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Abstract

Abstract. In this paper, we introduce two convergence structures on each poset and thus embed the category of posets and Scott
continuous maps into the category of convergence spaces which is cartesian-closed. More specifically, for each poset P, we define
two convergence spaces (P, | 4) and (P, |c). The convergence space (P, | ) was first constructed by Heckmann for directed complete
posets. The main results of our investigation are: (i) (P, | 4) induces the Scott topology on P (ii) if P is a continuous poset, then | .=| 4
but in general they are different; (iii) (P, | q) is topological iff P is a continuous poset; (iv) (P, | 4) is topological iff it is pretopological;
(v)if'Y is a topological space then the function space [Py — Y ] is topological, where Py = (P, | 4); (vi) (P X Q)q is homeomorphic
to Py x Qg for any posets P and Q; (vii) the meet-continuity and strongly meet-continuity are equivalent for directed-complete meet
semilattices; (viii) for a meet-semilattice P, (P, | 4) is a convergence meet-semilattice iff (P, <) is meet-continuous.

1 Introduction

Directed complete posets are fundamental structures for domain theory, which was first introduced by Dana Scott to
give the denotational semantics for untyped A-calculus. Dag Normann [4] has recently shown that the fully abstract model
for PCF of hereditarily-sequential functionals is not w-complete and therefore not a domain in the traditional sense. Thus,
the consideration of non directed complete continuous posets becomes a necessity.

For any poset P, there is a naturally defined topology o(P) on P, called the Scott topology on P. A mapping
f+ P — @ between two posets is continuous with respect to the Scott topologies on P and () if and only if it preserves
the existing suprema of directed subsets. Such mappings are called Scott continuous mappings. Let PO.S; denote the
category of all posets and Scott continuous mappings. The category PO.S; contains a number of full subcategories which
feature strongly in theoretical computer science, such as the category DC PO of all directed complete posets, the category
CONPOS of all continuous posets and the category DOM of all domains. The assignment of (P, o) to each poset P
extends to a functor from POS, to the category T'O P, of T} topological spaces, thus embedding POSy into TOF, as
a full subcategory of TOPF,. However, as Heckmann [1] pointed out, for directed complete posets, there are at least two
shortcomings for this embedding: (i) the category T'OF, is not cartesian-closed; (ii) the embedding does not preserve
products. Heckmann first considered this problem for the category DC PO. For each dcpo (directed complete poset) he
defined a filter convergence space (P, |.), thus embedding DC PO into the category CONV of filter convergence spaces
as a full subcategory. In the current paper, we define another convergence space (P, | 4) for each poset, thus obtaining a
functor from POS,; to CONYV. In section 2, we give some preliminaries on Scott topology and convergence spaces. In
section 3, we define (P, | 4) and (P, |.) for any poset P and study their basic properties. In section 4, we investigate the
relationship between the meet-continuity (strongly meet-continuity) of P and the property of (P, | 4).

2 Scott topology on posets and convergence spaces

A subset A of a poset P is directed if it is nonempty and each pair of elements of A has an upper bound in A. A poset
P is called a dcpo if every directed subset of P has a supremum (i.e. least upper bound). Let P be a poset. A subset
A C Piscalled alower setif A=]|A ={z € P:xz < yforsomey € A}. The upper sets in a poset are defined dually.
Define A} = {d € P :d < aforall a € A}, which is a set of lower bounds of any set A. A subset U C P is called a
Scott open set if (i) U is an upper set, and (ii) for each directed set D C P that has a supremum in P, \/ D € U implies
DN U # . All Scott open sets of P form a topology on P, called the Scott topology and is denoted by o(P). A subset



A C P is Scott closed if P\ A is Scott open. Thus A is Scott closed iff (i) A is a lower set and (ii) for any directed set
D C A, \/ D € A whenever \/ D exists.

A mapping f : P — @ between posets is Scott continuous if it is continuous with respect to the Scott topologies on
P and @. The following lemma can be proved in the same way as for dcpos. (See [3] for the proof for dcpos.)

Lemma 1. A mapping f : P — @ is Scott continuous iff it preserves the existing suprema of directed sets, that is
f(\V D) =V f(D) holds for any directed set D C P with \/ D exists.

An element a of a poset P is way-below an element b, denoted by a < b, if for every directed set D that has a
supremum and b < \/ D, there exists d € D such that a < d.

Definition 1. A poset P is continuous iff for everyy € P,{x € P : v < y} is adirected setand\/{x € P : z < y} = y.

