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ABSTRACT. An outscribed triangle of a triangle AABC' is a tri-
angle ADFEF such that each side of ADEF contains a vertex of
AABC'. In this article we study the equilateral outscribed trian-
gles of an arbitrary triangle and determine the area of the largest
such triangles. We prove that the largest outscribed equilateral

triangle of AABC can be constructed by ruler and compass and

. 2,52, 2
its area equals % + 25 450 where Saapc denotes the area

of AABC.

Given two triangles AABC and ADEF, if each side of ADEF' con-
tains a vertex of AABC', then we call ADEF an outscribed triangle of
NABC. Given AABC, let ®aapc be the set of all outscibed equilat-
eral triangles of AABC. Clearly ® s sp¢ is non-empty. In the following
we will determine the area of the largest member of ® 4 4pc and show
that this largest member can be constructed by ruler and compass
from AABC'. The corresponding problem on quadrilaterals has been
considered in [1].

1. Area of the largest outscribed equilateral triangle

Given a triangle AABC let a and b denote the lengths of the sides
BC and AC, respectively, and 6 denote the angle ZACB. Let ADEF
be any member in $ 4 4pc as shown in Figure 1 and put ¢t = ZDCB.
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F

Figure 1

From the above diagram, we can see that the following conditions
on ¢ hold:

(1)

Also note that for any ¢ satisfying the above conditions, there exists a
member ADFEF of ®aapc such that t = ZDCB.
Using the Sine Rule, we can deduce that

0<t<2n/3;
T/3<t+6<m.

a 2m s
2 DE = in(— —t in(t+60— -
@) smz g T T e sin(t 0 =),
or, equivalently,
2
(3) sin%DE = asin(% —t)+ bsin(t + 6 — g)

Let f(t) denote the right-hand side of the above expression. Then f(t)
is a function in variable . We now determine the maximum value of

f(@t).

The following is a key fact for proving the main result.

LEMMA 1.1. Let a,b and « be constants with 0 < b < a and 0 <
a <. Ifcosa < b/a, then the function

g(x) = asinz + bsin(o — x) (z €[0,a])
achieves its mazimum value
(a® + b* — 2abcos o)/,
at the unique root xo of the equation
acosx —beos(a —x) =0 (x €[0,qa]).

In addition, if « = 7, then xo = 7/2; otherwise, xy € (0,7/2)N[/2, a],
and xo = « if and only if cosa = b/a.
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ProOF. If a = 7, then g(z) = (a + b) sinz whose maximum value
is a + b when x = 7/2. Now we assume that 0 < a < 7.
Observe that

g (x) =acosx —bcos(a — )
and
§"(x) = —asinz — bsin(a — x).
We first show that ¢'(z1) # ¢'(z2) for all 1,z in [0, ] with x; # z5.

Suppose that ¢'(z1) = ¢'(x2) for some z1, x9 in [0, ] with 1 # .
Then

acosxy — beos(a — x1) = acosxy — beos(a — x3);
acosxy — acosxy = beos(aw — 1) — beos(a — x3);
—2asin((z1+x2)/2) sin((x1—x2)/2)) = —2bsin((2a—x1—x2)/2) sin((za—1x1)/2);
sin((z1 — 22)/2))(asin((z1 + 2)/2) + bsin((2a — z1 — 2)/2)) = 0.
It is clear that —7/2 < (21 — 22)/2 < 7/2, and
asin((xy + x2)/2) + bsin((2a — zy — x2)/2)) > 0,

hence 1 — x5 = 0, a contradiction.
Thus ¢'(z) = 0 has at most one solution in [0,«]. We shall then
show that ¢’(z) has a unique solution in [0, «]. Note that

g (z) =asin(r/2 — ) — bsin(7/2 + . — ).
Let A’B’'C’ be the triangle shown in Figure 2, where B'C" = a, A/C' =b
and ZA'C'B' = a. o

(07

A B’
Figure 2

As cosa < b/a and b < a, we have LA < 7/2 and /B < LA’ <
7/2, which implies 0 < ZB’ < 7/2.

