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Abstract

Abstract. In this paper, we introduce two convergence structures on each poset and thus embed the category of posets and Scott
continuous maps into the category of convergence spaces which is cartesian-closed. More specifically, for each poset P , we define
two convergence spaces (P, ↓d) and (P, ↓c). The convergence space (P, ↓c) was first constructed by Heckmann for directed complete
posets. The main results of our investigation are: (i) (P, ↓d) induces the Scott topology on P ; (ii) if P is a continuous poset, then ↓c=↓d
but in general they are different; (iii) (P, ↓d) is topological iff P is a continuous poset; (iv) (P, ↓d) is topological iff it is pretopological;
(v) if Y is a topological space then the function space [Pd → Y ] is topological, where Pd = (P, ↓d); (vi) (P ×Q)d is homeomorphic
to Pd × Qd for any posets P and Q; (vii) the meet-continuity and strongly meet-continuity are equivalent for directed-complete meet
semilattices; (viii) for a meet-semilattice P , (P, ↓d) is a convergence meet-semilattice iff (P,≤) is meet-continuous.

1 Introduction

Directed complete posets are fundamental structures for domain theory, which was first introduced by Dana Scott to
give the denotational semantics for untyped λ-calculus. Dag Normann [4] has recently shown that the fully abstract model
for PCF of hereditarily-sequential functionals is not ω-complete and therefore not a domain in the traditional sense. Thus,
the consideration of non directed complete continuous posets becomes a necessity.

For any poset P , there is a naturally defined topology σ(P ) on P , called the Scott topology on P . A mapping
f : P → Q between two posets is continuous with respect to the Scott topologies on P and Q if and only if it preserves
the existing suprema of directed subsets. Such mappings are called Scott continuous mappings. Let POSd denote the
category of all posets and Scott continuous mappings. The category POSd contains a number of full subcategories which
feature strongly in theoretical computer science, such as the categoryDCPO of all directed complete posets, the category
CONPOS of all continuous posets and the category DOM of all domains. The assignment of (P, σ) to each poset P
extends to a functor from POSd to the category TOP0 of T0 topological spaces, thus embedding POSd into TOP0 as
a full subcategory of TOP0. However, as Heckmann [1] pointed out, for directed complete posets, there are at least two
shortcomings for this embedding: (i) the category TOP0 is not cartesian-closed; (ii) the embedding does not preserve
products. Heckmann first considered this problem for the category DCPO. For each dcpo (directed complete poset) he
defined a filter convergence space (P, ↓c), thus embedding DCPO into the category CONV of filter convergence spaces
as a full subcategory. In the current paper, we define another convergence space (P, ↓d) for each poset, thus obtaining a
functor from POSd to CONV . In section 2, we give some preliminaries on Scott topology and convergence spaces. In
section 3, we define (P, ↓d) and (P, ↓c) for any poset P and study their basic properties. In section 4, we investigate the
relationship between the meet-continuity (strongly meet-continuity) of P and the property of (P, ↓d).

2 Scott topology on posets and convergence spaces

A subset A of a poset P is directed if it is nonempty and each pair of elements of A has an upper bound in A. A poset
P is called a dcpo if every directed subset of P has a supremum (i.e. least upper bound). Let P be a poset. A subset
A ⊆ P is called a lower set if A =↓A = {x ∈ P : x ≤ y for some y ∈ A}. The upper sets in a poset are defined dually.
Define A↓ = {d ∈ P : d ≤ a for all a ∈ A}, which is a set of lower bounds of any set A. A subset U ⊆ P is called a
Scott open set if (i) U is an upper set, and (ii) for each directed set D ⊆ P that has a supremum in P ,

∨
D ∈ U implies

D ∩ U 6= ∅. All Scott open sets of P form a topology on P , called the Scott topology and is denoted by σ(P ). A subset



A ⊆ P is Scott closed if P\A is Scott open. Thus A is Scott closed iff (i) A is a lower set and (ii) for any directed set
D ⊆ A,

∨
D ∈ A whenever

∨
D exists.

A mapping f : P → Q between posets is Scott continuous if it is continuous with respect to the Scott topologies on
P and Q. The following lemma can be proved in the same way as for dcpos. (See [3] for the proof for dcpos.)