A lattice is called completely distributive iff it is complete and for any family {z;; : 7 € J,k € K(j)} in L the
identity A\;c; Vier) Tik = Vyem Njes %j(j) holds, where M is the set of choice functions defined on J with
values f(j) € K(j). The following lemma can be proved in a similar way as for dcpos (see [3]).

Lemma 2. A poset P is continuous iff o(P) is a completely distributive lattice.

A filter <7 on a set X is a collection of subsets of X such that (i) A, B € & implies AN B € &, and (ii) A € < and
A C Bimplies B € /. A filter base % on a set X is a subset of the powerset & X satisfying the conditions:

(i) If B € % then B # 0.

>ii) If By, By € A then there exists B3 € 4 such that B3 C B N Bo.

Let 2 be a filter base on X. Then the smallest filter containing % will be denoted by [], called the filter generated
by A. Clearly, [#] = {A C X : A D B forsome B € #}. We use [z] to denote the filter generated by the base {{z}}
which is called a principal filter.

Definition 2. A (filter) convergence space is a set X together with a relation ‘|’ between ®X (the collection of all filters
on X) and X such that the following two axioms hold:

(i) [z] | = for all x € X (point filter axiom).

(ii) o | x and B O o implies B | x (subfilter axiom,).

For every topological space (X, 7), there is a corresponding convergence space (X, | ;) defined by o7 | x iff A () C
</, where 4 (z) denotes the collection of all neighbourhoods of x. A convergence space (X, |) is topological if |=],
for some topology 7 on X.

Conversely, given a convergence space (X, | ), we can define a topology 7| on X. Forany O C X, O € 7| iff for any
filter o7, o7 | x and z € O imply O € o7. The topological space (X, 7|) is called the topological space induced by the
convergence space (X, | ).

Definition 3. For a poset P, define the relation | 4 between filters and points as follows: < | g4 x if there exists a directed
set D C P such that (i) x < \/ D, and (ii) for each d € D there is A € o/ withd € A'.
For the sake of convenience, we shall use Py to denote (P, | 4) at times.

Obviously, condition (ii) in the above definition is equivalent to D C |J 4., Al
It is easy to verify that (P, | 4) is a convergence space.

Lemma 3. For any poset P, the following hold:
(i) If D C P is a directed set, then {1d : d € D} is a filter base on P.
(ii) For any directed set D C P with \/ D exists, we have [{1d : d € D}] |4 x, where x = \/ D.

Lemma 4. For each poset P, (P, | 4) induces the Scott topology on P.

Proof. Let U C P be open in the induced topology. We show that U is Scott open. Let x € U and z < y, i.e. y €]x.
Note that [Tx] |4 z, because there is a directed set D = {z} with \/ D = x and for x € D, x € (Tz)'. Thus U € []x],
i.e. To C U, implying y € U. Thus U is an upper set. Now assume that D C P is a directed set with \/ D exists and
VD e U.ByLemma3 (i), [{{d: d € D}] |4 V Dand thus U € [{1d : d € D}],ie. 1d C U for some d € D, which
implies D N U # (). Therefore U is Scott open.

Conversely, let U be Scott open in P and &7 |4 x, for some x € U. Then there exists a directed set D C P with
D C Uy At andz < \/ D. Since U is Scott open and x € U, so \/ D € U. Thus, there exists d € DNU. Letd € Al
for some A € &/. Thend < aforall a € A. Since d € U and U is an upper set, so A C U and hence U € /. Therefore
U is open in the induced topology. O

Let (X, 7) be a topological space. The specialisation preorder < on X is the pre-partial order defined by: = < y iff
x € cl({y}), where cl({y}) is the closure of {y}. This specialisation preorder is a partial order iff X is a Ty space. The
induced preorder of a convergence space X is defined to be the specialisation preorder of its induced topology.



Remark 1. For every poset P, the specialisation order of (P, o(P)) coincides with the order on P [3].

Corollary 1. For every poset P, (P, |4) induces the order on P.

3 Comparison between (P, | ;) and (P, |.)

In [1], Heckmann defined a convergence structure (P, |.) for every dcpo as follows: For every dcpo P and filter <7,
A e xiffx € cl(Uyey Al) where ‘cl’ is the closure operator in the Scott topology. Obviously this definition can be
applied to any poset P instead of just dcpos.

Lemma 5. For any poset P, | 4C | holds.

