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Abstract

We develop an operational domain theory to reason about programs
in sequential functional languages. The central idea is to export domain-
theoretic techniques of the Scott denotational semantics directly to the study
of contextual pre-order and equivalence. We investigate to what extent this
can be done for two deterministic functional programming languages: PCF
(Programming-language for Computable Functionals) and FPC (Fixed Point
Calculus).

Traditionally, domain theory and topology in programming languages
have been applied to manufacture and study denotational models, for in-
stance, the Scott model of PCF. For a sequential language like this, it is
well-known that the match of the model with the operational semantics is
imprecise: computational adequacy holds but full abstraction fails.

One of the main achievements is a reconciliation of a good deal of domain
theory and topology with sequential computation. This is accomplished by
side-stepping denotational semantics and reformulating domain-theoretic and
topological notions directly in terms of programming concepts, interpreted
in an operational way. Regarding operational domain theory, we introduce
operational finiteness. The upshot is the SFP theorem: Every PCF type
has an SFP structure. In particular, the set of finite elements of each type
forms a basis. Regarding operational topology, we work with an operational
notion of compactness. The elegance of the theory lies not only in the inter-
play of these two notions but also in the reasoning principles that emerge.
For instance, we show that total programs with values on certain types are
uniformly continuous on compact sets of total elements. We apply this and
other conclusions to prove the correctness of non-trivial PCF programs that
manipulate infinite data.

For FPC, an operational domain theory is developed for treating recursive
types. The principal approach taken here deviates from classical domain the-
ory in that we do not produce recursive types via inverse limit constructions -
we have it for free by working directly with the operational semantics of FPC.
The important step taken in this work is to extend type expressions to legiti-
mate n-ary functors on suitable ‘syntactic’ categories. To achieve this, we rely
on operational versions of the Plotkin’s uniformity principle and the minimal
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invariance property. This provides a basis for us to introduce the operational
notion of algebraic compactness. We then establish algebraic compactness
results in this operational setting. In addition, a “pre-deflationary” structure
is derived on closed FPC types and this is used to generalise the “Generic
Approximation Lemma” recently developed by Hutton and Gibbons. This
lemma provided a powerful tool for proving program equivalence by simple
inductions, where previously various other more complex methods had been
employed.
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Chapter 1

Introduction

We develop an operational domain theory to reason about programs in se-
quential functional languages. The central idea is to export domain-theoretic
techniques of the Scott denotational semantics directly to the study of con-
textual preorder and equivalence. We investigate to what extent this can be
done for two call-by-name deterministic functional programming languages:
PCF (Programming language for Computable Functions) and FPC (Fixed
Point Calculus).

Traditionally, domain theory and topology in programming languages
have been applied to manufacture and study denotational models. The Scott
model, for instance, uses mathematical theory of domains as the foundation
for developing methods for reasoning about program equivalence for lan-
guages such as PCF and FPC (cf. Scott [51], Plotkin [43]) . But for sequen-
tial languages like these, it is well-known that the match of the model with
the operational semantics is imprecise: computational adequacy holds but
full abstraction fails (Plotkin [42]).

One solution to this problem is to bypass denotational semantics and
reformulate domain-theoretic notions directly in terms of programming con-
cepts, interpreted in an operational way. The idea that order-theoretic tech-
niques from domain theory can be directly understood in terms of operational
semantics goes back to Mason, Smith, Talcott [36] and Sands [48]. In fact, op-
erational methods, such as co-inductive techniques, have been imported into
functional programming earlier by several people: Dybjer and Sander [11],
Abramsky [2], Howe [29, 30] and Gordon [22]. Notably, these operationally-
based theories of program equivalence have been systematically reworked for
the functional language, PCFL (PCF with pairs and lazy Lists) in Pitts [41].

However, works on operational domain theory have, more often than not,
focused on the reasoning principles based on operational methods (such as
the co-inductive principle and the ‘compactness’ of evaluation, cf. Pitts [41])



and neglected the topological side of the story. One clear exception is Es-
cardé [13] in which it is demonstrated that topological techniques can be
directly understood in terms of the operational semantics, and moreover, are
applicable to sequential languages.

One main objective of our study is to achieve a reconciliation of a good
deal of domain theory and topology with sequential computation. We accom-
plish this by side-stepping denotational semantics and reformulating both
domain-theoretic and topological notions directly in terms of programming
concepts, interpreted in an operational way. Exploiting the strong interplay
between order theory and topology, understood purely in terms of computa-
tional notions, we produce more powerful reasoning principles.

Another objective of our study is to understand the operational inter-
pretation of recursive types. Recently there has been a steady stream of
literature which deals with this aspect, e.g., Gordon [23], Pitts [41], Abadi
& Fiore [1] and Birkedal & Harper [9]. The first two works developed op-
erational techniques, such as the co-induction principle, for various versions
of PCF and only give a slight indication (no details) of how these can also
be done in FPC. Moreover, important and well-developed notions in classi-
cal domain theory, such as minimal invariance of endofunctors and algebraic
compactness have yet to find their place in the operational setting. Regarding
minimal invariance, there are two exceptions: (1) Birkedal & Harper [9], and
(2) Lassen [33, 34]'. In both these works, a ‘syntactic’ minimal invariance
theorem had been established in a purely operational way. Unfortunately,
the languages they considered has only one top-level recursive type. This
means that the machineries developed therein are not readily applicable to
languages like FPC which do have facilities for handling user-declared recur-
sive data types and nested recursion.

Our aim, in this present work, is to fill in the gap by giving a compre-
hensive operational treatment of recursive type. This involves establishing
operational principles of minimal invariance and operational algebraic com-
pactness results. Additionally, we show how these lead to a powerful, yet
simple, proof techniques for reasoning about program equivalence and cor-
rectness in FPC.

T was pointed to Lassen’s works near the completion of writing of this thesis. Special
thanks to Paul B. Levy who drew my attention to the ‘syntactic minimal invariance’ in
Lassen [33].



1.1 Brief summary of contributions

We now proceed to a slightly more detailed and technical exposition of our
main results and underlying ideas.

1.1.1 Operational domain theory and topology for PCF

The operational domain theory and topology developed for the language
PCF reported in Part IIT of this thesis consists of joint work with Martin
Escardé [14].

Rational-chain completeness. One major highlight of Pitts’ work [41]
is that the collection of PCFL terms preordered by the contextual preorder
enjoys a restricted amount of chain-completeness, known as rational-chain
completeness. We identify this completeness condition as a salient feature in
the study of the contextual preorder. So the most crucial step in develop-
ing an operational domain theory is to replace the directed sets by rational
chains. These rational chains, we observe, are equivalent to programs defined
on a “vertical natural numbers” type . Many of the classical definitions and
theorems go through smoothly with this modification. For example, (1) ra-
tional chains have suprema in the contextual order, and (2) programs of
functional type preserve suprema of rational chains.

Operational topology. Regarding topology, we define open sets of ele-
ments via programs with values on a “Sierpinski” type, and compact sets
of elements via Sierpinski-valued universal-quantification programs. Then
(1) the open sets of any type are closed under the formation of finite inter-
sections and rational unions, (2) open sets are “rationally Scott open”, (3)
compact sets satisfy the “rational Heine-Borel property”, (4) total programs
with values on certain types are uniformly continuous on compact sets of
total elements.

The idea that topological techniques can be directly understood in terms
of operational semantics, and, moreover, are applicable to sequential lan-
guages, is due to Escard6 [13]. In particular, we have taken our operational
notion of compactness and some material about it from that reference. The
main novelty here is a uniform-continuity principle, which plays a crucial role
in the sample applications given in Chapter 12. We also have a Kleene-Kreisel
density theorem for total elements, and a number of continuity principles
based on finite elements.



Operational finiteness. Various ways have been proposed to formulate
notions of finiteness in operational settings. Our approach is to take the
classical domain-theoretic formulation, with directed sets replaced by ratio-
nal chains. Again well known classical results regarding finiteness continue to
hold. For instance, (1) every element (closed term) of any type is the supre-
mum of a rational chain of finite elements, and (2) two programs of functional
type are contextually equivalent if and only if they produce a contextually
equivalent result for every finite input. Crucially, we have an SFP-style
characterisation of finiteness using rational chains of deflations. Already in
Mason et al [36], one can find, in addition to rational-chain principles, two
equivalent formulations of an operational notion of finiteness. One is similar
to ours except that directed sets of closed terms are used instead of rational
chains, and the other is analogous to SFP-characterisation of finiteness. In
addition to redeveloping their formulations in terms of rational chains, we
add a topological characterisation.

Data language. In order to be able to formulate certain specifications of
higher-type programs without invoking a denotational semantics, we work
with a “data language” for our programming language PCF, which consists
of the latter extended with first-order “oracles” (Escardé [13]). The idea
is to have a more powerful environment in order to get stronger program
specifications. In this work, we establish some folkloric results, namely that
program equivalence defined by ground data contexts coincides with program
equivalence defined by ground program contexts, but the notion of totality
changes.

Program correctness. We illustrate the scope and flexibility of the theory
by applying our conclusions to prove the correctness of non-trivial programs
that manipulate infinite data. We take one such example from Simpson [52].
In order to avoid having exact real-number computation as a prerequisite,
as in that reference, we consider modified versions of the program and its
specification that retain their essential aspects. We show that the given
specification and proof in the Scott model can be directly understood in our
operational setting. This is relevant because, although this program is se-
quential, its original specification and proof are developed in the Scott model,
which, as discussed above, doesn’t faithfully model sequential computation.

Although our development is operational, we never invoke evaluation
mechanisms directly. We instead rely on known extensionality, monotonicity,
and rational-chain principles for contextual equivalence and order. Moreover,



with the exception of the proof of the density theorem, we don’t perform syn-
tactic manipulations with terms.

1.1.2 Operational domain theory for FPC

We continue a similar program of exporting operational domain-theoretic
techniques to treat recursive types. This is done for the language FPC which
has facilities for defining user-declared recursive types. The principal ap-
proach taken here deviates from classical domain theory in that we do not
produce recursive types via inverse limits constructions - we have it for free
by working directly with the operational semantics of FPC.

Part of the operational domain theory developed for the language FPC
reported in Part IV consists of work that appeared in Ho [28]?.

Type expressions as functors. The important step taken in this part of
the work is to view type expressions (more accurately, types-in-context) as
legitimate n-ary functors on certain ‘syntactic’ categories of closed types. In
this operational setting, such functors arising from type expressions exhibit
familiar properties such as monotonicity and local continuity with respect to
the contextual preorder. In the process of establishing the functoriality of
type expressions, we prove operational analogues of useful domain-theoretic
results such as the Plotkin’s uniformity principle and the minimal invariance
property. The functoriality of type expressions was first developed by M.
Abadi and M. Fiore [1] using equational theories, and we closely follow their
approach although there are some differences (to be explained in the technical
development).

Operational algebraic compactness. In classical domain theory, it is
already well established that every locally continuous endofunctor has an
initial algebra and a final coalgebra and most crucially they coincide. In
a sequence of influential works of P.J. Freyd [17, 18, 19] during the 1990s,
the notion of algebraic completeness and algebraic compactness have been
axiomatised in his categorical treatment. One important consequence is the
famous Freyd’s Product Theorem which asserts that a finite product of al-
gebraically compact categories is again algebraically compact. The reader
should note that the works of Freyd can be understood in Kleisli categorical
settings (cf. Simpson [53]). However, these notions have not found their

2Since its publication, materials contained therein have been improved on and included
in various chapters of Part IV. In addition, mistakes in the [28] have also been rectified.
The interested reader may find these improvements listed in the Appendix A.



places in a concrete operational setting. The functorial status of types-in-
context now provides a sound basis for us to introduce an operational notion
of algebraic compactness. It turns out that the syntactic categories we are
working with are algebraically compact with respect to definable functors.

Generic approximation lemma. In Hutton & Gibbons [31], a “Generic
Approximation Lemma” was established, via denotational semantics, for
polynomial types (i.e., types built only from unit, sums and products). In the
same reference, they suggested it would be possible to generalise the lemma
“to mutually recursive, parametrised, exponential and nested datatypes” (cf.
p.4 of Hutton & Gibbons [31]). In this present work, we confirm this by deriv-
ing a pre-deflationary structure on closed FPC types. We also demonstrate
that the “Generic Approximation Lemma” is a powerful tool for proving pro-
gram equivalence by simple inductions, where previously various other more
complex methods had been employed.

1.2 Additional contributions

In order to make use of several important domain-theoretic facts concerning
the contextual preorder and equivalence in both the languages, it is neces-
sary for us to rework the results of Pitts [41] to suit our languages. Since
PCFL (which A. Pitts considered) and our version of PCF are similar, we
have chosen to outline in Chapter 6 the necessary modifications without de-
tailed proofs. However, because the existing literature® does not provide
explicit details about developing operationally based methods of reasoning
about recursively typed programs, we choose to rework all the details for
FPC following Pitts’ work [41] closely. There are two main results proven
here: (1) Contextual equivalence is characterised as the largest FPC bisim-
ulation. (2) Rational chains have suprema in the contextual order (rational-
chain completeness) and programs of functional type preserve suprema of
rational chains (rational continuity). In short, the entire set of operational
machinery necessary to develop our theory is collected at one place in Part
IT (Operational Toolkit).

1.3 Background

The prerequisites of this work are basic category theory [32, 46], domain
theory [3, 21, 43], operational and denotational semantics of PCF [24, 40,

3There are two exceptions here: Birkedal & Harper [9] and Lassen [33, 34].



42, 58] and FPC [24, 37]. To appreciate the development of operational
topology in this thesis, it is ideal to have a nodding acquaintance with basic
topology [10, 55, 60, 61] though not necessary.

Since PCF and FPC are heavily used in this thesis, we include back-
ground chapters on these subjects. The background chapters also contain
some materials on domain theory and category theory which are essential for
later development.

1.4 Organisation

This thesis is organised in four parts:
I Background
IT Operational Toolkit
IIT Operational Domain Theory for PCF
IV Operational Domain theory for FPC

An index of definitions is included - it contains the emphasised defined terms
and some mathematical symbols.



Part 1

Background



This part serves as a reference. In our organisation of the background
material, we introduce essential concepts and highlight important underlying
ideas of well-known results without spelling out the details. In Chapter 2, we
introduce domain theory and category theory necessary for the development
of our theory. In Chapters 3 and 4, we introduce the syntax and the opera-
tional semantics of the languages PCF and FPC. In Chapter 5, we introduce
important computational analogues of various topological notions, such as
open set, continuous map, Hausdorff space and compact set. The material
presented in this chapter is taken from Escardé [13] where these notions were
first introduced. Note that in this chapter, we have taken proofs directly from
[13] and also included some proofs which are meant to be exercises in [13].



Chapter 2

Prerequisites

In this chapter, we cover essential notions in domain theory and category the-
ory. Regarding domain theory, we have included material on the solution of
recursive domain equations. The reader can find more comprehensive treat-
ments of these subjects in [3, 21, 43] for domain theory (including recursive
domain equations), and [32, 46] for category theory.