Lemma 1. A mapping f : P → Q is Scott continuous iff it preserves the existing suprema of directed sets, that is
f(
∨
D) =

∨
f(D) holds for any directed set D ⊆ P with

∨
D exists.

An element a of a poset P is way-below an element b, denoted by a � b, if for every directed set D that has a
supremum and b ≤

∨
D, there exists d ∈ D such that a ≤ d.

Definition 1. A poset P is continuous iff for every y ∈ P, {x ∈ P : x� y} is a directed set and
∨
{x ∈ P : x� y} = y.

A lattice is called completely distributive iff it is complete and for any family {xj,k : j ∈ J, k ∈ K(j)} in L the
identity

∧
j∈J

∨
k∈K(j) xj,k =

∨
f∈M

∧
j∈J xj,f(j) holds, where M is the set of choice functions defined on J with

values f(j) ∈ K(j). The following lemma can be proved in a similar way as for dcpos (see [3]).

Lemma 2. A poset P is continuous iff σ(P ) is a completely distributive lattice.

A filter A on a set X is a collection of subsets of X such that (i) A,B ∈ A implies A∩B ∈ A , and (ii) A ∈ A and
A ⊆ B implies B ∈ A . A filter base B on a set X is a subset of the powerset PX satisfying the conditions:

(i) If B ∈ B then B 6= ∅.
(ii) If B1, B2 ∈ B then there exists B3 ∈ B such that B3 ⊆ B1 ∩B2.
Let B be a filter base on X . Then the smallest filter containing B will be denoted by [B], called the filter generated

by B. Clearly, [B] = {A ⊆ X : A ⊇ B for some B ∈ B}. We use [x] to denote the filter generated by the base {{x}}
which is called a principal filter.

Definition 2. A (filter) convergence space is a set X together with a relation ‘↓’ between ΦX (the collection of all filters
on X) and X such that the following two axioms hold:

(i) [x] ↓ x for all x ∈ X (point filter axiom).
(ii) A ↓ x and B ⊇ A implies B ↓ x (subfilter axiom).

For every topological space (X, τ), there is a corresponding convergence space (X, ↓τ ) defined by A ↓ x iff N (x) ⊆
A , where N (x) denotes the collection of all neighbourhoods of x. A convergence space (X, ↓) is topological if ↓=↓τ
for some topology τ on X .

Conversely, given a convergence space (X, ↓), we can define a topology τ↓ on X . For any O ⊆ X , O ∈ τ↓ iff for any
filter A , A ↓ x and x ∈ O imply O ∈ A . The topological space (X, τ↓) is called the topological space induced by the
convergence space (X, ↓).

Definition 3. For a poset P , define the relation ↓d between filters and points as follows: A ↓d x if there exists a directed
set D ⊆ P such that (i) x ≤

∨
D, and (ii) for each d ∈ D there is A ∈ A with d ∈ A↓.

For the sake of convenience, we shall use Pd to denote (P, ↓d) at times.

Obviously, condition (ii) in the above definition is equivalent to D ⊆
⋃
A∈A A↓.

It is easy to verify that (P, ↓d) is a convergence space.

Lemma 3. For any poset P , the following hold:
(i) If D ⊆ P is a directed set, then {↑d : d ∈ D} is a filter base on P .
(ii) For any directed set D ⊆ P with

∨
D exists, we have [{↑d : d ∈ D}] ↓d x, where x =

∨
D.

Lemma 4. For each poset P , (P, ↓d) induces the Scott topology on P .