Proof. Let &/ |4 x. Then there is a directed set D C |J,.,, At withz < \/ D. Then D C cl(lJ,.,, A') and hence
V D €cl(Uye,y Ab). It follows that z € cl({J 4, A*) because every Scott closed set is a lower set. Hence &7 | z. [

A lower subset A of P has one step closure if z € cl(A) implies < \/ D for a directed D C A. A poset P is said to
have one step closure if every lower subset has one step closure.
A subset B of a poset P is called a lower cut if B = Al for some A C P.

Lemma 6. For a poset P, | 4=]. iff every union of directed collection of lower cuts has one step closure.

Proof. 1f | 4=/ then for any filter & and x € cl({J,,, A'), we have & | z and so &/ |4 z. Then x < \/ D for some
directed set D C |J .., A'. Hence |J 4, A' has one step closure. Now if # = {F; : i € I} is a collection of directed
lower cuts, then & = {FZ-T : 1 € I} is a filter base. Note that for any F; € %, F; = Fi“ because F; is a lower cut. So
UZ =U{B': Be #B} =J{A! : A € [%]} and hence | .# has one step closure.

Conversely, if the union of every directed collection of lower cuts has one step closure, then | 4., Al has one step
closure for any filter .&7. Now, if &7 |, x, then x € cl(U ¢, Ay sox <'\/ D for some directed D C Uscor A, which
implies &7 |4 x. By Lemma 5, | 4=].. O

Thus, in particular, if P has one step closure, then | 4=|..
Lemma 7. Every continuous poset has one step closure.

Proof. Suppose P is a continuous poset and A C P, A =] A. Let A’ = {« € P : there exists a directed £ C A,\/ E >
x}. We show that A’ is Scott closed. Obviously A’ is a lower set, so we only need to show that it is closed under existing
suprema of directed sets. Let D C A’ be directed for which \/ D exists. Foreachd € D, | d={x € P: 2z < d} isa
directed set with \/ |} d = d, because P is continuous. Let C' = |J{{} d : d € D}. Then C is a directed subset of A with
VC=\{V{Ud):de D} =\ D.Nowforeachd € D and = €|} d C C, there is a directed subset K’ C A such that
d < \/ K, which implies x < k for some k € K. Thus z € A for each z € C. Therefore \/ D = \/ C € A’ because
C CA. O

Corollary 2. For any continuous poset P, | 4=|..

The next lemma shows that for each complete lattice L, |. and |4 coincide. Note that such an L does not necessarily
have one step closure.

Lemma 8. Let L be a complete lattice and <7 a filter on L. The following statements are equivalent for any x© € L:
(1) |q .

(2)x <Vacy NA
(3) A e .

Proof. (1) implies (3): This follows from Lemma 5.

(3) implies (2): Suppose & |. x. Then x € cl(U ¢,y Ab). Since L is a complete lattice, for any subset A € o7,
AL = NAC| (Vaew ANA). Thus cl(Uyey A € 1 (Vacw AA) because | (\ 4c,, A A) is a Scott closed set.
Hence 2 <\/ 4., N\ A.

(2) implies (1): Suppose z < \/ 4, \ A. Then z < \/ D where D = {\ A: A € &/}. As D is obviously a directed
setandDQUAedAl,so,@/ldx. O

We now give an example of a depo for which | 7| 4. First, note that for any filter base %, | s, Al =Upey B

Example 1. Let P = {z :i,n e N} U {2' : i € N} U{a,, : n € N} U{T}. Let the order on P be defined by:
VieN gl <ah <. <zl <. <al<zH <. <T,
and
Vi,k e Nz} <ap <apyr <...<T.
Then P is a dcpo and



(a) V{zt : k € N} = 2%, Vi € N;

(b)\{ar : k e N} = \/{2F : ke N} =T.

Now for each k, let Ay, = {a; : i > k}. Then {Ay : k € N} is a filter base. Let </ be the filter generated by
{Ak ke N}

We note that Ayt = {x1,23, ..., a1}, Aot = {2}, 23, ..., a0}, ..., Apt = {a}, 27, ...,ap} and T € A(Uneey AY).

Therefore, in P,., the filter o/ converges to T. On the other hand, we see that the elements in each of the sets
At ALY are incomparable. Moreover, the only kind of directed subsets that can be formed from the union of these
Ayt’s are subsets of exactly one of the chains {z% : k € N} for some i € N. Thus, these directed subsets cannot have
suprema equal to T and so </ does not converge to T in P,.

Lemma 9. For any convergence space (X, |), the following conditions are equivalent:
(1) (X, ]) is topological.
(2) 1=1,, where T is the topology induced by (X, |).