Let og = 7/2 — ZB'. Then 0 < xy < 7/2. As LA" < 7/2, we have
a—xg=a—(1/2—4B)=a+ 4B —n/2=71— LA —7/2 >0,
Thus zp < «, and 2o = « if and only if LZA" = 7/2, i.e., cosa = b/a.

We also have xy > «/2 because
200 =7 —2/B'">n— /B — /A = a.
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It thus follows that z¢ € (0,7/2) N [a/2, a].

Finally we show that z( is a root of ¢’'(x) = 0 and g(z) has the
maximum value at z = xy. Note that /B" = 7/2 — 2y and LA" =
T—a—(1/2—1x9) =7/2+4 x9 — a. By the Sine Rule, we have

asin(m/2 — xy) — bsin(r/2 + 2o — a) =0,

ie., ¢'(xg) =0. So xy = 7/2 — £B' is the unique solution of ¢'(x) = 0.
Note that ¢”(z¢) < 0, so g(x) achieves its maximum value at = = x.
We now prove that g(z) = A'B’.
Let C'D’ be the height of AA’B'C’ on the side A’B’. As both
angles A" and B’ are acute angles, D' is inside the side A’B’, as shown
in Figure 3.

C/

A ¥ B

Figure 3

Note that
LB C'D =7/2— /A" =7/2— (/2 —x) = 29
and
LAC'D =7)2— /B =7/2—(7/2+ 70 — @) = a — .
Thus
g(xg) = asin(xg) + bsin(a — xg)
— B'D +AD
— AB
(a® + b* — 2abcos a)'/2.

Recall that f(t) is the following function:
f(t) = asin(27/3 —t) + bsin(t + 0 — 7/3),
for t € [0,27/3) N (/3 — 0,7 — 0].
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PROPOSITION 1.2. Assume that 0 < b < a, 0 < 0 < 27/3 and
cos(0 + w/3) < b/a. Then, in the domain [0,27/3) N (7/3 — 0,7 — 0],
f(t) has the mazimum value equal to

(a® + b* — 2abcos(f + 7 /3))Y/?
at the only point ty within the domain such that
acos(2m/3 —ty) — beos(ty + 6 —m/3) = 0.

Proor. Note that (27/3 —t) + (t + 60 — 7/3) = 0 + n/3. By
Lemma 1.1}, f(¢), when 27/3 —¢ € (0,60 + m/3], has the maximum value
equal to

(a® + b* — 2abcos(f + 7/3))Y/2,
at the only root ¢y of the following equation
acos(2m/3 —t) —bcos(t +6 —w/3) = 0.

Furthermore, either 27 /3 —ty = m/2 when 6 +7/3 = 7, or 270/3 —tg €
0,7/2)N[(0+7/3)/2,0 +7/3],ie.,ty€ (7/6,2m/3)N (/3 —0,7/2 —
0/2). Thus t, is contained in the domain [0,27/3) N (7/3 — 6,7 — 0.
Note that if ¢ € [0,27/3) N (7/3 — 0,7 — 6], we have 27/3 —t €
(0,0 + 7/3]. Thus the result holds. O

Now we give the proof of the main result.

C a

A
Figure 4

ProproOSITION 1.3. Let NABC' be any triangle with a,b,c as the
lengths of its three sides, as shown in Figure 4. Then the largest equi-
lateral triangle ADEF in ®aapc has the area equal to

V3

?( 24024+ 2 +4V3Saanc),

where Saapc denotes the area of NABC.
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Proor. Assume that ZA > /B > /C. Thena > b > cand ZC <
£B < m/2. We claim that cos(B + 7/3) < ¢/a or cos(C +7/3) < b/a.

Suppose, on the contrary, that cos(B + 7/3) > c¢/a and cos(C +
7/3) > b/a. Then

cos(B 4 m/3) 4+ cos(C +n/3) > c/a+b/a = (c+b)/a > 1.

However, we have cos(B + 7/3) < cos(C' + 7/3) < cos(m/3) = 1/2, a
contradiction. Thus either cos(B + 7/3) < ¢/a or cos(C' +m/3) < b/a.