Proof. Let U ⊆ P be open in the induced topology. We show that U is Scott open. Let x ∈ U and x ≤ y, i.e. y ∈↑x.
Note that [↑x] ↓d x, because there is a directed set D = {x} with

∨
D = x and for x ∈ D, x ∈ (↑x)↓. Thus U ∈ [↑x],

i.e. ↑x ⊆ U , implying y ∈ U . Thus U is an upper set. Now assume that D ⊆ P is a directed set with
∨
D exists and∨

D ∈ U . By Lemma 3 (ii), [{↑d : d ∈ D}] ↓d
∨
D and thus U ∈ [{↑d : d ∈ D}], i.e. ↑d ⊆ U for some d ∈ D, which

implies D ∩ U 6= ∅. Therefore U is Scott open.
Conversely, let U be Scott open in P and A ↓d x, for some x ∈ U . Then there exists a directed set D ⊆ P with

D ⊆
⋃
A∈A A↓ and x ≤

∨
D. Since U is Scott open and x ∈ U , so

∨
D ∈ U . Thus, there exists d ∈ D∩U . Let d ∈ A↓

for some A ∈ A . Then d ≤ a for all a ∈ A. Since d ∈ U and U is an upper set, so A ⊆ U and hence U ∈ A . Therefore
U is open in the induced topology.

Let (X, τ) be a topological space. The specialisation preorder ≤ on X is the pre-partial order defined by: x ≤ y iff
x ∈ cl({y}), where cl({y}) is the closure of {y}. This specialisation preorder is a partial order iff X is a T0 space. The
induced preorder of a convergence space X is defined to be the specialisation preorder of its induced topology.



Remark 1. For every poset P , the specialisation order of (P, σ(P )) coincides with the order on P [3].

Corollary 1. For every poset P , (P, ↓d) induces the order on P .

3 Comparison between (P, ↓d) and (P, ↓c)

In [1], Heckmann defined a convergence structure (P, ↓c) for every dcpo as follows: For every dcpo P and filter A ,
A ↓c x iff x ∈ cl(

⋃
A∈A A↓) where ‘cl’ is the closure operator in the Scott topology. Obviously this definition can be

applied to any poset P instead of just dcpos.

Lemma 5. For any poset P , ↓d⊆↓c holds.

Proof. Let A ↓d x. Then there is a directed set D ⊆
⋃
A∈A A↓ with x ≤

∨
D. Then D ⊆ cl(

⋃
A∈A A↓) and hence∨

D ∈ cl(
⋃
A∈A A↓). It follows that x ∈ cl(

⋃
A∈A A↓) because every Scott closed set is a lower set. Hence A ↓c x.

A lower subset A of P has one step closure if x ∈ cl(A) implies x ≤
∨
D for a directed D ⊆ A. A poset P is said to

have one step closure if every lower subset has one step closure.
A subset B of a poset P is called a lower cut if B = A↓ for some A ⊆ P .

Lemma 6. For a poset P , ↓d=↓c iff every union of directed collection of lower cuts has one step closure.

Proof. If ↓d=↓c then for any filter A and x ∈ cl(
⋃
A∈A A↓), we have A ↓c x and so A ↓d x. Then x ≤

∨
D for some

directed set D ⊆
⋃
A∈A A↓. Hence

⋃
A∈A A↓ has one step closure. Now if F = {Fi : i ∈ I} is a collection of directed

lower cuts, then B = {Fi↑ : i ∈ I} is a filter base. Note that for any Fi ∈ F , Fi = Fi
↑↓ because Fi is a lower cut. So⋃

F =
⋃
{B↓ : B ∈ B} =

⋃
{A↓ : A ∈ [B]} and hence

⋃
F has one step closure.

Conversely, if the union of every directed collection of lower cuts has one step closure, then
⋃
A∈A A↓ has one step

closure for any filter A . Now, if A ↓c x, then x ∈ cl(
⋃
A∈A A↓) so x ≤

∨
D for some directed D ⊆

⋃
A∈A A↓, which

implies A ↓d x. By Lemma 5, ↓d=↓c.

Thus, in particular, if P has one step closure, then ↓d=↓c.

Lemma 7. Every continuous poset has one step closure.