2.1 Domain theory

Domain theory may be considered a branch of topology that has a convenient
presentation via order-theoretic notions. This perspective, essentially due to
Dana Scott, was first introduced in his seminal papers [49, 50]. The idea here
is to employ order-theoretic and topological techniques in understanding the
meaning of data types.

2.1.1 Directed complete posets

A preordered set is a set equipped with a reflexive and transitive binary
relation C (called a preorder). Preordered sets are prevalent in topology as
any topological space X can be endowed with the following preorder:

xCy <= Vopensubset UC X.(z €U = ye€U)

which is called the specialisation order of X. A poset (partially ordered set)
is a pre-ordered set (P,C) with C being antisymmetric. Any Tj space, i.e.,
a topological space in which no two distinct points share exactly the same
family of open neighbourhoods, is a poset with respect to its specialisation
order.

Given a poset (P,C), p € Pand X C P, we adopt the following notations:
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I. Tp:={z€PlpCz}and | p:={x € Plxz C p},

2. 1 X =Upex Tx,and | X :=,cx | 2

X C Pis lower if X =| X. Dually, we define the notion of an upper
subset. The element p € P is an upper bound of X if for all x € X, it holds
that x C p. Dually, we define the notion of a lower bound. The least upper
bound (or the supremum) of X if it exists, is denoted by | | X. Dually, [ ] X
denotes the greatest lower bound (or the infimum) of X.

A subset X of a poset D is directed if every finite subset of X has an
upper bound in X. Note that a directed subset, by its definition, cannot be
empty since the empty set is finite. A lower directed subset is called an ideal.
The set of all the ideals of a poset D is denoted by Id(D). We adopt the
notation |_|T X to mean the supremum of a directed set if it exists. A poset
(D,C) is a dcpo (directed complete poset) if for every directed subset X of
D, | |' X exists. Note that if D is a dcpo, then so is (Id(D), C).

A monotone function between posets is one which preserves order. A
(order-)continuous function between dcpos is one which preserves directed
suprema. Such a function is necessarily monotone.

2.1.2 Scott topology
The Scott topology on a dcpo D is one in which the open sets U are

1. upper, ie., T U = U, and

2. inaccessible by directed suprema, i.e.,
V directed subset X C D.(| | X € U = Jz € Xz € U).

By taking complements, a set is Scott-closed if and only if it is lower and
contains the suprema of its directed subsets. One pleasant aspect of the
Scott topology on dcpos is that the order-continuous functions are exactly
the topologically continuous ones with respect to the Scott topologies. In
addition, because sets of the form D\ | p are Scott-open the specialisation
order of a dcpo D with respect to the Scott topology coincides with the
underlying order.

2.1.3 Dcpos and least fixed-points

A dcpo which has a least element is called a pointed dcpo. The least element,
also called the bottom, of a pointed dcpo is denoted by L. The category of
pointed dcpos and continuous functions is denoted by DCPO, . A function
f D — E between dcpos is strict if it preserves the bottom. The category
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of pointed dcpos and strict continuous functions is denoted by DCPO,,. A
fized-point of an endofunction f : X — X is an element x € X such that
f(x) = z. It turns out that every continuous endofunction f: D — D on a
pointed depo D always has a least fized-point denoted by wu(f) and given by
Unen f (M(L). With regards to strict functions and fixed-points, one handy
lemma commonly known as the Plotkin’s “axiom” (also known as Plotkin’s
uniformity principle) stands out amongst others.

Lemma 2.1.1. Let D and E be pointed dcpo’s and let

h
D E
f g
D E
h

2.1.4 Complete lattices and the Tarski-Knaster fixed-
point theorem

A complete lattice is a poset (L, C) for which every subset S C L has a least

upper bound. This is equivalent to requiring that every subset has a greatest

lower bound. Let f be an endofunction on a complete lattice L. A post-fized
point of f is an element = of L such that x C f(z).

Theorem 2.1.2. (Tarski-Knaster fized point theorem)

Every monotone endofunction f on a complete lattice (L,C) possesses a
greatest post-fized point, v(f). This element is in fact the greatest element of
the set {x € L|x = f(x)} of fixed points of f.

2.1.5 Domains and algebraic domains

In order to define domains, we must first define the way-below relation < on
a given dcpo D:

r Ky <= V directed subset A C D.(y C |_|TA — Ja € Ax Ca).
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Using the notion of ideals, the defining condition is equivalent to:
VX eld(D).(yE| |'X = zeX).
The following standard properties regarding < can be readily verified:
(1) z<xy = zCuy.

(2) L <z for any x € D.
Bulr<yov = u<K .
(4) If u < z,v < z and v v exists, then v Lv < x.
A dcpo D is continuous if for every x € D,

1. the set |z := {d € D|d < x} is a directed subset of D, and

2. | e =z

In the literature, condition (2) is called the axiom of approximation.
Moreover, this axiom is equivalent to:

rLy = Ju<Lrully.

The term domain is used throughout this thesis to mean a continuous dcpo.
One characteristic feature of a domain is that the relation < satisfies the
following interpolation property:

ry = JueDrKuKy.

A basis of a domain D is a subset B such that for every € D, the set {zNB
is directed and it holds that

x:UTixﬂB.

Thus a domain as a subset of itself is a basis. For any basis B of a domain
D, the sets b for b € B form a base of the Scott topology on D. Thus, if
D and E are domains with bases B and C, then a function f : D — FE is
continuous at x if and only if for every ¢ € C,

cL f(x) <= Fbe B.(bkz)A(c< f(b)).

13



This is also refered to as the e-d characterisation of continuity'. Furthermore

f is continuous <= f(x) = |_| TFb).

bz

Given a domain D, an element x € D is finite (or compact) if z < x. In
other words, the defining condition is equivalent to:

V directed subset A C D.x C |_|TA — da€ Ax Ca.

Let B be a basis of a domain D. Then by definition of <, whenever x < y,
there exists b € B such that + C b < y. This implies that every finite
element belongs to B. In other words, any basis of a domain contains the
set of compact elements. A dcpo D is algebraic if the finite elements form a
basis, which we denote by K(D). An example of an algebraic dcpo is 1d(D)
where D is a dcpo.

The following facts will provide motivation for our definition of opera-
tional finiteness in Chapter 10.

Proposition 2.1.3. (e.g. Abramsky and Jung [3], Proposition 2.2.13)
If a depo D has a countable basis (in the sense of p. 13), then every directed
subset of D contains an w-chain with the same supremum.

Proposition 2.1.4. Let D be a dcpo with a countable base (in the sense of
p. 18) and @ := wU {00} the ordinal domain. Then the following statements
are equivalent:

(i) x € D is finite.

(i1) For every continuous function f : @ — D, x T f(oo) implies that there
is i € N such that x T f(3).

Proof. (i) = (ii): Let x € D be finite and f : @ — D a continuous function
with z C f(o0). Since oo = |_|Z.T€Ni and f preserves directed suprema, it
follows that f(oco) = |_|ZTEN (7). Because x is finite, there exists i € N such
that = C f(1).

(ii) = (i): Assume z € D satisfies the condition of (ii) and suppose further
that A C D is directed with z C |_|T A. Then Proposition 2.1.3 ensures the
existence of an w-chain ' in A with | J'C = | |' A. The chain C' defines
an obvious continuous function ¢ : @ — D and ¢(c0) = | |' A. Thus by
assumption we have ¢ € N such that x C ¢(i), i.e., there is a € A such that
z C a. So zx is finite. O

1One can compare this with the formulation of continuity in real analysis.
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2.2 Essential categorical notions

In this section, we recall some categorical notions used in our operational
treatment of recursive types.

2.2.1 Limits and colimits

Let C be a category and J a small category. A diagram F' in C of type J is
a functor F' : J — C. For each C-object C, we can define a constant diagram
A7(C): T —C,j C. The functor A; : C — C7 is called the diagonal
functor. A natural transformation 7 from A7 (C) to some other diagram
A consists of morphisms 7; : €' — A(j) such that for each J-morphism
u: j — k, the following triangle commutes:

C

A@J) A(k)

A(u)

Such a natural transformation is called a cone 7w : C' — A with vertex C.
A cone 7 : L — A with vertex L is universal if for every cone f : C' — A,
there is a unique mediating morphism g : C' — L such that m; 0 g = f; for
all j € J. The universal cone 7 : L — A (or less accurately, its vertex L) is
called the limit of the diagram A, denoted by

L =1limA.
—J

The dual notion is known as colimit.

Many categorical notions can be defined in terms of limits or colimits.
However, we only invoke the use of limits and colimits in the construction
of canonical solutions for recursive domain equations in Section 2.3. One
important aspect of this canonicity is the coincidence of the initial algebras
and the final coalgebras. We define these two categorical notions in the next
section.

2.2.2 Algebras and coalgebras

Let F be an endofunctor on a category C. An F-algebra is given by an object
A together with a morphism f : F/(A) — A, denoted by (A, f). An F-algebra
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homomorphism from (A, f) to (A, f') is a C-morphism ¢ : A — A’ such that
the following diagram commutes:

F(a) 9 pa
f r

A A

9

We denote by C' the category of F-algebras and F-algebra homomorphisms.
(A, f) is an initial F-algebra if it is an initial object in CT, i.e., for every
F-algebra (A', f'), there is a unique algebra homomorphism g : A — A’
The dual notion is known as coalgebra (respectively, final coalgebra). The
following lemma regarding initial algebras is useful.

Lemma 2.2.1. (Lambek’s Lemma)
Ifi: F(A) — A is an initial F-algebra, then i is an isomorphism.

2.2.3 Adjunctions

An adjunction (F,G) between two categories C and D is a pair of functors
F:C—-Dand G:D—C

such that for all C' € C and D € D, there is a bijection between the hom-sets
0:C(C,GD)=D(FC,D)

natural in C' and D.
It is well-known that the following are equivalent:

(i) F:C S D: G is an adjunction.

(ii) There exists a natural transformation 7 : ide — GF (called the unit)
such that for each C-morphism f : C' — GD there is a unique D-
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morphism h : FFC' — D such that the left triangle

c—"° ., grc FC
O\ Gh! b

\ 12

GD D

commutes.

(iii) There exists a natural transformation € : FG — idp (called the counit)
such that for each D-morphism ¢ : FC — D there is a unique C-
morphism k : C' — G D such that the right triangle

GD FGD ‘. p
k : Fk : .
C FC

commutes.

2.2.4 Involutory and locally involutory categories

A locally involutory category? is a category C with a local involution ¢ : C — C°P,
i.e., for all C' € C it holds that ¢(C') = C and for any objects A, B € C the
following diagram

C(A, B) —=+ C(B, A)

Y c
y
g

>/

C(A, B)
commutes in Set.

The category of locally involutory categories, LocInvCat, has as ob-
jects the locally involutory categories (C, ¢) and as morphisms those functors

2The term “locally involutory category” was introduced to me in a personal communi-
cation with Paul B. Levy.
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F:(C,c) — (D,d) between locally involutory categories such that F o ¢ =
do F.

An involutory category is a category C with an involution ¢ : C — C°P,
i.e., for all C' € C, it holds that ¢*(C) = C and for any objects A, B € C, the
following diagram

C(A, B)

commutes in Set (cf. Fiore & Plotkin [16]).

The category of involutory categories, InvCat, has as objects the invo-
lutory categories (C, ¢) and as morphisms those functors F': (C,c¢) — (D, d)
between involutory categories such that F°P oc =d o F.

The following adjunctions are well-known:

U U
LocInvCat — InvCat ——— Cat
G Gy

where U’s are the forgetful functors, Gy : C — (C, (_)%) where

A
|

CPxC
(C_,C+) = (C+,C_)
(0 = ()
and G, : (C,¢) — (C,¢) where

wn

C:={CeCle(C)=C}

is the full subcategory of C consisting of all the symmetric objects, i.e., the
fixed points of c.

Since the composition of adjunctions gives an adjunction, there is an
adjunction between the following categories:

U
LocInvCat —— Cat
G

where U is the forgetful functor and G : C — (C°, (1)%) where C° is the
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diagonal category, i.e., the full subcategory of C consisting of all the objects
on the diagonal.

Note that for every (locally small) category C, we have that (C,(.)%)
is an object of InvCat. Morphisms F : (C,(\)%) — (D, (L)) are functors
F : C — D such that for every f' € C° and for every f € C, it holds that
Fi(f', f) = F5(f, f'). Motivated by this example, we call all morphisms in
InvCat symmetric functors.

Via the InvCat-Cat adjunction, the involutory categories (B, (_)%) are

universal in that they are characterised by a natural bijective correspondence

F:C—D
F: (C, () )wmmene(D, ()F)

given by the mapping F — F = (F° o ()¢, F).
We employ the following technique frequently in Chapter 4 and Chapter
14 to turn mixed variant functors into covariant ones.

v

Example 2.2.2. Let F': (C)* — C be a functor. Then by the InvCat-Cat
adjunction, the bijective correspondence gives rise to a symmetric functor

F: (O, (%) = (C,(1)f) defined by

F(P[, P, P Py = (F®(Pf,Pr,..., P P, F(Py, P, Py, P))
FUfO A ) = (U e D F) FU A s 1)

2.3 Recursive domain equations

In this section, we recall some well known results regarding the construction
of canonical solutions of recursive domain equations. We refer the reader to
Smyth & Plotkin [56], Streicher [58] and Abramsky & Jung [3] for details of
these constructions.

We begin by describing the problem in the environment of DCPO | (the
category of pointed dcpo’s and continuous functions, not necessarily strict).
Given an endofunctor F' on DCPO |, the problem is to find a solution to
the recursive domain equation

F(D)~D

i.e., to construct a pointed dcpo D and an isomorphism fold : F(D) — D.
The word “equation” is used to mean “equality up to isomorphisms”. First
we must restrict our attention to a particular class of endofunctors. In this
case, we consider locally continuous endofunctors on DCPQO |, i.e., those
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whose morphism part

is a Scott-continuous function for all pointed dcpos Dy and Ds. Here (D —
E) denotes the function space from D to E, which is defined to be the set of
continuous functions f : D — E with respect to the pointwise order. Notice
that functors built from 1 = { L} by using functors of the form (—), (lifting),
X (cartesian product) and + (separated sum) are all locally continuous.

2.3.1 Construction of solutions

Let F' be a locally continuous endofunctor on DCPQO, . There are only two
major steps in solving the recursive domain equation F(D) = D, namely:

(1) Form the dcpo D via a particular limit construction.

(2) Exploit the universal property of limits to obtain the desired isomor-
phism fold.