Without loss of generality, assume that cos(C' + 7/3) < b/a. Let
0=/C. By and Proposition , the maximal value of the sides of
members in P 4o equals

(a® 4 b — 2abcos(0 + 7/3))1/2
sin(7/3)

Thus the area of the largest triangle in ® A 4pc is

(a® + b* — 2abcos( + 7/3))'/? ?
sin(7/3)

1.
5 sin(7/3)

— §(a2 +b* — 2abcos(0 +/3)) - 4/3

= g( 2 4 b? — 2ab(cos @ cos /3 — sinfsin/3))

= ?(cﬂ + b* — abcos § 4+ v/3absin 6)

\?((cﬁ + 02+ ) /24 23S aa5c)
\/_
6

3
= 2@+ 0+ A +4V3Saapc)

2. Construction of the maximal outscribed equilateral
triangle

Having determined the area of the largest outscribed equilateral
triangle ADEF of AABC, it is then natural to wonder whether ADEF
can be constructed from AABC by Ruler and Compass. In this section,
we demonstrate that this is possible.

We first construct ADFEF shown in Figure 5 by the following steps
and then prove it is the largest member of ® Apc.

Step 1: Construct the equilateral triangles A’BC, AB'C' and ABC’
outside AABC', as shown below.



Step 2: Draw segments AA’, BB’ and C'C".

Step 3: Draw the line passing A and perpendicular to AA’. Similarly,
draw the line passing B and perpendicular to BB’ and draw
the line passing C' and perpendicular to CC".

Step 4: Let D, E and F' be the three meeting points of the above three
lines.

Figure 5

PROPOSITION 2.1. The triangle DEF' constructed above is an equi-
lateral triangle with

3
SADEF = %(az + 62 + 02 + 4\/§SAABC)-

Hence triangle ADEF is the largest member of ®aapc.

Proor. We first show that ADEF is equilateral. Observe that
NA'BA2 NCBC',as AAB=CB,BC" = BAand ZABA=/CBA+
60° = ZOCBA+ Z/C'BA = ZCBC'. Thus ZA’AB = ZCC'B, which
implies that the points O, A, C’, B are concyclic, where O is the meeting
point of AA” and CC’, as shown in Figure 6.

A
Figure 6
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Since O, A, C’, B are concyclic, we have ZAOC" = ZABC' = 7/3.
Thus ZAOC = 27 /3 and so ZDEF =7/3,as AA L EA and CC' L
EC. Similarly we can show that ZEDF = /DFE = n/3, so ADEF
is equilateral.

Now we determine the area of ADEF. Let t = ZBCD and 6 =
ZACB, as shown below. By , we have

2
sin(r/3)DE = asin(5- — t) + bsin(t + 6 - %),

where a = BC and b = AC.

A
Figure 7

Let CG be the height of ABB'C on the base BB’ as shown in
Figure 7. As both DB and CG are perpendicular to line BB’, we have
CG//DB, implying that Z/DCG =7 — ZBDC = 1 — /3 = 27/3.
Thus Z/BCG =27/3 — ZDCB =2n/3 —t. As

/B'CB=/B'CA+ ZACB =7n/3+0,
we have
/B'CG=7/340—-/BCG=7/3+0—(2r/3—t)=t+0—7/3.
Thus

BB'" = BG+ GB' = BCsin ZBCG + B'Csin B'CG
= asin(27/3 —t) + bsin(t + 0 — 7/3),
implying that
sin(r/3)DE = BB'.
By the Cosine Rule, we have
BB"” = BC?4+B'C?*-2BCxB'C cos ZBCB' = a*+b*—2ab cos(0+/3).
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As DE = BB’'/sin(n/3), so by a similar argument as the proof of
Proposition [1.3] we see that the area of ADEF is

V3

—( 2rvP 4+ +4\/§SAA30).

6
From Proposition [1.3] it follows that ADEF is indeed the largest mem-
ber in ® ANABC - O
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