Proof. Suppose P is a continuous poset and A ⊆ P , A =↓A. Let A′ = {x ∈ P : there exists a directed E ⊆ A,
∨
E ≥

x}. We show that A′ is Scott closed. Obviously A′ is a lower set, so we only need to show that it is closed under existing
suprema of directed sets. Let D ⊆ A′ be directed for which

∨
D exists. For each d ∈ D, ⇓ d = {x ∈ P : x � d} is a

directed set with
∨
⇓ d = d, because P is continuous. Let C =

⋃
{⇓ d : d ∈ D}. Then C is a directed subset of A with∨

C =
∨
{
∨

(⇓ d) : d ∈ D} =
∨
D. Now for each d ∈ D and x ∈⇓ d ⊆ C, there is a directed subset K ⊆ A such that

d ≤
∨
K, which implies x ≤ k for some k ∈ K. Thus x ∈ A for each x ∈ C. Therefore

∨
D =

∨
C ∈ A′ because

C ⊆ A.

Corollary 2. For any continuous poset P , ↓d=↓c.

The next lemma shows that for each complete lattice L, ↓c and ↓d coincide. Note that such an L does not necessarily
have one step closure.

Lemma 8. Let L be a complete lattice and A a filter on L. The following statements are equivalent for any x ∈ L:
(1) A ↓d x.
(2) x ≤

∨
A∈A

∧
A.

(3) A ↓c x.

Proof. (1) implies (3): This follows from Lemma 5.
(3) implies (2): Suppose A ↓c x. Then x ∈ cl(

⋃
A∈A A↓). Since L is a complete lattice, for any subset A ∈ A ,

A↓ =↓
∧
A ⊆↓ (

∨
A∈A

∧
A). Thus cl(

⋃
A∈A A↓) ⊆ ↓ (

∨
A∈A

∧
A) because ↓ (

∨
A∈A

∧
A) is a Scott closed set.

Hence x ≤
∨
A∈A

∧
A.

(2) implies (1): Suppose x ≤
∨
A∈A

∧
A. Then x ≤

∨
D where D = {

∧
A : A ∈ A }. As D is obviously a directed

set and D ⊆
⋃
A∈A A↓, so A ↓d x.

We now give an example of a dcpo for which ↓c 6=↓d. First, note that for any filter base B,
⋃
A∈[B]A

↓ =
⋃
B∈B B↓.

Example 1. Let P = {xin : i, n ∈ N} ∪ {xi : i ∈ N} ∪ {an : n ∈ N} ∪ {>}. Let the order on P be defined by:
∀i ∈ N. xi1 ≤ xi2 ≤ ... ≤ xik ≤ ... ≤ xi ≤ xi+1 ≤ ... ≤ >,
and
∀i, k ∈ N. xik ≤ ak ≤ ak+1 ≤ ... ≤ >.
Then P is a dcpo and



(a)
∨
{xik : k ∈ N} = xi, ∀i ∈ N;

(b)
∨
{ak : k ∈ N} =

∨
{xk : k ∈ N} = >.

Now for each k, let Ak = {ai : i ≥ k}. Then {Ak : k ∈ N} is a filter base. Let A be the filter generated by
{Ak : k ∈ N}.

We note that A1
↓ = {x1

1, x
2
1, ..., a1}, A2

↓ = {x1
2, x

2
2, ..., a2}, ..., Ak↓ = {x1

k, x
2
k, ..., ak} and > ∈ cl(

⋃
A∈A A↓).

Therefore, in Pc, the filter A converges to >. On the other hand, we see that the elements in each of the sets
A1
↓, ..., Ak

↓ are incomparable. Moreover, the only kind of directed subsets that can be formed from the union of these
Ak
↓’s are subsets of exactly one of the chains {xik : k ∈ N} for some i ∈ N. Thus, these directed subsets cannot have

suprema equal to > and so A does not converge to > in Pd.

Lemma 9. For any convergence space (X, ↓), the following conditions are equivalent:
(1) (X, ↓) is topological.
(2) ↓=↓τ , where τ is the topology induced by (X, ↓).

Proof. (1) implies (2). Assume (X, ↓) is topological. Then, by definition, ↓=↓σ for some topology σ on X , i.e. A ↓ x iff
Nσ(x) ⊆ A . We claim that Nτ↓(x) ⊆ Nσ(x) for any x ∈ X . To this end, take any open set U ∈ Nτ↓(x). Since (X, ↓)
is topological, Nσ(x) ↓ x always holds. Together with the fact that x ∈ U , this implies that U ∈ Nσ(x) by the definition
of the induced topology τ↓. Thus Nτ↓(x) ⊆ Nσ(x).