Proof. (1) implies (2). Assume (X, |) is topological. Then, by definition, |=|, for some topology ¢ on X, i.e. & | x iff
Ny(x) C o/. We claim that A7 (z) C A5 (z) for any 2 € X. To this end, take any open set U € .47, (z). Since (X |)
is topological, A4, (x) |  always holds. Together with the fact that z € U, this implies that U € 4, () by the definition
of the induced topology 7|. Thus .47 (x) C A5 (x).

(2) implies (1). This is trivial. [

Remark 2. By Lemmata 4 and 9, it follows that (P, |4) and (P, |.) are topological iff |4=|. and |.=|, respectively,
where T = o(P).

A convergence space X is pretopological if the neighbourhood filter of each point converges to this point [5].

Theorem 1. For a poset P, the following are equivalent:
(1) (P, lq) is topological
(2) (P, la) is pretopological
(3) P is a continuous poset.
(4) For any x € P, there is a smallest filter o7 with &7 |4 x.

Proof. (1) implies (2) by [5].

(2) implies (3). Suppose (P, |4) is pretopological. The induced topology on P by |4 is the Scott topology. By
the assumption, 4, (z) |4 =, where 4, () denotes the set of Scott neighbourhoods of x, so there exists a directed set
D C UUE%@) Ul with \/ D > x. It is now enough to show that for each v € D,u < z. If W is a directed set with

\/ W exists and \/ W > z, then W N U # () for every U € A (). Since u € D,u € U' for some U € A, (z). Choose
y € WNU,then y > u. Therefore u < x. Thus P is continuous.

(3) implies (4). To show this, it is enough to check that 4, (x) |4 = because every filter o/ with &7 | ; x must contain
Ny (x). Take D = {y € P : y < x}. Then D is directed with \/ D = x. Furthermore, foreachy € D,U = {w : y <
w} is Scott open with x € U, and y € U'. All these show that .4, () |4 =.

(4) implies (3). Let a € P and </ be the smallest filter with &/ |4 a. By definition, there is a directed set D with
VD >aand D C |J{B': B € o/}. Now we show that D C {x € P : x < a}. Forany e € D and directed set W
with \/ W > aq, the filter [Tw : w € W] converges to a under |4, so [fw : w € W] D &. There is B € [fw : w € W]
such that e € B} and B OTw for some w € W, which implies e < w. It follows that e < a.

(3) implies (1). Let P be continuous. If & |4 2 and U is Scott open containing x, then there exists a directed set
D C UAe;z{Ai with\/ D > x,and e € DN U. Suppose e € A for some A € 7. Then A CTe C U, implying U € <7
Now for each pointy € P, F = {x € P : © < y} is directed with \/ F' = y and each Tz (z € F) is a neighbourhood of
y with 2 € (Tz)!. This shows that .4, (x) |4 z. Hence (P, | 4) is topological. O

Definition 4. [1] A function [ : X — Y between two convergence spaces (X, | x) and (Y, |y) is continuous if & | x x
implies [*(</) |y [(x).

Definition 5. [1] For two convergence spaces X and Y, the function space [X — Y is the set of continuous functions
from X toY with F | fiffforall o | xin X, .o/ | f(x)inY. Here, .o/ = [F.A: F € %,A € o) and
FA={f(a): feFac A}

A convergence space (X, |) is called locally finitary if for all &/ | x and induced open neighbourhoods U of z, there
is a finite subset /' C U with TF € .

Proposition 1. If'Y is a topological space then [P; — Y| is topological, where [Py — Y| refers to the set of continuous
Sunctions from Py to'Y and P, denotes (P, | 4).

Proof. 1t is clear that P, is locally finitary for any poset P. By Lemma 5, P, is locally finitary also. By Theorem 7.20
[1], we conclude that [P; — Y7 is topological. O



Let POS, denote the category of posets and Scott continuous mappings.
For any function f : X — Y, define f*: ®X — ®Y by fH (o) = [fT(A4): A € &].

Proposition 2. A mapping f : P; — Qg is continuous iff f is a Scott continuous function from P to Q.

Proof. Assume that f : P; — Qg is continuous. If z < y, then [y] |4 = and f™([y]) |4 f(z) hold. This implies
f(z) < f(y) and so f is monotone. If D C P is a directed set with \/ D exists, then [{z : z € D] |4 \/ D holds. Thus
ft([1z: 2 € D]) la f(\V D). So there exists a directed set £ C @ such that each e € F is below some f(z),z € D and
V E > f(\V/ D). Since f is monotone, \/{f(z) : z € D} exists and equals f(\/ D).

