
Main theorem
Some consequences

An extension of Isbell’'s construction

Suppose not, i.e., H(L) is sober w.r.t. its Scott topology. Because
L is complete and thus dominated, the H-compact elements of
H(L) are precisely the principal ideals, i.e.,

?\N“ [\‘E
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An extension of Isbell’'s construction

Suppose not, i.e., H(L) is sober w.r.t. its Scott topology. Because
L is complete and thus dominated, the H-compact elements of
H(L) are precisely the principal ideals, i.e.,

K(H(L)) = H(L).
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An extension of Isbell’'s construction

Suppose not, i.e., H(L) is sober w.r.t. its Scott topology. Because
L is complete and thus dominated, the H-compact elements of
H(L) are precisely the principal ideals, i.e.,

K(H(L)) = H(L).

Again since L is complete and thus dominated, we have
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An extension of Isbell’'s construction

Suppose not, i.e., H(L) is sober w.r.t. its Scott topology. Because
L is complete and thus dominated, the H-compact elements of
H(L) are precisely the principal ideals, i.e.,

K(H(L)) = H(L).

Again since L is complete and thus dominated, we have

K(H(L)) = L.

-
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An extension of Isbell’'s construction

Suppose not, i.e., H(L) is sober w.r.t. its Scott topology. Because
L is complete and thus dominated, the H-compact elements of
H(L) are precisely the principal ideals, i.e.,

K(H(L)) = H(L).
Again since L is complete and thus dominated, we have
K(H(L)) = L.

This implies that L = H(L), a contradiction since L is not sober
w.r.t. its Scott topology.

-
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ation of H(P)
in th m
Some consequences

An extension of Isbell’'s construction
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Characterization of H(P)
Main theorem
Some consequences

An extension of Isbell’'s construction

Consider the following facts:

Fact Reason
H(L) is ISC-complete | Union-completeness of H
H(L) is H-algebraic L is dominated

H(L) is p-stable K(H(D) = L
since L is dominated
H(L) is coherent L is dominated

-
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Characterization of H(P)
Main theorem
Some consequences

An extension of Isbell’'s construction

Consider the following facts:

Fact Reason
H(L) is ISC-complete | Union-completeness of H
H(L) is H-algebraic L is dominated

H(L) is p-stable K(H(D) = L
since L is dominated
H(L) is coherent L is dominated

That H(L) fails to be sober indicates that H(L) contains some
element which is not H-compact.

-

Mathematics and Mathematics Education Nation  Scott Co-topology and Sober Scott Spaces



Main theorem
Some consequences

New construction of non-sober dcpo’s

Let Py = J, where J is Johnstone's construction.
Define a sequence of dcpo’s P, as follows:

Po=J and Pn,1 = H(P,), neN.

-
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Characterization of H(P)
Main theorem
Some consequences

New construction of non-sober dcpo’s

Example

Let Py = J, where J is Johnstone's construction.
Define a sequence of dcpo’s P, as follows:

Po=J and Pn,1 = H(P,), neN.

Then we have a countable infinitude of pairwise non-isomorphic
dominated dcpo'’s which are not sober w.r.t. their Scott topology.

Mathematics and Mathematics Education Nation  Scott Co-topology and Sober Scott Spaces
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Conclusion

Conclusion

In this talk, | have spoke about
@ the Scott topology and co-topology,
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Conclusion

Conclusion

In this talk, | have spoke about
@ the Scott topology and co-topology,
@ the problem of Scott sobriety,
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Conclusion

Conclusion

In this talk, | have spoke about
@ the Scott topology and co-topology,
@ the problem of Scott sobriety,
@ <«-relation,

?\N“ [\‘E

Mathematics and Mathematics Education Nation  Scott Co-topology and Sober Scott Spaces



Conclusion

Conclusion

In this talk, | have spoke about
@ the Scott topology and co-topology,
@ the problem of Scott sobriety,
@ <«-relation,

© H-continuous and H-algebraic dcpo's,
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Conclusion

Conclusion

In this talk, | have spoke about
@ the Scott topology and co-topology,
@ the problem of Scott sobriety,
@ <«-relation,
© H-continuous and H-algebraic dcpo's,
© dominated dcpo'’s
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Conclusion

Conclusion

In this talk, | have spoke about
@ the Scott topology and co-topology,
the problem of Scott sobriety,
«-relation,

(2]
o
© H-continuous and H-algebraic dcpo's,
© dominated dcpo'’s

o

b-stability and coherence, and
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Conclusion

Conclusion

In this talk, | have spoke about
@ the Scott topology and co-topology,
@ the problem of Scott sobriety,
@ <«-relation,

© H-continuous and H-algebraic dcpo's,

© dominated dcpo'’s

@ -stability and coherence, and

7]

necessary and sufficient conditions for a dcpo to be sober
w.r.t. its Scott topology.

?\N“ [\‘E
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Conclusion

Conclusion

Thank you for your patience!
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Conclusion
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