(2) implies (1). This is trivial.

Remark 2. By Lemmata 4 and 9, it follows that (P, ↓d) and (P, ↓c) are topological iff ↓d=↓τ and ↓c=↓τ respectively,
where τ = σ(P ).

A convergence space X is pretopological if the neighbourhood filter of each point converges to this point [5].

Theorem 1. For a poset P , the following are equivalent:
(1) (P, ↓d) is topological
(2) (P, ↓d) is pretopological
(3) P is a continuous poset.
(4) For any x ∈ P , there is a smallest filter A with A ↓d x.

Proof. (1) implies (2) by [5].
(2) implies (3). Suppose (P, ↓d) is pretopological. The induced topology on P by ↓d is the Scott topology. By

the assumption, Nσ(x) ↓d x, where Nσ(x) denotes the set of Scott neighbourhoods of x, so there exists a directed set
D ⊆

⋃
U∈Nσ(x) U

↓ with
∨
D ≥ x. It is now enough to show that for each u ∈ D,u � x. If W is a directed set with∨

W exists and
∨
W ≥ x, then W ∩ U 6= ∅ for every U ∈ Nσ(x). Since u ∈ D,u ∈ U↓ for some U ∈ Nσ(x). Choose

y ∈W ∩ U , then y ≥ u. Therefore u� x. Thus P is continuous.
(3) implies (4). To show this, it is enough to check that Nσ(x) ↓d x because every filter A with A ↓d x must contain

Nσ(x). Take D = {y ∈ P : y � x}. Then D is directed with
∨
D = x. Furthermore, for each y ∈ D,U = {w : y �

w} is Scott open with x ∈ U , and y ∈ U↓. All these show that Nσ(x) ↓d x.
(4) implies (3). Let a ∈ P and A be the smallest filter with A ↓d a. By definition, there is a directed set D with∨
D ≥ a and D ⊆

⋃
{B↓ : B ∈ A }. Now we show that D ⊆ {x ∈ P : x � a}. For any e ∈ D and directed set W

with
∨
W ≥ a, the filter [↑w : w ∈ W ] converges to a under ↓d, so [↑w : w ∈ W ] ⊇ A . There is B ∈ [↑w : w ∈ W ]

such that e ∈ B↓ and B ⊇↑w for some w ∈W , which implies e ≤ w. It follows that e� a.
(3) implies (1). Let P be continuous. If A ↓d x and U is Scott open containing x, then there exists a directed set

D ⊆
⋃
A∈A A↓ with

∨
D ≥ x, and e ∈ D ∩U . Suppose e ∈ A↓ for some A ∈ A . Then A ⊆↑e ⊆ U , implying U ∈ A .

Now for each point y ∈ P , F = {x ∈ P : x� y} is directed with
∨
F = y and each ↑x (x ∈ F ) is a neighbourhood of

y with x ∈ (↑x)↓. This shows that Nσ(x) ↓d x. Hence (P, ↓d) is topological.

Definition 4. [1] A function f : X → Y between two convergence spaces (X, ↓X) and (Y, ↓Y ) is continuous if A ↓X x
implies f+(A ) ↓Y f(x).

Definition 5. [1] For two convergence spaces X and Y , the function space [X → Y ] is the set of continuous functions
from X to Y with F ↓ f iff for all A ↓ x in X , F .A ↓ f(x) in Y . Here, F .A = [F.A : F ∈ F , A ∈ A ] and
F.A = {f(a) : f ∈ F, a ∈ A}.

A convergence space (X, ↓) is called locally finitary if for all A ↓ x and induced open neighbourhoods U of x, there
is a finite subset F ⊆ U with ↑F ∈ A .

Proposition 1. If Y is a topological space then [Pd → Y ] is topological, where [Pd → Y ] refers to the set of continuous
functions from Pd to Y and Pd denotes (P, ↓d).

Proof. It is clear that Pc is locally finitary for any poset P . By Lemma 5, Pd is locally finitary also. By Theorem 7.20
[1], we conclude that [Pd → Y ] is topological.