Step 1
Denote by 1 = {L} the one-point domain and define the sequence of projec-
tions (p, : F™1(1) — F™(1))nen by

po := Az : F'(1).Ly and p, := F"(po).
This gives rise to the following diagram in DCPO |

Po b1 P2

1 F?(1)

F(1)

whose limit is given by the vertex
Fix(F) := {d € [[F"(1)|¥n € N.dy, = pa(dns1)}
neN

together with the cone of morphisms ¢, : Fix(F) — F"(1),d +— d,. The
embeddings (e, : F™(1) — F""(1)),en defined by

eo = Az : 1.Lpn) and e, := F"(ep)
are such that each (e,,p,) is an embedding-projection pair (e-p pair for
short), i.e., p,oe, = idF(n)(l) and e, op, C idF(n+1>(1). Precisely because

these are e-p pairs, we can further characterise the limit of the sequence
(Pn)nen in a purely local manner as follows:
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Lemma 2.3.1. Associated to the projections q,’s are the embeddings
in: F™"(1) — Fix(F) defined explicitly by

in(@)m = {(em_l °...0e)(z) fn<m

(pmo...opp1)(x) ifn>m

Moreover, we have

|_| U O Qn = id-Fix(F)

neN
and this property together with the requirement that q, = pn © gny1 charac-
terises the limit up to isomorphism.

Step 2

Because both (Fix(F), (¢, )nen) and (F(Fix(F)), F(qn)nen) are limiting cones
for the sequence (p,)nen, it follows from the universal properties of these
limiting cones that there is a unique morphism fold : F(Fix(F)) — Fix(F)
with g1 o fold = F(g,) for all n € N. Invoking Lemma 2.3.1, we have:

Lemma 2.3.2. F(Fix(F)) is isomorphic to Fix(F) via

fold = | yint10F(gn) : F(fix(F)) — Fix(F)
unfold = || F(in) 0 gny1 @ Fix(F) — F(Fix(F))

Moreover, for each n € N, they satisfy the equations:

F(g,) = qny1 o fold
F(i,) = unfoldoi,,;.

2.3.2 Canonicity

The canonicity of the solution (Fix(F'), fold) of the recursive domain equation
F(D) = D can be succinctly captured in the following theorems (due to
Smyth & Plotkin [56] but formulated as in Abramsky & Jung [3]) whose
proofs rely crucially on Lemmas 2.1.1, 2.3.1 and 2.3.2.

Theorem 2.3.3. Let F' be a locally continuous endofunctor on the category
of pointed depos D and i : F(D) — D be an isomorphism. Then the following
are equivalent:

(i) D = Fix(F) as F-algebras.

(i1) idp is the least F-algebra endomorphism of D.
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(iii) idp = fix(¢) where fix : (D — D) — (D — D) is defined by ¢(g) =
ioF(g)oil.

() idp is the only strict F-algebra endomorphism of D.

Theorem 2.3.4. Let ' : DCPO,, — DCPO_, be a locally continuous
functor. Then fold : F(D) — D is an initial F'-algebra where D = Fix(F).

Theorem 2.3.5. Let ' : DCPO,; — DCPO, be a locally continuous
functor with canonical fizpoint D = Fix(F). Then unfold : D — F(D)
is a final co-algebra.

Following Freyd’s [17], for a given locally continuous functor on the cate-
gory of pointed domains D, by a minimal F'-invariant we mean an F-algebra
(D, 1) such that (1) ¢ is an isomorphism, and (2) the only endomorphism
e : D — D for which the following diagram

D D
F(D) o FD)

commutes is the identity morphism idp.

Theorem 2.3.6. (cf. Freyd [18])
Let D be the category of pointed domains and strict maps, and F : D — D a
locally continuous functor. The following statements are equivalent:

(1) (D,1) is a minimal F-invariant.
(2) (D,1i) is an initial F-algebra.
(3) (D,i™ ') is a final F-coalgebra.

2.3.3 Mixed variance

We first extend the notion of local continuity for mixed variant functors. A
functor F' : D°? x D' — &£, contravariant in its first, covariant in its second
variable, is called locally continuous if for directed sets A C D(Dy, D;) and
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A" C D'(Dy, D) (where Dy, Dy are objects in D and D}, D} are objects in

D') we have
F(LA L= | F&M
FEAfreA
in E(F(Dy, DY), F(Dy, D})).
The following theorems (also taken from Abramsky & Jung [3]) will prove
handy later.

Theorem 2.3.7. Let D be the category of pointed dcpos and F' : D xD — D
be a mized variant and locally continuous functor. Let i : F(D,D) — D be
an isomorphism. Then the following are equivalent:

(i) D = Fix(F) where Fix(F) is the limit® of the diagram:

Do F(eo,po)

F(1,1) F(F(1,1), F(1,1)) ~—— ...

(i1) idp is the least mized F-endomorphism of D.

(i11) idp = fix(¢) where ¢ : (D — D) — (D — D) is defined by ¢(g) =
ioF(g,g)oi ",

(v) idp is the only strict mized F-endomorphism of D.

Theorem 2.3.8. Let D, be the category of pointed dcpos and strict maps,
and F': DY} x Dy, — Dy be a mized variant and locally continuous functor
and D = Fix(F). Then for every pair of strict continuous functions f : A —
F(B,A) and g : F(A, B) — A there are unique strict functions h : A — D
and k : D — B such that the following diagrams commute:

F(k,h F(h,k
F(B,A) L)» F(D,D) F(D,D) L)» F(A, B)
f unfold fold g
A D D B

h k

Given a locally continuous mixed-variant functor F : DCPOP|xDCPO |, —
DCPO,, we say that a domain D together with an isomorphismi : F'(D, D) —

3Interested readers may refer to p. 78 of Abramsky & Jung [3] for the details of the
construction of Fix(F).
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D is a bifree solution of X = F(X,X) if every strict e : D — D with
e=10F(e,e)oi ! isequal to idp (cf. Streicher [58]).

So with this terminology, (Fix(F),1) is a bifree solution of X = F(X, X).
In view of Theorem 2.3.8, we also say that the canonical solution (Fix(F'),1)
a bifree F-algebra.

2.4 Algebraic completeness and compactness

In order to facilitate the discussion of operational algebraic compactness in
Chapter 14, it is necessary to supply some background information on the
concept of algebraic compactness. The material presented here comes from
five sources: Freyd [17, 18, 19], Fiore & Plotkin [16] and Fiore [15]. Here
we understand these notions in the setting of DCPO-categories. For an
axiomatic treatment regarding algebraic completeness and compactness, the
reader should refer to Fiore & Plotkin [16] and Fiore [15].

By a DCPO-category, we mean a locally small category whose hom-sets
come equipped with a directed complete partial order with respect to which
composition of morphisms is a continuous operation. Examples of DCPO-
categories are DCPO, DCPO, and DCPOY} x DCPO ;.

A DCPO-functor F : C — D between DCPO-categories C and D, con-
sists of a mapping associating every C' € C with some F(C) € D and a
functorial mapping associating every C,C’" € C with some Scott-continuous
function Fo e : C(C,C") — D(FC,FC'"). An ordinary functor ¥ : C — D
is said to DCPO-enrich if for every C,C" € C, the function Fp ¢ is Scott-
continuous. As an example, any locally continuous mixed variant functor

F :DCPOY} x DCPO,, is a DCPO-functor.

2.4.1 Parametrised algebraic completeness

A DCPO-category is algebraically complete if every DCPO-functor on it
has an initial algebra.

Let x and C be DCPO-categories, and F : y x C — C a DCPO-
functor. Assume that C is algebraically complete. For each P € x, we
have that F(P,_) : C — C is a locally continuous functor so that we can
set (FT(P),i5) to be an initial F(P, )-algebra. To extend F' to a functor,
we define its morphism part as follows. For every y-morphism f: P — @,
let FT(f): FT(P) — F(Q) be the unique F(P,_)-algebra homomorphism &
from (F1(P),if) to (F'(P),i§ o F(f, F'(Q))), i.e., which makes the following
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diagram

F(P,F*(P)) g Fi(P)
F(id, h) h
F(P,F(Q)) F(Q,F'(Q) — F'(Q)

F(f,id) ib

commutes. By the universal property of initial algebras, F' is a functor
x — C and, by construction, i’ is a natural transformation F(Id, FT) — FT.
The pair (F,if) called an initial parametrised F-algebra.

A DCPO-category C is parametrised algebraically complete if it is alge-
braically complete and for every DCPO-functor F : y x C — C and every
family {i55 : F(P,F1(P)) — F1(P)}pe, of initial F(P,_)-algebras, the in-
duced functor FT : y — C DCPO-enriches.

2.4.2 Parametrised algebraic compactness

A DCPO-category is algebraically compact if it is algebraically complete and
the initial algebra of every DCPO-endofunctor on it is bifree, in the sense
that its inverse is a final coalgebra.

A DCPO-category is parametrised algebraically compact if it is alge-
braically compact and parametrised algebraically complete.

Here are some well-known results specialised to the category DCPO |, of
pointed dcpos with strict maps.

Proposition 2.4.1. (1) DCPO, is algebraically complete and hence is
parametrised algebraically complete.

(2) DCPO, is algebraically compact and hence so is DCPOY.

2.4.3 The Product Theorem

Theorem 2.4.2. (Product Theorem, Freyd [19], Fiore & Plotkin [16])
If C and D are (parametrised) algebraically compact then so is C X D.

Corollary 2.4.3.
(1) If C is (parametrised) algebraically compact then so is CP.

(2) If C is (parametrised) algebraically compact, so is C.
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For us, it is important to know, as an example, that DCPO%) x DCPO |
is parametrised algebraically compact.

The last property of algebraic compactness (also known as the Funda-
mental Property of Algebraically Compact Categories) is stated below:

Theorem 2.4.4. (Fiore [15]*, Fiore & Plotkin [16])

Let x and C be DCPO-categories. Assume that C is parametrised alge-
braically compact. For a symmetric DCPO-functor F : x X C — é,
every initial parametrised F-algebra (F',i¥") canonically induces an initial
parametrised F-algebra (F*, ©F) such that F* is a symmetric DCPO-functor
and gp% = pp' for every symmetric P.

4The interested reader is refered to this reference for further explanation concerning
this theorem.
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Chapter 3

The programming language
PCF

We work with the language! PCF which is a simply-typed M-calculus with
function and finite product types, base types Nat for natural numbers and
Bool for booleans, as well as fixed-point recursion. For clarity of exposition,
we also include a Sierpinski base type X and an ordinal base type w, although
such types can be easily encoded in other existing types if one so desires (for
instance, via retractions - for this, see Scott [50]). We regard this as a
programming language under the call-by-name? evaluation strategy.

This chapter introduces the syntax and operational semantics of the lan-
guage PCF. In addition, we also bring to the attention of the reader some
extensions of PCF which will be useful to us later. Based on Streicher [58]
(with minor adaptations and simplifications), the material presented here is
sufficient for us, in Part II, to develop an operational domain and topology
for the language. However, it is not intended to give a comprehensive intro-
duction to the language. For a good reference to PCF, the reader is asked to
consult Streicher [58] and Gunter [24].

3.1 The language PCF

The language PCF is a typed language whose set Type of types is defined
inductively as follows:

'PCF (an acronym for Programming language for Computable Functions) was intro-
duced by Gordon Plotkin in his paper [42].

2There seems no difficulty developing the results of this thesis in a call-by-value setting
as indicated in p. 436 of Escardé & Ho [14] (see also p. 282 of Pitts [41]), and this should
definitely be done.
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(i) The base types are

1) Nat: (flat) natural number type,

3

4) w: ordinal type (or the vertical natural number type).

)
2) Bool: Boolean type,
) X Sierpinski’s data type, and

(
(
(
(

(ii) Whenever o and 7 are types, then so are ¢ — 7 and o x 7.

As discussed above, we have included the Sierpinski type ¥ and the ordinal
type w for clarity of exposition. The reader should note that the original
version of PCF in Plotkin [42] does not include these two data types.

The constructor — is a right associative binary operation on Type mean-
ing that, for instance, 0y — 09 — 03 is understood as o; — (02 — 03). The
constructor x is a left associative binary operation on Type, i.e., 01 X 03 X 03
is taken to mean (o7 X 03) X 03.

The first three base types are collectively known as the ground types and
are intended to be types of printable values. We often use the symbol 7 to
range over ground types.

The PCF raw terms are given by the syntax trees generated by the gram-
mar, modulo a-equivalence, in Figure 3.1. Terms of the form s(t) are called
applications. Terms of the form Az.t are called abstractions. Parentheses
around applications and abstractions are sometimes omitted with the conven-
tion that juxtaposition is left-associative, i.e., t1 . . . t, stands for ¢;(ts) . . . (t,).

For variables bound by \’s, we employ the usual convention of a-conversion
according to which terms are considered as equal if they can be obtained from
each other by an appropriate renaming of bound variables. Also, when sub-
stituting term t for variable x in term s we first rename the bound variables of
t in such a way that free variables of s do not get bound by the A-abstractions,
i.e., employing the so-called capture-free substitution.

A type assignment (or typing context) consists of finitely many variables
declared together with their types, i.e., it is of the form:

I'=x1:01,...,2, : 0,

where the o;’s are the types and the z;’s are pairwise distinct term variables.
Formally, a type assignment I is a finite partial function from term variables
to types, i.e., dom(I') = {z1,...,z,} and ' : 2; — o; (i = 1,...,n). We
inductively define terms in valid type assignments of the form I' - ¢ : o
(where t is a term of type o in context I') by the typing rules given in
Figure 3.2. The letters m,p,s,t range over terms while A, I" range over
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t:= =z term variables
| 0 Zero
| succe(t) successor
| pred(t) predecessor
| (t=0) test for zero
| T true
| F false
| if ¢ then t else ¢ boolean conditional
| T top
| if ¢ then t Sierpinski conditional
| t+1 ordinal successor
| t—1 ordinal predecessor
| (t>0) test of convergence for ordinals
| (s,t) pairs
| fst(p) first projection
| snd(p) second projection
| Ax.t function abstraction
| s(t) function application
| fix(f) fixed-point recursion

Figure 3.1: PCF syntax

type assignments. The notation I', z : ¢ denotes the partial function which
properly extends I" by mapping x to . So by I',x : ¢ we implicitly mean
that ¢ dom(I"). Similarly I',I" F ¢ : ¢ is intended to imply that I" and I"
have disjoint domains.

Notice that every typable term has a unique type. Moreover we have:

Proposition 3.1.1. (1) IfT'Ft: o, then fv(t) C dom(T").
(2) IfT'Ft:o and x ¢ dom(T), then I',x : 7+t : o for any type T.
(3) If T,T"Ft: 0 and fv(t) C dom(T"), then T Ht: 0.

(4) If T Ft; 0 fori=1,...,n and ',y : 04,...,2, : 0y = s : 0, then
CFslti/xy, ... ty/x,] 0.

Proof. (1)-(3) are proven by induction on the derivation of I" - ¢ : ¢ whereas
(4) is proven by induction on the derivation of I, 2y : 0y,...,2, : 0, F s : 0,
using (2). O
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Ne:okFax:0o (var) I'F0:Nat (zero)
I'm:Nat ( ) ' m: Nat (pred)
[' - succ(m) : Nat suee [' - pred(m) : Nat pre
' =T :Bool (true) I'F :Bool (false)
'Es:w
TFT.% (top) TF(s>0):% (>0)
'Es:w 'Es:w
TFst1:w (+1) Fs—1: (=1)
e:okFt:T (abs) 'ks:o—71 I'Ft:0o (app)
I'F(A\x%t):0—T abs I'Es(t):r app
'f:o0—0 'ks:o T'Ht:7 .
TF fix,(f) : 0 (fix) T (s,f):oxT (pair)
FEproxrT 'EpioxT
I'Ffst(p) : o (fst) I'Fsnd(p) : 7 (snd)
I'm : Nat (10) I'Ft:Bool I'Fsy,89:0 (cond)
TFm=0:Bool o [ if ¢ then s; else sy : 0 con

I'kFs:Y TI'kHt:o (if)
I'Fif s then t: 0 !