Conversely, let f : Py — @4 be Scott continuous and < |4 x in (P, | 4). Then there exists a directed set D C P such
that \/ D > z and for each e € D there is A € o with e € Al. Since f is Scott continuous, \/ f(D) = f(\/ D) > f(z).
As f is monotone, for all @ € A, f(e) < f(a) implies f(e) € (f(A))'. Therefore f* (<) |4 f(x) as required. O

Thus, the assignment P — Py extends to a functor F' : POS; — CONYV which is full and faithful. So, POSy is
equivalent to a full subcategory of CONYV'.

Definition 6. [/] Let [ [, ; X; be the product of a family (X;)ic1 of convergence spaces with the initial structure for the
projections 7; : [ [;c; Xi — Xi. Then o/ | x in the product iffn (o) | @ foralli€ 1.

Lemma 10. For any collection (P;);c1 of posets, the identity mapping (I];c; Pi)d — [, (Pi)a is continuous.

Proof. By Proposition 2, the projections [ [,.; P; — P; are Scott continuous, hence continuous (Hle I Pi) g — (B

ier 1
Thus, the identity mapping from ([],.; P;) g 10 ILic;(F5)a is continuous.

Proposition 3. For any two posets P and Q, (P X Q)q = Py X Qg.

Proof. By Lemma 10, we have & |4 (z,y) in (P X Q)g = |4 (z,y) in Py X Q4. We just need to show that if
o ld (LL', y) in Pd X Qd’ then &7 ld (LL', y) in (P X Q)d Since &/ ld ((E,y) in Pd X Qd, WT(JZ{) ld x and W;r(%) ld Y.
Then there are directed subsets D and E of P and @ respectively, such that \/ D >z, \/ E > y and for each u € D there
exists A € &7 withu € (7] (A))! and for each v € F there exists B € 7 withv € (75 (B))'. Let K = D x E. Then

(a) K is a directed subset of P x Q.

) VK = (VD,VE) > (z,9).

(c) For each (u,v) € K, there are A € </, B € </ withu € (7] (A))! and v € (75 (B))}. So (u,v) < (p,q) for all
(p.) € (wF (A), 75 (B).

Now AN B € &. Let (r,s) € AN B. Then (r,s) € (7] (AN B),7f (AN B)) C (7 (A), 75 (B)), so that
(r,s) > (u,v). Thus & |4 (z,y) in (P X Q)q4. O

4 Meet-continuous posets

In this section we study the posets P for which the convergence space (P, | 4) satisfies an additional axiom [5]:
(CONV3) & |gxand B |4 x imply o/ N AB |4 x.

Definition 7. (i) A poset P is called meet-continuous if for any directed subset D with \| D > x, x is in the Scott closure
of |IDN|x [2].

(ii) A poset P is called strongly meet-continuous if for any directed subsets D and E with \| D,\/ E exist and \| D >
\/ E, there is a directed subset H C| DN E such that \| H =\/ E.

The poset in Example 1 is a dcpo which is not meet-continuous. To see this, take D = {x%, 23, ..., 22 }. We note that
\/ D = 22 > 2. However | DN |zt = (.
It is easy to verify that every strongly meet-continuous poset is also meet-continuous.

Remark 3. If P is a continuous poset, then it is strongly meet-continuous. As a matter of fact, if D and E are directed
subsets of P such that \| D > \/ E, then for any x € E, lx = {y € P:y <z} C|D. Take H = {J,. {x. Then
VH=\ ,px=\FEadH C|DN |E.

A meet-semilattice is a poset P in which for any two elements = and y, x A y exists.

Lemma 11. Let L be a meet-semilattice and a dcpo. Then the following statements are equivalent:
(1) Forany x € L and directed D C L, x N\ D =\/{z ANy :y € D}.
(2) L is meet-continuous.
(3) L is strongly meet-continuous.
(4) For any directed set D C L with \/ D > x there is a directed E C| DN |x such that \| E = .



Proof. (1) implies (2). Let D C L be any directed set with \/ D > . Let E = {u Az : u € D}. Then E is a directed set
and E C|DN]z. |[DN]zisalowersetand \/ E = \/{uAz:u e D}. By(),xAVD=\{uAz:ue D} =VE.
Sox A\ D=x=\ E.Thus, z € cl(|DN] z).