Let POSd denote the category of posets and Scott continuous mappings.
For any function f : X → Y , define f+ : ΦX → ΦY by f+(A ) = [f+(A) : A ∈ A ].

Proposition 2. A mapping f : Pd → Qd is continuous iff f is a Scott continuous function from P to Q.

Proof. Assume that f : Pd → Qd is continuous. If x ≤ y, then [y] ↓d x and f+([y]) ↓d f(x) hold. This implies
f(x) ≤ f(y) and so f is monotone. If D ⊆ P is a directed set with

∨
D exists, then [↑z : z ∈ D] ↓d

∨
D holds. Thus

f+([↑z : z ∈ D]) ↓d f(
∨
D). So there exists a directed set E ⊆ Q such that each e ∈ E is below some f(z), z ∈ D and∨

E ≥ f(
∨
D). Since f is monotone,

∨
{f(z) : z ∈ D} exists and equals f(

∨
D).

Conversely, let f : Pd → Qd be Scott continuous and A ↓d x in (P, ↓d). Then there exists a directed set D ⊆ P such
that

∨
D ≥ x and for each e ∈ D there is A ∈ A with e ∈ A↓. Since f is Scott continuous,

∨
f(D) = f(

∨
D) ≥ f(x).

As f is monotone, for all a ∈ A, f(e) ≤ f(a) implies f(e) ∈ (f(A))↓. Therefore f+(A ) ↓d f(x) as required.

Thus, the assignment P → Pd extends to a functor F : POSd → CONV which is full and faithful. So, POSd is
equivalent to a full subcategory of CONV .

Definition 6. [1] Let
∏
i∈I Xi be the product of a family (Xi)i∈I of convergence spaces with the initial structure for the

projections πi :
∏
i∈I Xi → Xi. Then A ↓ x in the product iff π+

i (A ) ↓ xi for all i ∈ I .

Lemma 10. For any collection (Pi)i∈I of posets, the identity mapping
(∏

i∈I Pi
)
d
→
∏
i∈I(Pi)d is continuous.

Proof. By Proposition 2, the projections
∏
i∈I Pi → Pi are Scott continuous, hence continuous

(∏
i∈I Pi

)
d
→ (Pi)d.

Thus, the identity mapping from
(∏

i∈I Pi
)
d

to
∏
i∈I(Pi)d is continuous.

Proposition 3. For any two posets P and Q, (P ×Q)d = Pd ×Qd.

Proof. By Lemma 10, we have A ↓d (x, y) in (P × Q)d =⇒ A ↓d (x, y) in Pd × Qd. We just need to show that if
A ↓d (x, y) in Pd ×Qd, then A ↓d (x, y) in (P ×Q)d. Since A ↓d (x, y) in Pd ×Qd, π+

1 (A ) ↓d x and π+
2 (A ) ↓d y.

Then there are directed subsets D and E of P and Q respectively, such that
∨
D ≥ x,

∨
E ≥ y and for each u ∈ D there

exists A ∈ A with u ∈ (π+
1 (A))↓ and for each v ∈ E there exists B ∈ A with v ∈ (π+

2 (B))↓. Let K = D × E. Then
(a) K is a directed subset of P ×Q.
(b)
∨
K = (

∨
D,
∨
E) ≥ (x, y).

(c) For each (u, v) ∈ K, there are A ∈ A , B ∈ A with u ∈ (π+
1 (A))↓ and v ∈ (π+

2 (B))↓. So (u, v) ≤ (p, q) for all
(p, q) ∈ (π+

1 (A), π+
2 (B)).

Now A ∩ B ∈ A . Let (r, s) ∈ A ∩ B. Then (r, s) ∈ (π+
1 (A ∩ B), π+

2 (A ∩ B)) ⊂ (π+
1 (A), π+

2 (B)), so that
(r, s) ≥ (u, v). Thus A ↓d (x, y) in (P ×Q)d.

4 Meet-continuous posets

In this section we study the posets P for which the convergence space (P, ↓d) satisfies an additional axiom [5]:

(CONV3) A ↓d x and B ↓d x imply A ∩B ↓d x.