Figure 3.2: Rules for type assignment in PCF

We use the symbol Exp, (I') to denote the set of PCF terms that can be
assigned the type o, given I

Exp, (') :={t|T Ft: o}.

Note that Proposition 3.1.1 implies that all the free variables of ¢ € Exp,(T")
are contained in dom(T"). In the special case when ¢ is valid under the empty
typing assignment, we say that it is a closed term, i.e. one with no free
variables. A PCF term with free variables is called an open term. We write
Exp, for Exp,(0). The elements of Exp, are also called programs of type o.
In particular, programs of ground type are simply known as programs.

3.2 Operational semantics

The big-step operational semantics of PCF is given by the evaluation relation
which takes the form:

tyv
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sy Aot t[t/z] v

—— (¥ can) E (0 o)
N (R S (e
s Usr(;Zl?(?]f?)) Utvu - (4 snd) SUCC(Z)“UETL_—H (Y succ)
pre?(iﬁ)% 0 (I pred1) o d“( ;ﬁj)—ﬂfﬂ (I pred2)
TR (4 (o) e o (o)
T thon e T eond) e R (@ cond2)
Al (¥ if) L Gy
T G 0)

Figure 3.3: Rules for evaluating PCF terms

where t and v are closed terms and v, the canonical value to which t evaluates,
is given by the grammar:

vi=n|T|F|T | xt]|(tt)]|t+1

The set of canonical values is denoted by Val,. The axioms and rules for
inductively defining J} is given in Figure 3.3.
For convenience, we use the following notations.

(1) For each type o, the symbol L, (read as bottom) is used to denote the
term fix(Ax?.x).

(2) In @, define 0 := 15 and for each n € N, the element n : @ is defined
to be:
(.. (0+)+1...)+1

-

n copies

and the element oo : W is defined as fixg(+1).
The evaluation relation |} is deterministic and preserves typing.
Proposition 3.2.1.

(1) (Determinacy) Whenever t | v and t |} v, then v =v'.
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(2) (Subject reduction) If t € Exp, and t |} v, then v € Exp, .

Proof. Both (1) and (2) can be proven in a straightforward manner by in-
duction on the structure of derivation of ¢ |} v. m

3.3 Extensions of PCF

In our ensuing development, we shall encounter various extensions of PCF
which we now describe.

3.3.1 Oracles

PCFg, is the extension of PCF with the following term-formation rule: For
any function 2 : N — N, computable or not, we have:

I'+t:Nat
'+ Qt: Nat

(oracle).

Then the operational semantics is extended by the rule:

tyn Qn)=m
Qtym

(|} oracle).

We think of ) as an external input or oracle, and of the equation Q(n) =
m as a query with question n and answer m. Of course, the extension of
the language with oracle is no longer a programming language. ~ We shall
regard it as a data language3. In summary, PCFq admits the computational
environment in which data supplied may not be programmable in the pro-
gramming language. To emphasise that the syntax tree of a closed term is
free of any oracles, we refer to it as a program.

3.3.2 Parallel features

In our study, we also consider PCF extended with certain parallel features.
One such extension, PCFT| includes a parallel-or construct (por) with the
following term-formation rule:

'k s,t:Bool
[' F por(s,t) : Bool

(por).

3The term “data language” originates from Escardé [13]
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The operational semantics is accordingly extended by the following rules:

sUT tyT sUF t|F

por(s, t) T pOI‘(S, t) I T por(s, t) I F (U por).

G.D. Plotkin, in his seminal paper [42], proved that the Scott model is fully
abstract for PCF plus a parallel condition D, i.e., two programs have the
same denotation if and only if they are contextually equivalent. It is later
established in Stoughton [57] that the parallel conditional is definable from
parallel-or, and hence the Scott model is fully abstract for PCF*.
Sometimes, a weaker form of the parallel-or (also called weak parallel-or)

is considered. The term formation rule for the weak parallel-or construct (V)
is given by

'Fs,t: X2

'Fsvt: X (V).

The operational semantics includes the following rule for evaluation:

s{ T ty T
sVt T sVt T W V).

3.3.3 Existential quantifier

A further extension of PCF™T, denoted by PCF*T, includes the Plotkin’s
existential quantifier (3) with following additional term-formation rule:

'+ f:Nat — Bool
' (3f) : Bool

together with the corresponding additional rules in its operational semantics:

fnlT f(Lyae) 4 F
EHLT @ LF

The reader may be interested to know that in [42] Plotkin introduced the
extension PCF** to remedy the situation that not all “computable” elements
of the Scott model can be denoted by terms of PCF*. Here an element
is “computable” iff the set of codes of approximating compact elements is
recursively enumerable. In other words, by adding the existential quantifier,
the model becomes Turing-universal.

(for some n € N)

(I 3).
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3.3.4 PCFj*

PCF{" is the extension of PCF which includes oracles, parallel-or and the
Plotkin’s existential quantifier. It is folkloric* that the Scott model is abso-
lutely universal for PCF{", i.e., every element of the Scott model becomes
definable in the language.

3.4 PCF context

One fundamental question in computer science is to determine whether two
given programs P; and P, are the same. It is immediate that one is not
concerned whether they have the same syntax, for what one really cares is
that they exhibit the same behaviour (for instance, whether they complete
the same task). The common practice is to put these programs through tests:
Py and P, are regarded as (observationally) equivalent if and only if they pass
the same tests.

In order to formalise the notion of interchanging occurrences of terms in
programs, we use ‘contexts’ - syntax trees containing parameters (or place-
holders, or holes) which yield a term when the parameters are replaced by
terms.

The PCF contexts, C, are the syntax trees generated by the grammar of
PCF augmented by the clause:

C:u=...|p

where p ranges over some fixed set of parameters. Note that the syntax trees
of PCF terms are particular contexts, namely the ones with no occurrences
of parameters.

Most of the time we will use contexts involving a single parameter, we
write as —. We write C'[—] to indicate that C'is a context containing only one
parameter. If ¢ is a PCF term, then C[t] will denote the term resulting from
choosing a representative syntax tree for ¢, substituting it for the parameter
in (', and forming the a-equivalence class of the resulting PCF syntax tree
(which is independent of the choice of representative for t).

4Only recently did this fact appear in print. For this, see Section 12.15 of [13] and
Theorem 13.10 of [59]
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3.5 Typed contexts

We will assume given a function that assigns types to parameters. We write
—, to indicate that a parameter — has type o. Just as we only consider a
PCF term to be well-formed if it can be assigned a type, we restrict attention
to contexts that can be typed. The relation

I'C:o

assigning a type o to a context C' given a finite partial function I' assigning
types to variables, is inductively generated by axioms and rules just like in
Figure 3.2, together with the following axiom for parameters:

'-—,:o.

One should take note that when the axioms and rules applied to syntax trees
rather than a-equivalence classes of syntax trees (as in the case when typing
contexts), it should be borne in mind that they enforce a separation between
free and bound variables and hence are not closed under a-equivalence. For
example, if z # y, then x : Nat = Ay.—y,, : Nat — Nat is a valid typing
assertion, whereas x : Nat = Ax.—y,¢ : Nat — Nat is not.

Let Ctx,(I") denote the set of PCF contexts that can be assigned type o,
given I":

Ctx,(I') = {CII'-C : g}.

We write Ctx, for Ctx,(0). Given I' and C[—,] € Ctx,(I"), we say that
" is trapped within C[—,] if for each identifier = (i.e., term variable) in T,
every occurrence of —, appears in the scope of a binder of x. For example,
[' =2 : 0 is trapped in the context

Ci[—5] == (Az.—,)
but not in the context

Col—5) := (Mz.—5)(if —, then 1 else 2).

The operation t — C[t] of substituting a PCF term for a parameter in a
context to obtain a new PCF term respects typing in the following sense:

Lemma 3.5.1. Suppose t € Exp, (I',I"), C[—,] € Ctx/(I') and that I" is
trapped within C[—,]. Then C[t] € Exp,.(T).

Proof. By induction on the derivation of I' - C[—,] : o’. O
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3.6 Contextual equivalence and preorder

Let T" be a finite partial function from variables to PCF types. Given s,t €
Exp,(I"), we write
I'FsC,t

to mean that for all C[—,] € Ctxy with ' trapped within C[—,],
Cls]i¢ T = C[t]|T.

The relation C is called the contextual preorder between PCF terms (of
the same type, given a typing of free variables). Contextual equivalence is
the symmetrisation of this relation:

Fks=t <<= I'FsC,t)AN('FtLC, s).

For closed terms s,t € Exp,, we just write s C, t for ) - s C, t. We also
define contextual order to mean the contextual preorder modulo contextual
equivalence and denote it by the same symbol C as there will be no confusion.

Remark 3.6.1. The need to apply proofs by induction on the derivation
of terms-in-context forces us to define contextual order and equivalence for
open terms, and not just the closed terms.

It does not matter which ground type (i.e., Nat, Bool, ) we choose to
make the observation for the testing of programs.

Proposition 3.6.2. The following are equivalent for any terms s,t : o.
(i) VO € Ctxg.C[s] | T = CJt] | T.
(i1) VC' € Ctxyar.¥n € N.C'[s] § n = C'[t] | n.

(117) YC" € CtxXpoo1.Vb € B.C"[s] | b= C"[t] | b.

Proof. We prove only the equivalence of (i) and (ii).

(i) = (ii): Let C'[—,] € Ctxyar and n € N be given. Suppose that C’[s] |} n.
We want to prove that C’[t] || n. To do this, consider the following context
Cl—5] € Ctxy, defined by:

Cl=o] = (C'[=o] == n)
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where x == y is the Sierpinski-valued equality-test on Nat. Note that this
equality test is PCF-definable: (z == y) = fiXyas—yas—nat (G) Where

G= Mgz \yifx =0 then (if y; 0 then T else Ly)
else (if y = 0 then Ly else g pred(z) pred(y))

Note that for any s € Exp,, C[s] | T iff C'[s] || n. Now invoking (i), we
deduce that C[t] || T. This then implies that C'[t] || n as required.
(ii) = (i): Let C[—,] € Ctxy be given. Consider the context C’ € Ctxyas
defined by:

C":=if C[—,] then 1.

Note that for any s € Exp,, C’[s] | 1 iff C[s] § T. By applying (ii), we
deduce that C'[t] || 1 and consequently we have C[t] || T as required. O

3.7 Extensionality and monotonicity

In this section, we record some well-known properties of the contextual pre-
order and equivalence which are collectively termed as “extensionality prop-
erties” in Pitts [41] (cf. p.255).

Convention and notation. Since our primary focus is the study of the
PCF closed terms, we avoid the hassle of writing out all the explicit typing
assignments. By an element ¢ of a type o, we mean the contextual equivalence
class containing the closed term ¢ of that type. We adopt the set-theoretic
notation for the elements of a type in the sense just defined. For example,
write € 0 and f € (0 — 7) to mean that x is an element of type o and f
is an element of type 0 — 7. We are going to apply the above convention in
Sections 3.7 and 6.6, Chapter 5 and in Part III.

Proposition 3.7.1.
(1) For any x,y € v (where v is a ground type, i.e., 33, Nat, Bool),

rC,y < YveVal,.(zdv=ylv).

(2) For any x,y € W,

rloy <= Vsew(zs+1 = Hecwylt+1AsC1).

37



(3) For any f,g € (6 — ),

fCorg < Vieo(f(t) Erg(t)).

(4) For any p,q € (0 X T),

P Coxr ¢ < (fst(p) C, fst(¢) A snd(p) T, snd(g)).

The following statements are immediate from the definitions of contex-
tual preorder and equivalence, except for the converse of (2) which is a con-
sequence of Proposition 3.7.1:

Corollary 3.7.2. (1) Contextual equivalence is a congruence: If f = g
and x =y, then f(x) = g(y) for any f,g € (0 — 7) and z,y € 0.

(2) Application is extensional: f = g iff f(x) = g(z) for all z € 0.

(3) Application is monotone: If f T g and x C y, then f(x) C g(y) for
any f,g € (60 — 1) and x,y € 0.

38



Chapter 4

The programming language
FPC

We consider a call-by-name version of the language FPC (Fixed Point Cal-
culus) whose call-by-value version was first introduced by G.D. Plotkin in his
1985 CSLI lecture notes [45]. In a nutshell, FPC does for recursive definitions
of types what PCF does for recursive definitions of functions.

In this chapter, we introduce the syntax and operational semantics of the
language FPC. In Part IV, we shall give an operational domain-theoretic
treatment of recursive types for this language. The interested reader may
also find information on call-by-name FPC in McCusker [37] and call-by-
value FPC in Gunter [24].

4.1 The language FPC

We assume a set of type variables (ranged over by X,Y etc.) and the type
expressions are generated by the following grammar:

c=X|oxo|o+o|o, | pXo|o—o0o

For type expressions, we have type variables, product types, sum types, lifted
types, recursive types and function types. A closed type is a type expression
containing no free type variables, i.e., if any occurring type variable X is
bound under the scope of a recursive type constructor uX. A type context
is a list of distinct type variables (which may be empty). We write © + o
for the type o in context O, indicating that the set of free type variables
occurring in o is a subset of the type context ©.

The raw FPC terms are given by the syntax trees generated by the fol-
lowing grammar, modulo a-equivalence:
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t:= = term variables
| (s,1) pairs
| fst(p) first projection
| snd(p) second projection
| inl(t) separated sum
| inr(t) separated sum
| case(s) of inl(x).t or inr(y).t' case
| up(t) liftings
| case(s) of up(z).t case up
| fold(t) fold
| unfold(t) unfold
| Azt function abstraction
| s(t) function application

Figure 4.1: FPC syntax

Terms containing no free variables are called closed terms. Otherwise, they
are known as open terms. A term context is a list of distinct term vari-
ables with types. We write ©;I" F ¢t : ¢ for a term ¢ in (term) context
=2 :01,...,2, : 0, where © - 0; (i = 1,...,n) are well-formed types-
in-context. When there is no confusion, we omit the type context ©. The
typing rules in FPC are given in Figure 4.2.

Convention: We use © to range over type contexts; X,Y, R, S over type
variables; X , Y over sequences of type variables; p, o, T over type expressions;
[' over term contexts; z,y, 2, f, g, h over terms variables; f, g over sequences
of term variables, and s, ¢, u, v over terms. We write o[7/X] to represent the
result of replacing X with 7 in the type expression o (avoiding the capture
of bound variables). Similarly, we write s[t/x] to denote capture-free sub-
stitution of free occurrences of the variable x in s by the term ¢. We also
abbreviate the term context xy : 01,...,2,: 0, a8 T : 7.