(2) implies (1). Let D C L be a directed setand x € L. Lety = \/D Ax,s0y < \/Dandy < z. By (2),
y € cl(lDNly) C cl({DN]x). Consider | \/[{z Au : v € D} Dcl(|DNlx). Nowy €| V{x Au : u € D}, so
y<V{zxAu:ue D} Also,y > \/{r Au:u € D}. Therefore,y =\/ DAz =\{zAu:ue D}.

(1) implies (3). Let D C L and E C L be directed sets with \/ D > \/ E. Then \/ D A\/ E = \/ E. By (1),
V{uAV E :u e D} =\/E. Applying (1) again, \/{\/{uAe:u e D}:ve E} =\E Let D) ={une:u¢€
D,v € E}. Then D' is directed and is contained in | DN|E with \/ D’ =\/ E. So (3) is proven.

(1) implies (4). Let E = {& Ay : y € D}. Then E is directed and E C|DN|x. By (1), V E=\/{z Ay:y € D} =
xA\/D.Since\/D >z,\/E=2A\D=uz.

(4) implies (1). By 4),\/ D > zandsoz A\/ D = z = \/ E €| DN|z which implies that = € cl(] DN]z). Consider
I V{zAu:uwe D} Del(lDNlz) 3 z. Soxz < \V{zAu:ue D}. Also,z > \/{z Au : u € D}. Therefore,
x=\/DAz=\V{zAu:ue D} O

Proposition 4. Let P be a poset. The following statements are equivalent:
(1) P is strongly meet-continuous.
(2) o |gxand B lqximply o "B |4 .

Proof. Let (P, |4) satisfy the condition (CONV3). If D C P and E C P are directed sets with \/ D > \/ E, then
[fu:u€ D] |qgeand[lv:v € E] |4e wheree =\/ E. Thus [fu:u € D]N[{v:v € E] |4 e. Thus there is a directed
set H with\/ H > eand HU{B': B€ [fu:u € D|N[jv:v € E]} C|DN]E. Obviously \/ H =e =/ E.
Conversely, suppose that P is strongly meet-continuous. Let o7 |4 ©, % |4 x. Then there exist directed sets D, E
suchthat D C |J{A': Ae &/}, E C\J{B': B€ %} and\/ D > z,\/ E > x. Since P is strongly meet-continuous,
there is a directed set H; C | DN |« such that \/ H; = 2. Now \/ E > \/ H; so there is a directed set Hy C|H,N] E such
that \/ Ho > \/ H; = z. Now [Tw : w € Hs] | z and [Tw : w € Hy] C &/ N A. Tt follows that & N B |4 x. O

Let P be a meet-semilattice. Then A : P x P — P is a mapping sending (z,y) to = A y. A convergence semilattice
is a convergence space (X, |) such that X is a meet-semilattice and A : X x X — X is continuous.

Proposition 5. For a meet-semilattice P, (P, | 4) is a convergence meet-semilattice iff (P, <) is meet-continuous.

Proof. Suppose that (P, | 4) is a convergence meet-semilattice. By Lemma 11, we only need to show that for any x € P
and directed D C P,z A\/ D = \/{zx Ay :y € D}. Since A : X x X — X is continuous, it is Scott continuous. So
ANV{(z,u) :uwe D}) =N,V D)=2A\D=\V{A(z,u) :ue D} =\{xAu:ue D}

Conversely, assume that (P, <) is meet-continuous and that </ |4 (x,y). Now 7] (%) |4 « and w5 (<) |4 y. Since
717 (&) |a x, there exists a directed subset D; C P such that\/ D; > 2 and D; C Unyent () Ayt Since 7 () L4 vs

there exists a directed subset Dy C P such that \/ Dy > y and Dy C UAQEWJ(M) Ayl Now VD1 A\ Dy > x Ay, so

V{uAv:u€ Di,v€ Do} >x Ny Weseethat D = {uAv:u € Dy,v € Do} is adirected set. For all u € Dy and
all v € Do, there exists 4; € wl(i/) with u € A;' and there exists Ay € 7o (/) with v € Aol There exists A; € <7,

A D ﬂf(ill) and there exists Az € &/, Ay D ﬂ;(/TQ) Take A = A; N Ay. Then u A v € A(A)L. Since for all
(z1,11) € A,21 € m(A) C7m1(A1) C Aq,sou < z1. In a similar approach, v < y;. O

In conclusion, we have demonstrated that the definition of | ; for any poset P has numerous desirable characteristics.
This can be considered as preliminary work that may lead to applications in other fields such as theoretical computer
science.
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