Definition 7. (i) A poset P is called meet-continuous if for any directed subset D with
∨
D ≥ x, x is in the Scott closure

of ↓D∩↓x [2].
(ii) A poset P is called strongly meet-continuous if for any directed subsets D and E with

∨
D,
∨
E exist and

∨
D ≥∨

E, there is a directed subset H ⊆↓D∩↓E such that
∨
H =

∨
E.

The poset in Example 1 is a dcpo which is not meet-continuous. To see this, take D = {x2
1, x

2
2, ..., x

2
k}. We note that∨

D = x2 ≥ x1. However ↓D∩↓x1 = ∅.
It is easy to verify that every strongly meet-continuous poset is also meet-continuous.

Remark 3. If P is a continuous poset, then it is strongly meet-continuous. As a matter of fact, if D and E are directed
subsets of P such that

∨
D ≥

∨
E, then for any x ∈ E, ⇓x = {y ∈ P : y � x} ⊆↓D. Take H =

⋃
x∈E ⇓x. Then∨

H =
∨
x∈E x =

∨
E and H ⊆↓D∩ ↓E.

A meet-semilattice is a poset P in which for any two elements x and y, x ∧ y exists.

Lemma 11. Let L be a meet-semilattice and a dcpo. Then the following statements are equivalent:
(1) For any x ∈ L and directed D ⊆ L, x ∧

∨
D =

∨
{x ∧ y : y ∈ D}.

(2) L is meet-continuous.
(3) L is strongly meet-continuous.
(4) For any directed set D ⊆ L with

∨
D ≥ x there is a directed E ⊆↓D∩↓x such that

∨
E = x.



Proof. (1) implies (2). Let D ⊆ L be any directed set with
∨
D ≥ x. Let E = {u∧ x : u ∈ D}. Then E is a directed set

and E ⊆↓D∩↓x. ↓D∩↓x is a lower set and
∨
E =

∨
{u ∧ x : u ∈ D}. By (1), x ∧

∨
D =

∨
{u ∧ x : u ∈ D} =

∨
E.

So x ∧
∨
D = x =

∨
E. Thus, x ∈ cl(↓D∩↓ x).

(2) implies (1). Let D ⊆ L be a directed set and x ∈ L. Let y =
∨
D ∧ x, so y ≤

∨
D and y ≤ x. By (2),

y ∈ cl(↓D∩↓y) ⊆ cl(↓D∩↓x). Consider ↓
∨
{x ∧ u : u ∈ D} ⊇ cl(↓D∩↓x). Now y ∈↓

∨
{x ∧ u : u ∈ D}, so

y ≤
∨
{x ∧ u : u ∈ D}. Also, y ≥

∨
{x ∧ u : u ∈ D}. Therefore, y =

∨
D ∧ x =

∨
{x ∧ u : u ∈ D}.

(1) implies (3). Let D ⊆ L and E ⊆ L be directed sets with
∨
D ≥

∨
E. Then

∨
D ∧

∨
E =

∨
E. By (1),∨

{u ∧
∨
E : u ∈ D} =

∨
E. Applying (1) again,

∨
{
∨
{u ∧ e : u ∈ D} : v ∈ E} =

∨
E. Let D′ = {u ∧ e : u ∈

D, v ∈ E}. Then D′ is directed and is contained in ↓D∩↓E with
∨
D′ =

∨
E. So (3) is proven.

(1) implies (4). Let E = {x ∧ y : y ∈ D}. Then E is directed and E ⊆↓D∩↓x. By (1),
∨
E =

∨
{x ∧ y : y ∈ D} =

x ∧
∨
D. Since

∨
D ≥ x,

∨
E = x ∧

∨
D = x.

(4) implies (1). By (4),
∨
D ≥ x and so x∧

∨
D = x =

∨
E ∈↓D∩↓x which implies that x ∈ cl(↓D∩↓x). Consider

↓
∨
{x ∧ u : u ∈ D} ⊇ cl(↓D∩↓x) 3 x. So x ≤

∨
{x ∧ u : u ∈ D}. Also, x ≥

∨
{x ∧ u : u ∈ D}. Therefore,

x =
∨
D ∧ x =

∨
{x ∧ u : u ∈ D}.