Lemma 4.1.1. (1) IfT'+t: o, then fv(t) C dom(I').
(2) IfT'Ft:o and x ¢ dom(T), then ',z : 7+t : o for any .
(3) IfT,T"Ft:0 and fv(t) C dom(T"), then Tt : 0.

(4) If T Ft; 2o fori=1,....,n and T',;x1 :01,...,2, : 0, b s: 0, then
I'Fs[t/7]:o.

Proof. (1) - (3) are proven by induction on the derivation of I' - ¢ : o and
(4) is proven by induction on the derivation of I', ¥ : ¢ : s : 0, using (2). O

40



Nrz:okFt:7

Tzx:obx:o (var) TE 1 01 (abs)
'ks:o—71 I'Ft:o (app) 's:0 I'Ft:7T (pair)
[ s(t) 7 app C'E(s,t):oxT pair
'FtioxrT 'Ft:oxT
[ fst(t) - o (fst) I'Fsnd(t) : 7 (snd)
Iht:o (up) 'ks:op Tyx:obt:T ( )
I'up(t) s oy P I' F case(s) of up(x).t:7 case up
Irt:o (in) LHt:r (inr)

CHinl(t):o+7 Prhinr(t) :o+7

I'tFs:oi4+o0y Dx:iogbty:m Tyyiogbty:T

[ I case(s) of inl(z).t; or inr(y).ty: 7T (case)
I'Ht:oluX.o/X]
'+ fold(t) : uX.o (fold)
ALY (unfold)

[' Funfold(t) : o[uX.0/X]
Figure 4.2: Rules for type assignments in FPC

Let Exp,(I') denote the set of FPC terms that can be assigned the closed
type o, given T', i.e., Exp, (I') := {¢|{I' F ¢ : o}. We simply write Exp, for
Exp, (0).

4.2 Operational semantics

The operational semantics is given by an evaluation relation |}, of the form
t | v, where t and v are closed FPC terms, and v is in canonical form:

v:=(s,t) | inl(¢t) | inr(¢) | up(t) | fold(¢) | Az.t

A closed term v generated by the above grammar is called a canonical value.
Let Val, denote the set of canonical values of the closed type o, i.e.,

Val, .= {v|dFv:o}.
The relation |} is inductively defined in Figure 4.3 below.

Proposition 4.2.1. Evaluation is deterministic and preserves typing, i.e.,

(1) Ift J v and t | v/, then v =v'.
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s Ax.s’ St/x] Yo

ol (f can) T b avp)
py(st) s pl(st) tyv
TN A sud(p) T 0
s up(t) tlt'/z] v s | fold(t) t{w
case(s) of up(z).t J v (I case up) unfold(¢) { v
s inl(t) t[t/x] J v (I case inl)

case(s) of inl(x).t; or inr(y).ty | v

s inr(t) 6o[t/y] $ v
case(s) of inl(x).t; or inr(y).ta | v

(| case inr)

Figure 4.3: Rules for evaluating FPC terms

(2) If t | v and t € Exp,, then v € Exp,.

Proof. Both (1) and (2) are proven by induction on the derivation of ¢ |} v
(invoking Lemma 4.1.1(iv)). O

4.3 Fixed point operator

Like existing works such as Gunter [24] and Rohr [47], we can define a fixed
point operator using the recursive types. This is done as follows:

fix, := Af : (60 — o0).k(fold" (k))

with 7 := pX.(X — o) and k := \z7. f(unfold” (z)x).

We shall prove in Chapter 7 that fix(f) and f(fix(f)) are contextually
equivalent. The reader should note that for this fixed point operator the
following evaluation does not hold:

fix(f)) v
fix, (f) 4 v

4.4 Some notations

In this section, we shall gather at one place the notations which we use
regarding the syntax of FPC.
To begin with, there are three special closed types worth mentioning;:

Li=puX.X, Y:==1,, w:=upX.(X))
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The type 1 is called the void type and contains no canonical values. Lifting
the type 1 produces the Sierpinski type, 1., which we denote by . The
non-divergent element of ¥, up(_L), is denoted by T. We shall be exploiting
¥ to make program observations'. Given a : ¥ and b : o, we define

if a then b:= case(a) of up(x).b.

Notice that “if a then b” is an “if-then” construct without the usual “else”.
The ordinal type w has elements 0,1,...,00 which can be encoded by
defining:
0:= 1z and n+ 1 = fold(up(n)).

We define n — 1 := case(unfold(n)) of up(z).x and oo := fix(+1) where
(+1) := Ax.z + 1. The X-valued convergence test

(> 0) := \a¥.case(unfold(x)) of up(y).T

evaluates to T iff x evaluates to n + 1 for some n : ©.

Some of our programs in Chapter 15 makes use of the lazy natural numbers
type, which we now introduce. We define the lazy natural number data type
to be the recursive type

Nat := puX.1+ X.

The data type Nat has canonical values given by:

0 = fold(inl(Ly)) 0 = fold(inr(Lyat))
n+1 := succ(n) n+1 := succ(n)
00 = fix(succ)

where succ := fold o inr. For our programs, we are only interested in com-
putations with canonical values of the form n, which we call the natural
numbers.

Remark 4.4.1. Because we want to work with a single evaluation strategy
(i.e., call-by-name for both PCF and FPC) throughout this thesis, our version
of FPC does not have flat natural numbers type and hence does not subsume
PCF (as defined in Chapter 3). If one wishes to have the flat natural numbers
type in the language, one can always introduce an infinitary sum constructor
or a distingished flat natural natural numbers type.

IThe two types X play the same role of program observation in PCF and FPC.
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C:= =z term variables
| (S,T) pairs
| fst(P) first projection
| snd(P) second projection
| inl(T") separated sum
| inr(7") separated sum
| case(S) of inl(z).T or inr(y).T" case
| up(T) liftings
| case(S) of up(z).T case up
| fold(T) fold
| unfold(T) unfold
| \z.T function abstraction
| S(T) function application
| p parameter (or hole)

Figure 4.4: FPC contexts

4.5 FPC contexts

The FPC contexts, C, are syntax trees generated by the grammar for FPC
terms in Figure 4.1 augmented by the clause:

Cu=...|p

where p ranges over a fixed set of parameters (or holes). The details of the
defining grammar is spelt out in Figure 4.4.

Convention. We use capital letters, for instance, C,T and V' to range over
FPC contexts.

We assume a function that assigns types to parameters and write —,
to indicate that a parameter — has closed type 0. We restrict ourselves to
contexts which are typable. The relation

I'EC:0o

assigning a closed type o to a context C' given the term I', is inductively
generated by axioms and rules in Figure 4.5. We define

Ctx, (') :=={CI’'"FC : 0}

to be the set of FPC contexts that can be assigned to the closed type o,
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Fe:ocFT:71

Nz:okz:0 (var) FFXe?T:0—T1 (abs)
'S:0—7 I'ET:0o '=S:0c I'ET:7 .
L=S(T):r (app) F'E(S,T):0xT (pair)

'ET:oxT 'ET:oxT

D1st(T) : o (fst) CEsnd(T): 7 (snd)
'ET:o 'S:0, Tho:okFT:7

I'Fup(T):oy (up) I' F case(S) of up(x).T: 7 (case up)
'ET:o '=T:r

(inl)

(inr)

FEinl(T):o+7 FFine(T):o0+7

'ES:o140, Dx:ogbTi:7 Ty:oFTy: 7

' case(S) of inl(z). Ty or inr(y). Ty : T (case)
TF I 2 (o)

I'H unfl;lic_i(i): ZMCATX[ZL.LO:X.O'/X] (unfold)
TF— 0 (par)

Figure 4.5: Typing rules for FPC contexts

given I'. We write Ctx, for Ctx,(0).
Let I' - s,t : 0 be two FPC terms-in-context. We write

'-sc,t

to mean that for all ground contexts C|[—,] € Ctxy with I' trapped within
C[_U]7
ClsJ]y T = CJtjy T.

The relation C is called the contextual preorder and its symmetrisation is
called the contextual equivalence, denoted by =. For a given term o, the
order induced by the preorder C on the set of equivalence classes of closed
terms of type o is called the contextual order. Notice that we have chosen
the ground type X to be the type on which program observations are based.
Such a choice is motivated by aiming for compatibility with PCF (see Section
3.6).

Remark 4.5.1. Let s,t: 0 be closed terms. Then s C,, t iff
Vp:o—=X.(p(s) I T = pt) 4 T).
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Proof. (=): For each function p : ¢ — X, define the context C|—,| € Ctxy

to be p(—4).
(«<): Given a context C[—,] € Ctxy, define the function p : ¢ — 3 to be
Az?.Clx] where z is a fresh variable not trapped in C[—,]. O

4.6 Denotational semantics

In this section, we give the standard Scott (domain-theoretic) denotational
semantics for FPC. The reader may consult Fiore & Plotkin [16] and Mc-
Cusker [37] for details.

4.6.1 Interpretation of types

Types-in-context © 7 are interpreted as an n-ary symmetric locally con-
tinuous functors [O 7] : (D)* — D where D = DCPO,, and this inter-
pretation is given in Figure 4.6.

[OFX] = 1L (1<i<|O
[OFmn+n] = (I]0Fn]+IL[OF ]
[©F 7.] ([0 F7])L)”
[OF7n xn] = (IL[6F 7] xIL]0F n])”
OFrn —m] = IL[OFR] —IL[0FnR])”
[OFuXs] = [6,XF 7]

Figure 4.6: Definition of [© + T : (D)l — D

For the purpose of understanding the above figure, it may be helpful to
recall that:

(1) II; is the projection functor in the ith component.
(2) The notation (—)” is as defined in Example 2.2.2.
(3) The notation F* is as defined in Theorem 2.4.4.

The reader may like to consult Section 8.4 of Fiore [15] for a detailed expla-
nation of Figure 4.6 above.
The interpretation of types respects a substitution lemma:
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Lemma 4.6.1. (Substitution lemma for types)
There exists a canonical natural isomorphism

B:[0Fo[r/X]] =[0,X F o](Id, [O F 7])

such that 3%, = Bp* for all symmetric P.

4.6.2 Interpretation of terms

The interpretation of terms-in-context is standard: variables correspond to
projections, inl/inr correspond to coproduct injections, case correspond to
coproduct selection, (—, —) to pairing, fst/snd to projections, A\x.— to cur-
rying, —(—) to evaluation and fold/unfold to folding/unfolding a recursive
type. We give the interpretation of terms-in-context of the form I'+1¢: 7 in
Figure 4.7.

Lemma 4.6.2. (Substitution lemma for terms)
Suppose 'z :obs:7and 't:0. ThenT'F s[t/x]: 7 and

[T Fsit/x] 7] =[x:0ks:7]o(idpy, [I'Ft:o]).

4.6.3 Soundness and computational adequacy

G.D. Plotkin established in [45] that the Scott model for call-by-value FPC
is sound and computationally adequate. With some modifications, it is
possible to establish a similar result for call-by-name FPC.

Theorem 4.6.3. (Soundness and computational adequacy)

(1) The Scott model of call-by-name FPC is correct, i.e., for all s € Exp,
and all v € Val,, we have

slv = [s] = [v].

(2) The Scott model of call-by-name FPC' is computationally adequate, i.e.,
for all s € Expy,, we have

[s]=T = s{T.

Corollary 4.6.4. Let o be any closed type. Then for all s,t € Exp,, we
have
[s] =[t] = s=s,t.
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For every symmetric P € |D|/®! we define [©,T Ft : 7]p as follows:

[©,'F 1nl(t)
[©,T Finr(t) :
(

[©,T F case(s) o {

1 —I—Tg]]p
1 +7—2HP

inl(x).t;

o
inr(y).ts Tle

[©,TF (s,t): 71 X 1] p

]
o, Fl—fst( ):m]p
[©,T F snd(t) : 7]
]
7]

b

[O,TFXe:7m.t:m — n)p

[[@F}_S() P

[©,T F fold(t) : uX.7]p

[©,T F unfold(t) : 7[uX.7/X]]p

7 a<i<ir)
noll'kFt:m]p
LQOHF"IfZTQ]]p

0,1 x:mtt:7]p,

[O,T,y :mkty:7]]podo
(id,[©,T'F s: 7 4+ m]p)

where ¢ is the canonical isomorphism
[O,T]x([OF ]+ [0F r]) =
([0,T] x [©F n])+ ([6,T] x [© F 7])
([©,TFs:n]p, [0, T Ft:m])p
mo[O,'Ft:m X 7]p

meo [©,'Ft:m X m]p

A, T,z :m Ft:m]p)

eval o

([0.TFs:m — n]p, [0, T Ft:n]p)
Ipo[©,TFt:7[uX.7/X]]p

where Ip = (¢p LXH7] o Bp)a
Epo[®,T'Ft:uX.1]p

where Ep = [;1

Figure 4.7: Definition of [©,T' -t : 7]
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Chapter 5

Synthetic topology

The material presented in this chapter comes from Escardé [13] in which it
is shown, via synthetic topology, how topological concepts can be directly un-
derstood in terms of the operational semantics, and, moreover, are applicable
to sequential languages. In this section, we introduce operational topological
notions that are essential to the development of our theory and these include
space, continuous map, open set, closed set, discrete space, Hausdorff space
and compact set. Whenever there is no confusion, we shall omit the word
‘computational’ as we talk about the various computational topological con-
cepts. For instance, we speak of an open set instead of a computationally
open set.

5.1 Continuous maps

We identify contextually equivalent programs and, by an abuse of notation,
we denote by o the set of closed terms of type o, modulo contextual equiv-
alence. A function from the set o to the set 7 may or may not be definable
by a term of type o — 7. If it is, we say that the function is continuous.
Notice that, in a call-by-name framework, such as ours, every term of type
o — 7 is uniquely determined, modulo contextual equivalence, by its func-
tional behaviour, by extensionality (cf. Corollary 3.7.2(2)). If f: 0 — 7 is
continuous, we use the notation f € (o — 7).

Since continuity is dependent on the language, varying the language under
consideration will vary the continuity of a given function. In this chapter,
we take the internal view of data. So our base language is PCF. But what
we develop applies just as well to the external view of data, i.e., by changing
the base language to the data language PCFq, which we are going to take
up when we come to the notion of compactness.

49



Remark 5.1.1. Continuous maps are programs and are thus monotone with
respect to the contextual order.

Example 5.1.2. There are four functions of type ¥ — X, namely
1) fi: T—L 1l—1
(2) fo:T—T, L1
B) f3:T—T,L—T
4) fa:T—L1L 1T

It is easy to see that f; (i = 1,2, 3) are continuous as they can be respectively
defined by the following programs:

(i) Az®. L
(i) \z*.x
(i) Az T

Notice that f; cannot be continuous as it fails to be monotone.

5.2 Open and closed subsets

It is well known in classical topology that the notion of open sets can be
defined in terms of continuity. We do the same here.

Definition 5.2.1. A set U of elements of a type o is open if there is xy €
(0 — X)) such that for all x € o,

xu(z)=T < zelU.

If such an element Yy exists, then it is unique up to contextual equivalence,
and we refer to it as the characteristic function of U. A set is called closed
if its complement is open.

Example 5.2.2. The subsets (), {T}, {L, T} of type ¥ are open since their
characteristic functions f1, fo and f3 are all continuous. But {_L} is not open
as a characteristic function would have violated monotonicity.

As continuity is defined in terms of definability in the language, it is
typical that proofs in computational topology are given by programs written
to meet required specifications. One such example is given by the following
proposition which states that programs of functional type are continuous in
the topological sense:
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Proposition 5.2.3. If f € (60 — 1), then [~Y(V) = {z € o|f(z) € V} is
open for every open set V C T.

Proof. 1f yy € (T — %) is the characteristic function of the set V', then xy o f
is that of f~1(V). O

5.3 Closure of open sets under set-union

While it is clear that for every type, the open sets are closed under the
formation of finite intersections, it is not true in general that they are closed
under the formation of arbitrary union. In what follows, we demonstrate how
the addition of different parallel features (described in Section 3.3.2) gives
rise to varying degrees of closure of open sets under set-theoretic union.

Proposition 5.3.1. The following are equivalent:

(i) For every type, the open sets are closed under the formation of finite
UNILONS.

(ii) There is (V) € (X x X — X) such that

pVgq=T&p=Torq=T.

Proof. (i) = (ii): xyoe(z) = L and xyuv(z) = xv(z) V xv(2).

(i) <= (ii): The sets U = {(p,q)lp = T} and V = {(p,q)|g = T} are open in
the type ¥ x ¥ because they have the first and second projections as their
characteristic functions. Hence the set U UV is also open, and so there is
Xuuv such that ypuv(p,q) = T iff (p,q) e UUV iff (p,q) € U or (p,q) € V
iff p=T or ¢ = T. Therefore (V) = xpuy gives the desired conclusion. [

The part (ii) of the above statement involves the same weak parallel-or
(V) which we already discussed on Section 3.3.2. This weak parallel-or is also
known as the disjunction operation. Of course, we can do better:

Proposition 5.3.2. In the language PCF extended with the disjunction op-
eration, for every type, the open sets are closed under the formation of re-
cursively enumerable unions.

Proof. A recursively enumerable collection of open sets may be seen as a
program s € (Nat — (0 — X)). To prove the proposition, it suffices to write
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a program p € ((Nat — (0 — X)) — (0 — X)) such that p(s)(z) = T iff
s(i)(x) = T for some i € Nat. To meet this requirement, define

p(s) = Az.e(0)

where e is recursively given by e(i) = s(i)(x) V e(i + 1). Then p(s)(z) = T
iff (0) = T iff s(é)(x) = T for some i € Nat. O

Remark 5.3.3. For the language PCF extended with only the Plotkin’s ex-
istential quantifier 4, it is also true that the union of a recursively enumerable
sequence of opens is open since the weak parallel-or can be defined from 4.

Notice that even with the inclusion of parallel features, closure under
arbitrary unions fails in general. However, the following holds:

Theorem 5.3.4. (Escardé [13], Theorem 4.1)

For the language PCFL™, the computational topology coincides with the Scott
topology. In particular, computationally open sets are closed under the for-
mation of arbitrary unions.

5.4 Subspace

Frequently we are working with only certain elements of a particular data
type. In view of our topological development, it is natural to speak of a
subspace as an arbitrary subset of a data type. For instance, o, in itself, is a
trivial subspace. If X is a subspace of o, then we call ¢ an environment for
space X.

The subspace N of Nat of non-divergent (i.e. non-bottom) elements is
the space of natural numbers. The data type Nat — Nat is called the Baire
data type and is denoted by Baire. The Baire space is the subset B of
strict total functions of type Baire. The Cantor space is the subset C' of B
consisting of functions taking values 0 or 1 on all non-divergent arguments.
So B (respectively, C') is an operational manifestation of the Baire space
(respectively, Cantor space) in classical topology.

Since subspaces of data types are not necessarily data types, we are forced
to work with relative topology. Let X and Y be subspaces of data types o
and 7. We say that a function ¢ : X — Y is relatively continuous if there is
at least one continuous function f : ¢ — 7 with ¢(x) = f(z) for every x € X.
It does not concern us how f behaves outside on elements of ¢ outside X.
We say that a subset of a space is relatively open if its Sierpinski-valued
characteristic map is relatively continuous. The following is immediate from
the definitions.
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Proposition 5.4.1. For a subspace X of a data type o, a subset U of X 1is
open in X iff there is an open subset U’ of o such that X NU' = U.

Proof. (=) Suppose U C X is relatively open in X. Then there is a con-
tinuous function f : ¢ — 3 such that xy(x) = f(z) for all x : 0. Now
define U" = f~(T), which is certainly an open subset of o and by def-
inition ypr = f. It is clear that for each x € U, f(z) = T which im-
plies that yp/(z) = T, iie. = € U’'. Conversely if x € X NU’, then
xv(z) = f(z) = xv(x) =T, ie x € U. This proves that X NU" = U.

(<) Suppose that X NU’ = U for some open subset U’ of 0. The character-
istic function xy of U’ is continuous and thus that of U is since xy = xu-
when restricted to the subspace X. O

Example 5.4.2. (Exercise 3.6 of Escardé [13])

The subset of all sequences s which belong to the Baire space and satisfy
s(17) = 0 is open in B but not open in Baire. For the first part, we must
prove that 7" is open in B. To do so, observe that T'= CNU where xy(s) :=
if s(17) == 0 then T. The desired result then follows from Proposition
5.4.1. We prove the second part when we revisit this example in Chapter 10.

5.5 Separation axioms

In classical topology, it is traditional to study the various degrees of sepa-
ration. Roughly speaking, we want to use the open neighbourhoods of the
topology to distinguish between two points in space. Various degrees of sep-
aration arise when one considers different manners in which the distinction
between points is to be made in terms of their open neighbourhoods. For
instance, a space is Ty if we require that there is at least one neighbour-
hood which contains exactly one of the two distinct points. A space is T}
if we want to have two opens, each containing exactly one of the points. A
space which satisfy yet a finer separation axiom that requires further that
the abovementioned pair of opens be non-overlapping is called a Hausdorff
space. An extreme case of Hausdorff separation arises when every singleton
is open, i.e., equivalently, the space is discrete, in which every subset is open.

In our setting, the “equality” of programs really means contextual equiv-
alence. So different separation conditions translate into the varying degrees
of ability to tell two contextually inequivalent programs apart.

A subspace X of type o is Hausdorff if there exists an apartness program
(#) € (0 x 0 — X) such that for every z,y € X,

(#)wy) =T <= z#y.
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Here, # means contextually inequivalent.
A subspace X of type o is discrete if there exists an equality test (=) €
(0 x 0 — X)) such that for every z,y € X,

=)z, y) =T <= xz=y.
Here, = refers to contextual equivalence.

Example 5.5.1. Any non-trivial data type is not Hausdorff since every open
that contains the bottom element | must contain every element of that type.

Example 5.5.2. The space of natural numbers, N, is Hausdorff since the
apartness map (#) is realised by the following recursion:

(#)(z,y) =if = 0 then a else b
where the subprograms a and b are defined as follows:

= if y;O then 1 else T
b = if y=0 then T else (#)(pred(z), pred(y))

Notice that also N is (relatively) discrete since we have a recursive recipe for
the closed term which tests for equality on the natural numbers:

(=)(z,y) =if = 0 then a else b
where the subprograms a and b are given by:

= if yéO then T else L
b = if y=0 then L else (=)(pred(z), pred(y))

The natural numbers type Nat, however, is not discrete since we always need
to consider the divergent element L.

Example 5.5.3. The Baire space is not discrete since operationally we need
to test for equality on each term of the sequence. We omit the proof of this
since this is similar to Example 5.4.2 . One may be tempted to claim that
it is not possible to have an equality (or even apartness) test whenever we
deal with data types that seemingly require one to check an infinitude of
data for equality. However, this is not true as already shown by Gandy and
Berger (cf. Berger [6]). We shall recall these examples and study them in an
operational setting.
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Example 5.5.4. Given a pair of elements (s,t) € Baire X Baire, consider
the program apart € Nat — X which is recursively defined as follows:

apart(i) = if s(i) # t(i) then T else apart(i+ 1)

where (#) is the inequality test on Nat. This program evaluates to T iff the
sequences s and t disagree somewhere from the ith position onwards. So the
program

apartB(s,t) = apart(0)

is the required inequality test, thus justifying that the Baire space is Haus-
dorff.

The following proposition! might be worth noting that

Proposition 5.5.5. In a discrete space, singletons consisting of definable
elements are open.

Proof. Let x € 0 be a member of a discrete space X. Then the characteristic
function of the singleton {z} is given by x.(y) = (=)(z,y) where (=) is the
existing equality test available from the discreteness of X. m

Remark 5.5.6. At the time of writing, it is not clear whether an example
of a discrete non-Hausdorff subspace exists.

5.6 Specialisation order

Recall that the specialisation order C of a Ty space X is defined by
rCydVopenset U(r e U = yeU,).

The following says that the contextual order is the “specialisation order” of

the operational topology:

Proposition 5.6.1. For x,y € o, the relation x = y holds iff x € U implies
y € U for every open subset U of o.

Proof. Ground contexts of type X suffices to test the operational preorder -
see Proposition 3.6.2. Because x and y are closed terms, applicative contexts,
i.e., characteristic functions of open sets, suffice. n

Remark 5.6.2. For any = # y € o (i.e., contextually inequivalent), there
is an open that contains exactly one of them. This means our operational
topology is always “Tg”.

'In the process of making minor modifications in this thesis, this proposition has been
strengthened: In a discrete space, singletons are always open.
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5.7 Compact sets

The intuition behind the topological notion of compactness is that a com-
pact set behaves, in many important aspects, as if it were a finite set. The
official topological definition, which is more obscure, says that a subset @) is
a topological space is compact iff it satisfies the Heine-Borel property: any
collection of open sets that cover () has a finite subcollection that already
covers (). In order to arrive at an operational notion of compactness, we
reformulate this in two stages.

(1) Any collection of open sets of a topological space can be made directed
by adding the unions of finite subcollections. Hence a set () is compact
iff every directed cover of () by open sets includes an open set that
already covers Q).

(2) Considering the Scott topology on the lattice of open sets of the topo-
logical space, this amounts to saying that the collection of open sets U
with @ C U is Scott open in this lattice.

Thus this last reformulation considers open sets of open sets. We take this as
our definition, with “Scott open” replaced by “open” in the sense of Definition
5.2.1: we say that a collection U of open sets of type o is open if the collection
{xv | U € U} is open in the function type (o — X).

Proposition 5.7.1. For any set Q) of elements of a type o, the following two
conditions are equivalent:

(i) The collection {U is open | Q C U} is open.
(ii) There isVg € ((0 — X) — X) such that

Volp) =T Ve e Qpz)=T.

Proof. Vg = xu for U = {xv | @ C U}, because if p = xy then Q C U <=
p(z) =T for all z € Q. O

Definition 5.7.2. We say that a set ) of elements of a type o is compact
if it satisfies the above equivalent conditions. In this case, for the sake of
clarity, we write “Vax € @....” instead of “Vgo(Az....)".

Proposition 5.7.1(2) gives a sense in which a compact set behaves like
a set of finite cardinality: it is possible to universally quantify over it in a
mechanical fashion. So it is not surprising that

56



Proposition 5.7.3. Every finite set of any type is compact.

Proof. Let Q = {qi,...,q,} be finite set. Then the program Vg (p) = p(q1) A
p(q2) A+ Ap(qn) (where x Ay :=if = then y as previously defined) satisfies
the condition that Vo(p) = T iff Vo € Q.p(xz) = T. O

We postpone the examples of infinite compact sets till we revisit com-
pactness in Chapter 11.

5.8 Properties of compact sets

Properties of compact sets that are familiar from classical topology hold for
our operational notion:

Proposition 5.8.1. (1) The empty set is compact. If Q1 and Q2 are com-
pact subsets of the same type then Q1 U Q2 is again compact.

(2) For any f € (0 — T) and any compact set Q) in o, the set f(Q) =
{f(z) | x € Q} is compact in T.

(3) If Q is compact in o and R is compact in 7, then Q@ X R is compact in
oXT.

(4) If Q is compact in o and V is open in T, then

N@,V)={feloc—=1)|f(Q)CV}
is open in (0 — T).
Proof. (1): Yz € Q1 UQa.p(z) =Vz € Q1.p(z) N Vz € Qa.p(2).
(2): Vy € f(Q)-ply) = Vz € Qp(f(2)).
(3): Vz € @ x Rp(z) =Vr € QVy € R.p(x,y).

(4): xvw(f) =Vr € Q.xv(f()). .

Remark 5.8.2. For (3) of the above proposition, open sets of this form are
known in classical topology: They form the subbase that defines the so-called
compact-open topology on the set of continuous maps.

Example 5.8.3. The set of all elements of any type o is compact, but
for trivial reasons: p(z) = T holds for all x € o iff it holds for z = L,
by monotonicity, and hence the definition V,(p) = p(L) gives a universal
quantification program.
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The following properties of compact sets are also familiar to us from
classical topology:

Proposition 5.8.4. If X is Hausdorff and Q C X is compact, then Q) is
closed in X.

Proof. 1t boils down to showing that X\ is open, i.e., its characteristic map
xx\@ € (0 — X). But it is easy to see that the following program does the

required job: xx\o(z) = Vy € Q.(#)(x,y). O

Proposition 5.8.5. In the presence of the disjunction operator (V), if X is
compact and F C X is closed then F' is compact.

Proof. The required program is Vo € X.xx\r(z) V p(z). ]

A collection Q of opens of a type o is said to be compact if the corre-
sponding set of characteristic maps

{U is open | U € Q}
is compact in (0 — X).

Proposition 5.8.6. If a set Q of opens is compact, then its intersection () Q
1S open.

Proof. The required program YU € Q.yy(z) satisfies the property that VU €
Qxu(z)=Tiffx €U forallU € Qiff x € N Q. O
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Part 11

Operational Toolkit
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In Pitts [41], A. Pitts developed some mathematical methods for rea-
soning about program properties based upon the operational semantics of a
language PCFL, in contrast to methods based upon domain-theoretic deno-
tational semantics. In his paper, Pitts showed how the notion of bisimula-
tion, together with a certain co-induction principle, can be used to establish
program equivalence.

We show how Pitts’ methods can be adapted to work for both PCF and
FPC. For readers who want to understand operational domain theory and
topology of PCF in Part III but do not wish to spend time on recursive types
may refer to Chapter 6 and skip Chapters 7 and 8.

In Chapter 6, we only show the necessary modifications for PCF and omit
the proofs. In Chapter 7, the reworking in FPC is shown in full detail. In
Chapter 8, the proof of the operational extensionality theorem is provided.
The reader should note reworking Pitts’ work [41] for the languages PCF and
FPC requires hard work but little insight.
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Chapter 6

Contextual equivalence and
PCF bisimilarity

In this chapter, we develop operational machinery to reason about contextual
equivalence of PCF programs. We do this by using bisimulation techniques
and the co-induction principle. As an example of how these principles may
be applied, we study the contextual preorder of the ordinal data type @ in
Section 6.5.