Proposition 4. Let P be a poset. The following statements are equivalent:
(1) P is strongly meet-continuous.
(2) A ↓d x and B ↓d x imply A ∩B ↓d x.

Proof. Let (P, ↓d) satisfy the condition (CONV3). If D ⊆ P and E ⊆ P are directed sets with
∨
D ≥

∨
E, then

[↑u : u ∈ D] ↓d e and [↑v : v ∈ E] ↓d e, where e =
∨
E. Thus [↑u : u ∈ D]∩ [↑v : v ∈ E] ↓d e. Thus there is a directed

set H with
∨
H ≥ e and H ∪ {B↓ : B ∈ [↑u : u ∈ D] ∩ [↑v : v ∈ E]} ⊆↓D∩↓E. Obviously

∨
H = e =

∨
E.

Conversely, suppose that P is strongly meet-continuous. Let A ↓d x,B ↓d x. Then there exist directed sets D,E
such that D ⊆

⋃
{A↓ : A ∈ A }, E ⊆

⋃
{B↓ : B ∈ B} and

∨
D ≥ x,

∨
E ≥ x. Since P is strongly meet-continuous,

there is a directed set H1⊆↓D∩↓x such that
∨
H1 = x. Now

∨
E ≥

∨
H1 so there is a directed set H2 ⊆↓H1∩↓E such

that
∨
H2 ≥

∨
H1 = x. Now [↑w : w ∈ H2] ↓ x and [↑w : w ∈ H2] ⊆ A ∩B. It follows that A ∩B ↓d x.

Let P be a meet-semilattice. Then ∧ : P × P → P is a mapping sending (x, y) to x ∧ y. A convergence semilattice
is a convergence space (X, ↓) such that X is a meet-semilattice and ∧ : X ×X → X is continuous.

Proposition 5. For a meet-semilattice P , (P, ↓d) is a convergence meet-semilattice iff (P,≤) is meet-continuous.

Proof. Suppose that (P, ↓d) is a convergence meet-semilattice. By Lemma 11, we only need to show that for any x ∈ P
and directed D ⊆ P , x ∧

∨
D =

∨
{x ∧ y : y ∈ D}. Since ∧ : X ×X → X is continuous, it is Scott continuous. So∧

(
∨
{(x, u) : u ∈ D}) = ∧(x,

∨
D) = x ∧

∨
D =

∨
{∧(x, u) : u ∈ D} =

∨
{x ∧ u : u ∈ D}.

Conversely, assume that (P,≤) is meet-continuous and that A ↓d (x, y). Now π+
1 (A ) ↓d x and π+

2 (A ) ↓d y. Since
π+

1 (A ) ↓d x, there exists a directed subsetD1 ⊆ P such that
∨
D1 ≥ x andD1 ⊆

⋃
A1∈π+

1 (A )A1
↓. Since π+

2 (A ) ↓d y,

there exists a directed subset D2 ⊆ P such that
∨
D2 ≥ y and D2 ⊆

⋃
A2∈π+

2 (A )A2
↓. Now

∨
D1 ∧

∨
D2 ≥ x ∧ y, so∨

{u ∧ v : u ∈ D1, v ∈ D2} ≥ x ∧ y. We see that D = {u ∧ v : u ∈ D1, v ∈ D2} is a directed set. For all u ∈ D1 and
all v ∈ D2, there exists A1 ∈ π1(A ) with u ∈ A1

↓ and there exists A2 ∈ π2(A ) with v ∈ A2
↓. There exists A1 ∈ A ,

A1 ⊇ π+
1 (A1) and there exists A2 ∈ A , A2 ⊇ π+

2 (A2). Take A = A1 ∩ A2. Then u ∧ v ∈ ∧(A)↓. Since for all
(x1, y1) ∈ A, x1 ∈ π1(A) ⊆ π1(A1) ⊆ A1, so u ≤ x1. In a similar approach, v ≤ y1.

In conclusion, we have demonstrated that the definition of ↓d for any poset P has numerous desirable characteristics.
This can be considered as preliminary work that may lead to applications in other fields such as theoretical computer
science.
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