6.1 Bisimulation and bisimilarity

Throughout this section, we will be concerned with one particular complete
lattice, (Rel, <). The elements of Rel are typed-indexed families

R={R, |0 € Type}

of binary relations R, between closed PCF terms of type 0. Thus each
component of R is a subset R,C Exp, x Exp,. The partial ordering on Rel
is defined to be set-theoretic inclusion in each component:

R <R Vo € Type.R, CR..

Clearly the least upper bound of a subset of Rel is given by set-theoretic
union in each component.

Given Re Rel, (R) and [R] are defined in Figure 6.1.

Clearly, R— (R) and R— [R] are both monotone operators on Rel. So
we can apply Theorem 2.1.2 and form their greatest (post-)fixed points.

A family of relations S € Rel satisfying S < (S) is called a PCF simu-
lation; the greatest such is called PCF similarity and written <. A family
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tR)st! = @y T=t1T) (6.1)
${R)yars’ <= VneN.(s{|n=5 |n) (6.2)
b(R)poord) <= VbeB.(b{b=1V D) (6.3)
s{(R)zs <— Vt:w(slt+1= (6.4)
G (S Ut 1At RS )
fR)orf' = Vt€Exp,.(f(t) R, f'(t)) (6.5)
P(R)ox-p’ <= (fst(p) Ro fst(p') A snd(p) R- snd(p)) (6.6)
(2) [R]
tRlst! — @I Tot'IT) (6.7)
S[Rlyats’ <= VneN(s|n&s |n) (6.8)
b(R)poorl <= VbeB.(b|b < VD) (6.9)
s[Rlzs' <= Vt:w.(s{|t+1 = (6.10)
oSV +HIAE RS T))
and
V(s 1 =
J:w(st+1AtRT))
f[Rloer ' = Vi e Exp,.(f(1) R. (1) (6.11)
P[Rlox-p < (fst(p) Ro fst(p’) Asnd(p) R, snd(p')) (6.12)

Figure 6.1: Definitions of (R) and [R] in PCF

of relations B € Rel satisfying B < [B] is called a PCF bisimulation; the
greatest such is called PCF bisimilarity and written as ~.

In other words, a simulation is a post-fixed point of the operator () and a
similarity is the greatest (post-)fixed point of the operator (). Similarly, for
a bisimulation and a bisimilarity.

We shall pause for a while to spell out what the conditions § < (S) and
B < [B] mean. A simulation S is specified by a type-indexed family of binary
relations, S, C Exp, x Exp,, satisfying the conditions in Figure 6.2.

Similarly, a bisimulation is specified by a type-indexed family of binary
relations, B, C Exp, x Exp,, satisfying the conditions in Figure 6.3.

Remark 6.1.1. Note that by Theorem 2.1.2, similarity and bisimilarity are
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tSst' At T) — T (sim 1)
(s Syar S Asdn) = sin (sim 2)
(b Sgoor V' A1} D) = Vb (sim 3)
(sSzs'Aslt+1) = (S +1AtS;T) (sim 4)
fSor F' — Vit e Exp,.(f(t) S- f(t)) (sim 5)
D Soxr P = (fst(p) S, fst(p) Asnd(p) S; snd(p')) (sim 6)
Figure 6.2: PCF simulation conditions
(tBst' Nt T) = T (bis 1a)
(tBst' ANt UT) = T (bis 1Db)
(8 Byar s’ N5 n) = sin (bis 2a)
(s Byay S A" I n) — sin (bis 2b)
(b Bgoo1 0’ AD | b) = V0D (bis 3a)
(b Bgoor 0’ A" || b) = blD (bis 3b)
(sBss'Ansdt+1) = (VY +1NtBsT) (bis 4a)
(sBzs'ANs'yt'+1) = FJt(slt+1AtBzt) (bis 4b)
fBor f' — Vi e Exp,.(f(t) B- ['(1)) (bis 5)
D Bosr P = (fst(p) B, fst(p') Asnd(p)Bysnd(p’)) (sim 6)

Figure 6.3: PCF bisimulation conditions

fixed points (rather than just post-fixed points) of their associated monotone
operators.

6.2 Co-induction principle
In this section, we present a powerful and important proof technique called
the co-induction principle.

Proposition 6.2.1. (Co-induction principle for < and ~: PCF)

Given s,t € Exp,, to prove that s ~, t holds, it suffices to find a bisimulation
B such that s B, t. Similarly, to prove s <, t, it suffices to find a simulation
S with s S, t.

Proposition 6.2.2. PCF similarity is a preorder and PCF bisimilarity is
the equivalence relation induced by it. In other words, for all types o and all
closed terms t,t',t" € Exp,, one has:

(1) t =, t.
(2) (t < ' Nt =g t') =t =, 1.

(3) t=, t' & (t 2,/ AN =, 1).
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6.3 Operational extensionality theorem

We extend < and ~ from closed terms to all typable PCF terms by consid-
ering closed instantiations of open terms. For convenience, we introduce a
notation for this process.
Suppose Re Rel. For any finite partial function I' assigning types to
variables
I'=x1:01,...,2, : 0

for any type o, and for any terms s, s’ € Exp_(I"), define
It s Ry s iff Vi, € Exp,,,...,t, € Exp, .(s[t/Z] R, s'[t/Z]).

We call R° the open extension of R. Applying this construction to < and
~ we get relations <° and ~° on open terms, which we call open similarity
and open bisimilarity respectively.

With these definitions, we can state the following characterisation of con-
textual equivalence.

Theorem 6.3.1. (Operational extensionality theorem for PCF')
Contextual preorder (respectively, equivalence) coincides with open similarity
(respectively, open bisimilarity):

'FsC,t <= I'Fs=0t

and
F'Fs=,t <= I'ts> t.

In particular, the following co-induction principle for contextual equivalence
holds: To prove that two closed terms are contextually equivalent, it suffices
to find a bisimulation which relates them.

The techniques involved in proving the above theorem are similar to those
for establishing Theorem 7.4.4 (Operational extensionality theorem for FPC)
whose proof is presented in Chapter 8.

6.4 Kleene preorder and equivalence
For each type o, consider the following binary relations on Exp,:
s CHt ga Vo € Val,.(s v =t v)

and
S %ﬁl t 9« (s Efﬁl t) A (t Eljl s).
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The relation C* is called the Kleene preorder. If s =% t holds we say that s
and t are Kleene equivalent.

Proposition 6.4.1. For each type o, we have
sCMt = st

and
st — st

Hence in view of Theorem 6.3.1, Kleene equivalent closed terms are contex-
tually equivalent.

The following contextual equivalences of open terms follow immediately
from the fact that they are all Kleene equivalences:

(Ax.s)t = s[t/x]

fst(s,t) = s
snd(s,t) =

if T then s else s = s
if F then s else s = &
if T thent = ¢
m+1)—1 = n

0—-1 = 0
x+1 = o

fix(f) = f(tix(f))

Proposition 6.4.2. For each type o, 1, := fix(Az7.x) is the least element
of type o with respect to the contextual order.

Proof. Notice that since 1, does not evaluate to anything, we have that
1, CHy

for any t € Exp,. By Proposition 6.4.1, we deduce that L, acts as the least
element with respect to the contextual preorder. O

Remark 6.4.3. In @, the elements (0 — 1) + 1 and 1 are distinct canonical
values which are contextually equivalent. This just indicates that the Kleene
equivalence is strictly contained in the contextual equivalence. Also it follows
from Kleene equivalence and transitivity of contextual equivalence that if
0Fs=,tand s wandt| v, then O - u =, v.
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6.5 Elements of ordinal type

In this section, we show that the contextual order of the ordinal type w is
indeed the ordinal domain:

OEQle"‘[wnEU"‘EQOO.

In other words, we shall prove that the closed terms 0,1,..., 00 are contex-
tually inequivalent terms of type w. Diagrammatically, the contextual order
of W is given in Figure 6.4.

o OO

02
1
0=_1

Figure 6.4: Vertical natural numbers: @

At this juncture, the reader may refer to Section 3.2 to recall the definition
of 0,...,n,...,00.

To understand the contextual order of W, we first consider a relation S
between closed terms defined as follows:

tSet = (tUT = ¢§T).
$Syar 8§ <= (WneNsl|n = s |n).
bSpoor 0 <= (Vbbb = ¥V |b).
sS85 <= (WmeNGs—n>0)T = (§f—n>0)T).
fSor F' <= Vf€Exp,.(f(t) S f(t))
pSoxr P = (fst(p) S, fst(p')) A (snd(p) S, snd(p')).

In the third clause, note that (s —n) means

(((s=1)—1)---—1).

.
-~

n copies

To check that S defines a simulation, it is enough to verify that (sim 4) holds.
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So suppose that s Sz s’ and s || t + 1. We must show that s’ || ¢ + 1 for
some t' : wand t S5 t'. Since s || t + 1, it follows that (s > 0) | T. It
then follows from the definition of Sz that (' > 0) | T, ie., s | ¢ 4+ 1 for
some t' : . Notice that s — 1 =2 ¢ so that s — 1 = t by the co-induction
principle. Similarly, s’ — 1 =5 t’. If m € N is such that (t —m > 0) || T,
then it follows that (s —1—m > 0) {{ T. Thus (s — (m+1) > 0) | T by
definition. From the definition of Sz, we have that (s' — (m +1) > 0) | T.
Thus ((8"—1)—m > 0) | T and consequently (t —m > 0) | T, as required.
Thus we have proven that (sim 4) holds and § is a PCF simulation.

Notice that for each n € N, n S n+1. Now since § is a PCF simulation,
the co-induction principle guarantees that n C5 n+1. Of course, the context
Cl—z] := (= — n > 0) distinguishes between n and n + 1 so that they are
obviously contextually inequivalent. Consequently for each n € N, it holds
that

nCzn+ 1.

We now argue that oo is the maximum element of type w with respect to
the contextual order. First, an easy proof by induction on n shows that

Vn € Noo —n | oo+ 1.

This implies that Vn € N.(co —n > 0) |} T and thus for every ¢ : @, it holds
that t S5 co. Consequently, ¢t C5 oo as we expected.
So far we have shown that for every closed term ¢ : @, it holds that

0LCgt Ly oo,

Let us prove that if ¢ #5 oo, then t =5 m for some m € N. So suppose
that t #5 0o. By the co-induction principle, (oo, t) does not belong to any
simulation. In particular, for the simulation &, there must exist an n € N
such that (co—n > 0) { T and (t —n > 0) J T. Let m be the smallest such
n. We now show that ¢ =5 m. Suppose n € N is such that (t —n >0) | T.
Then by the minimality of m, we must have n < m. This then implies that
(m—mn>0)J T and thus t S m. It now remains to prove that m Sz t. For
that purpose, let n € N be such that (m —n > 0) § T. Then m — n is of the
form x + 1 for some x : w and it follows easily from the evaluation rule that
m > n. Again by the minimality of m, we conclude that (t —n > 0) | T.
Thus (¢t,m) and (m,t) are in S;. Finally, by the co-induction principle, we
have t =z m, as required. Thus we have established that

Proposition 6.5.1. The elements 0,1,2...,n,...,00 of W are contextually
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inequivalent. Moreover, the contextual order on @ s given by:
Ozgl Cog - CgnlCg--- Cgoo.

More precisely, any element of type W is contextually equivalent to one of
these elements.

6.6 Rational chains

An important property proven using operational methods in Pitts [41] is
rational-chain completeness, which can be stated as follows:

Theorem 6.6.1. For any g € (1 — 7) and any h € (T — 0), the sequence
h(g™ (L)) is increasing and has h(fix(g)) as a least upper bound in the con-

textual order:
h(fix(g)) = || (g™ (L1)).

Definition 6.6.2. A sequence z,, of elements of a type o is called a rational
chain if there exists g € (1 — 7) and h € (7 — o) with z,, = h(¢g™(1)).

In our thesis, we identify rational-chain completeness to be the salient
completeness condition in the development of an operational domain theory.
The notion of rational chains will be revisited and built upon in Chapter
9 where the relation between rational-chain completeness and synthetically
open sets is studied. The reader should note that rational-chain completeness
also holds for the language FPC and is proven in Section 7.6. In this thesis,
we use the terms “rational-chain completeness” and “rational completeness”
interchangeably.
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Chapter 7

Contextual equivalence and
FPC bisimilarity

In this chapter, we rework the results of A.M. Pitts’ work for the language
FPC, following closely the structure of Pitts [41]. In particular, we develop
the operational machineries necessary for reasoning about program equiva-
lence without appeal to any denotational model. Readers who only want
to understand operational domain theory and topology but do not wish to
spend time on recursive types may safely skip this chapter and Chapter 8.
Note that only hard work, but no insight, is required in the reworking of
Pitts’ work [41] for the language FPC.

7.1 Properties of FPC contextual equivalence

In this section, we gather at one place the following groups of properties
concerning FPC contextual equivalence. Properties which are not a direct
consequence of the definition of the contextual preorder C will be proven
later. In such cases, the reader will be given the reference to where that
particular property is established.

7.1.1 Inequational logic

'tt:o = THtLC, ¢ (7.1)
CTHtC, ' ATHYC, ") = TDkFtC,t" (7.2)
THtC, U ATHIC, t) «— Thkt=,t (7.3)
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ToiobtT, ¢ = TF\tCo, Aot (74)
ThksC, ssAT,z:obFtC,t") = T case(s) of up(x).t (7.5)
C, case(s’) of up(x).t’

ChsCor S ATyziob 1 E, 8 ATy iTHE, T, t)) — (7.6)
['F case(s) of inl(z).t; or inr(y).ts

C, case(s’) of inl(x).t] or inr(y).t,

THtE, AT CT) = T'HtC, ¢t (7.7)
THtC, ' AT,z:0Fs:7) = T Fslt/z] C,s[t'/z]  (7.8)
THt:oNT,z:0bFsC,s) = TFslt/z] C,$t/z]  (7.9)

Properties (7.1) - (7.8) are direct consequences of the definitions of C, and
=,. By contrast, (7.9) is not so straightforward to establish since the oper-
ation s — s[t/xz] is not necessarily of the form s +— C[s] for some context
C]—]. We shall prove (7.9) in Lemma 8.4.2.

7.1.2 [-equalities
Nx:oks:TATFt:0) = Tk (Ax.s)t=;s[t/z] (7.10)

Tks:oNTFt:7) = (I'Ffst(s,t) =, sA (7.11)
I'Fsnd(s,t) =, t)

'Ft:o = T Fcase(up(t)) of up(z).s =, s[t/z] (7.12)

'tt:oc = VIbks:m,THS: T (7.13)
(T F case(inl(t)) of inl(z).s or inr(y).s’ =, s[t/x])

'tt:7 = Vlbks:7,I'Hs T (7.14)
(T F case(inr(¢)) of inl(z).s or inr(y).s' =, s'[t/y])

I'Ht:opX.o/X] = T Funfold(fold(t)) =spuxo/xjt  (7.15)

These (-equalities are valid because of the characterisation of contextual
equivalence in terms of FPC bisimilarity to be given in the next section (i.e.,
Theorem 7.4.4). For in each case, (closed instantiations of) the term on the
left hand side of =, evaluates to a canonical value v if and only if (closed

70



instantiations of) the right hand term evaluates to the same canonical value.
Thus each of (7.10) - (7.15) follows from The (-equalities then follow from
the fact, shown in Proposition 7.5.1, that the Kleene equivalence is contained
in the contextual equivalence, together with (7.16), which is the first of the
following extensionality properties.

7.1.3 Extensionality properties

For all s, € Exp, (¥ : ),

T:0FsC, s <<= Vit €Exp,|
/

=1,...,n). (7.16)
(s[t/7) E, &'[£/7)).

1
[t/7])
For all s, s € Expy;,
sCys <<= (UIT = §IT). (7.17)
For all p,p’ € Exp, ..,
pCoxr P = (fst(p) 5, fst(p') Asnd(p) C, snd(p')).  (7.18)
For all s,s" € Exp,_,,

sCyir 8§ <= Va€ Exp,.Vbe Exp,. (7.19)
(s § inl(a) = 3Fd' € Exp,.s" | inl(d’) Aa C, a') A
(s §inr(b) = 3" € Exp,.s' | inr(b') Ab T, V).

For t,t" € Exp, ,

tC, t <= VseExp,. (7.20)
(t Jup(s) = 3t Jup(s')AsC, s).

For all t,¢' € Exp,,x,,
tCuxot' <= unfold(t) Copux.o/x) unfold(t). (7.21)

For all f, f' € Exp,_..,
fCor /| = W€ Exp,.(f(t) - [(1)). (7.22)
Extensionality properties analogous to the above hold by construction for

the notion of FPC bisimilarity introduced in the next section. Thus (7.17) -
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(7.22) will follow once it has been proven that FPC bisimilarity coincides with
contextual equivalence (cf. Theorem 7.4.4). Note that by virtue of Theorem
7.4.4, property (7.16) follows once Lemma 7.4.2 has been established.

7.1.4 n-equalities

The following n-equalities follow by combining the extensionality properties
with the corresponding (-equality:

(C'Ff:o0—717Ax¢dom(l))
'Ep:oxrT
'ktio+r

I'kFt:of
'kt puX.o

=
—
—

—
—

P'Ff =7 Ax.f(2) (7.23)
I'p =our (Ist(p), snd(p)) (7.24)
Tht=y, (7.25)
case(t) of inl(x).inl(z) or inr(y).inr(y)
I'Ft =, case(t) of up(x).up(x)(7.26)
I' -t =,x. fold(unfold(t)) (7.27)

For example, to prove (7.27), it is enough, by virtue of (7.21), to show that

I' F unfold(t) =,x., unfold(fold(unfold(¢))). But the S-equality (7.15) guar-

antees that I" - unfold(fold(unfold(¢))) =,x., unfold(t). Hence (7.27) holds.
Notice that properties (7.15) and (7.27) together imply that:

Proposition 7.1.1. With respect to the contextual equivalence, fold and

unfold are mutual inverses.

This fact will be used frequently in the development of an operational
domain theory for treating recursive types in FPC.

7.1.5 Unfolding recursive terms

Recall that fix, := A\f : (¢ — 0).k(fold"(k)) where 7 := puX.(X — o) and
k:= Az".f(unfold”(z)z). Using the S-equality (7.10), we have that

Tk fix, (f) =, k(fold™ (k).

But writing out k explicitly, it follows from (7.10) and (7.15) that

['Ffix,(f) =

(Ax". f(unfold™ (x)x))(fold™ (k))

=, f(unfold" (fold" (k))fold" (k))
=, f(k(fold"(k)))
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Thus we have:

'Ff:o—-0 = fix(f)=, f(fix(f)) (7.28)

7.1.6 Syntactic bottom

The term 1, := fix(Az?.x) acts as the least element with respect to the
contextual preorder C,:

THtio = Ik 1,C,t (7.29)

The proof of this is found in Section 7.5.

7.1.7 Rational-chain completeness and continuity

In addition to the unfolding property (7.28), terms of the form fix(f) enjoy
a least prefixed-point property: if f € Exp,_,, and t € Exp,, then

FH) Tyt = fix(f) ot (7.30)

In fact, the above prefixed-point property follows from a stronger property
which we explain below.
Define the sequence of terms (f™(L,))nen as follows:

fOL,) = 1,
FU(L,) = f(FO(L)

It follows from (7.29) and (7.8) that these terms form an ascending chain:
Lo Co f(Lo) Gy fP(L,) o ... (7.31)

We claim that

fix(f) =» | ]/f™(Lo) (7.32)

In other words, for each t € Exp,,
fix(f) Cot <= VYneN.(fM(L,)) C,t). (7.33)

Such a canonical chain as in (7.31) belongs to a class of chains called the
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rational chains, which are of the form
9(Ls) T, gh(L) C, gh? (L), ... (7.34)

where g : 0 — 7 and h : 0 — o are function-type FPC closed terms. It will
be shown that the collection of FPC terms preordered by C enjoys rational-
chain completeness, i.e.

| Jo(h™ (L) = glfix(h)) (7.35)

The operations of FPC preserve these suprema in that for each context
C|—5] € Ctx,, it holds that

Clyfix(MICpt = ¥neN(Clg(f" (L)) C,pt).  (7.36)

Both properties (7.32) and (7.35) will be proven in Section 7.6 using opera-
tional methods (cf. Theorem 7.6.6).

7.2 FPC similarity and bisimilarity

Let R= {R,|o} be a type-indexed family of binary relations R, between
closed FPC terms of type o. Given R, the definitions of (R) and [R] are
given in Figure 7.1. The reader is invited to compare the definition of (R)
with the extensionality properties (7.17) - (7.22) which we claim to hold.
The idea is to first define (R) (respectively, [R]) in such a way as to ‘model’
the extensionality properties we have in mind and once we have established
that the contextual preorder is a bisimulation, then it is immediate that it
satisfies these extensionality properties.

Because the operators R +— (R) and R +— [R] are monotone on the set
of all typed-indexed families of binary relations between closed FPC terms,
by Theorem 2.1.2 they have greatest (post-)fixed points.

A type-indexed family & of binary relations S, between the closed FPC
terms of closed type o which satisfies S C (S) is called an FPC simulation;
the greatest such is called FPC similarity and is denoted by <. Likewise, a
type-indexed family B of binary relations B, between the closed FPC terms
of type o which satisfies B C [B] is called FPC bisimulation and the greatest
such is called FPC bisimilarity and denoted by ~.

An FPC simulation (respectively, bisimulation) S (respectively, B) is
specified by a type-indexed family of binary relations S, C Exp, x Exp,
(respectively, B, C Exp, x Exp,), satisfying the conditions in Figure 7.2
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define s(R)1s'. (7.37)
< fst(p) R, fst(p’) Asnd(p) R, snd(p) (7.38)
<= Va € Exp,.Vbe€ Exp.. (7.39)

!

—
—

(s} inl(a) = 3Fd’' € Exp,.s' || inl(d') ANa R, a') A
(s inr(b) = 3" € Exp,..s' | inr(b') AbR, V)

Vs € Exp,. (7.40)
(tup(s) = 3s' € Exp,.t' J up(s') As Ry §)

unfold(t) Ropux.0/x) unfold(t’) (7.41)
vt € Exp,.(f(1) Re /() (7.42)
s[R]1s'. (7.43)
fst(p) Ry fst(p’) Asnd(p) R, snd(p’) (7.44)
Va € Exp,.Vb € Exp_. (7.45)

(s § inl(a) = Fd' € Exp,.s' | inl(a’) Aa R, a’) A
(s} inr(b) = 3" € Exp,..s' | inr(b) AbR, ') A
and

Va' € Exp,,Vb' € Exp. .

(s' J inl(a") = Ja € Exp,.s || inl(a) Aa R, a') A
(s" Jinr(d) = 3b € Exp,..s{inr(b) NOR, V)

Vs € Exp,. (7.46)
(tdup(s) = 3’ € Exp,.t' Jup(s) As R, &)

and

Vs' € Exp,.

(t" J up(s') = Is € Exp,.t } up(s) As R, ')
unfold(t) Ryp.x.0/x) unfold(t’) (7.47)
Vvt € Exp,.(f(t) R~ f'(t)) (7.48)

Figure 7.1: Definitions of (R) and [R] in FPC
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Vs, s 1,88 5.

(
S Soxr 8 = fst(s) S, fst(s') Asnd(s) Sy snd(s’)  (sim 2)
(s Soir 8 ANsdinl(a)) = 3Fd’ € Exp,.(¢ | inl(d')ANa S, a') (sim 3a)
(s Soir 8 Asdinr(b)) = 3 € Exp,.(s' § inl()) ADS;: V) (sim 3b)
(tS,, ' At up(s)) = ds' € Exp,.(t' $ up(s') As S, §) (sim 4)
tSuxot = unfold(t) S,[.x.0/x] unfold(t’) (sim 5)
fSomr [ = Vte Exp,.(f(t) S- f(t)) (sim 6)

Figure 7.2: FPC simulation conditions

Vs, s 11, sB; .

(
s Boxr 8 = fst(s) B, fst(s’) Asnd(s) B, snd(s") (bis 2)
(s Borr $ ANs{inl(a)) = 3d’ € Exp,.(s' | inl(a)ANaB,ad') (sim 3a)
(s Boyr 8 N’ | inl(a’)) == Fa € Exp,.(s | inl(a) A a B, a') (sim 3b)
(s Boyr 8 Asinr(h)) = 3 € Exp,.(s Jinl(t))Ab B, ) (sim 3c)
(s BJ+T sAs Jinr(b)) = dJbe Exp,.(s{inl(b) Ab B, V) (sim 3d)
(t By, t' At { up(s)) = 3¢ € Exp,.(t'  up(s') As B, ) (bis 4a)
(t B - t’ At up(s’)) — ds € Exp,.(t § up(s) As B, s) (bis 4b)
t Bux.ot = unfold(t) Bopux.o/x) unfold(t’) (bis 5)
fBor [ — Vi€ Exp,.(f(t) B f'(t)) (bis 6)

Figure 7.3: FPC bisimulation conditions

(respectively, Figure 7.3).

7.3 Co-induction principle

Proposition 7.3.1. (Co-induction principle for < and ~: FPC)

Given s,t € o, to prove that s ~, t, it suffices to find an FPC bisimulation
B such that s B, t. Likewise, to show that s <, t, it is enough to find an
FPC simulation S such that s S, t.

Proof. It B C [B], then B C ~ (since ~ is the greatest post-fixed point of
[—]), so that B, C ~,. Thus, if s B, t, then s ~, t. O

Once we have established that FPC bisimilarity and contextual equiva-
lence coincide, the above proposition will provide a powerful tool for proving
contextual equivalence. For the moment, we use this proposition to establish
some basic facts about (bi)similarity.
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Proposition 7.3.2. FPC similarity is a preorder and FPC bisimilarity is the
equivalence relation induced by it, i.e., for all closed types o and all closed
terms t,t',t" € Exp,, it holds that:

(1) t <,

(2) (t 2, VN 2,t") = t =<, t"

(3) t =, U <= (t X, /ANt <, 1)

Proof. (1) The relation R defined by

Ro:={(t,t)|t € Exp,}
is trivially an FPC simulation. Thus, by Proposition 7.3.1, (1) holds.
Consider the relation R defined by
Ro.:={(t,t") € Exp, x Exp,|3t' € Exp,.(t 2, t ANt =, t")}.
Because < itself is a simulation, it follows that R is a simulation.

Notice that since ~ satisfies the bisimulation conditions in Figure 7.3,
both {(¢,t')|t ~, t'} and {(¢,t')|t' ~, t} trivially determine FPC simu-
lations. Hence by Proposition 7.3.1, both of these are contained in =<,
and thus we have proven that

toog ! = (=, t' At =, 1)
It remains to show that the relation
{(t,t') € Exp, x Exp,|t X, ' At X, t}

is contained in ~~,, i.e., it satisfies the conditions in Figure 7.3. But this
is the case because of determinacy of evaluation and the fact that < is
an FPC simulation. Thus, by Proposition 7.3.1, the other implication

(t =g ' At =g t) = t o, t

holds and the proof of (3) is complete.
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7.4 Operational extensionality theorem

Before establishing that bisimilarity and contextual equivalence coincide for
FPC, we need to extend the definitions of < and ~ from closed terms to all
typable FPC terms by considering closed instantiations of open terms.

Suppose R is a typed-indexed family of binary relations between closed
FPC terms. For any term context I' = x; : 0¢,...,2, : 0,, for any closed
type o and for any terms s, s’ € Exp_(I"), define

—

I'sRys <= Vt €Exp,,,... t, € Exp, .(s[t/7] R, s'[t/7]).

We call R° the open extension of R. Applying this construction to < and ~,
we get relations <° and ~° on open terms, which we still call open similarity
and open bistmilarity respectively.

Proposition 7.4.1. FPC open similarity is a preorder and FPC open bisim-
ilarity is the equivalence relation induced by it. In other words, for all typing
assignments I' = x1 @ o1,...,x, : 0, and for all closed types o and for all
closed terms t,t',t" € Exp,(T'), one has:

(1) Tt =0t
(2) THE=2UATHY 201" = THt=2t".
(3) Tt ATHY 201t) < ThHtx~,t.

Proof. Because =<° is defined via an extension of < by considering closed
instantiation of open terms, one just relies on the closed analogues i.e., those
in Proposition 7.3.2. O

Lemma 7.4.2. IfTFt:o0 and,x: 0t s 22§, then '\ s[t/x] 22 '[t/x].

Proof. Let I' = x; : 01,..., 2, : 0, and suppose that t; € Exp, ,...,t, €
Exp, are given. We wish to show that

(s[t/2))[E/7] = (s'[t/])[t/ 7).

To do this, recall from the definition of <° that since 'z : 0 F s <2 & it
holds that
s[t/x,t/7) =<, §'[t)x, /7]

But (s[t/x])[t/Z] = s[t/z,t/Z] because z ¢ dom(I"). Thus we have:

(s[t/2)[E/7] =+ (s'[t/a])[E/2].

78



Remark 7.4.3. Once we have established Theorem 7.4.4, the above Lemma
then implies that (7.16) holds.

Theorem 7.4.4. (Operational extensionality theorem for FPC)
Contextual preorder (respectively, equivalence) coincides with similarity (re-
spectively, bisimilarity):

FFtC, ¢ <= THt=<t
and
F'tt=,t < I'kt21.

In particular, the following co-induction principle for contextual equivalence
holds: To prove that two closed FPC terms are contextually equivalent, it
suffices to find a FPC bisimulation which relates them.

Proof. The proof of this is presented in Chapter 8. n

7.5 Kleene preorder and equivalence

In this section, we look at a particular kind of program equivalence called
Kleene equivalence which turns out to be a bisimulation. Consequently, the
co-induction principle for contextual equivalence guarantees that the Kleene
equivalence is (properly) contained in it.

For each closed type o, consider the following binary relations on Exp,:

tEM Y gt Vot Lo =t o)

and
tet g (F M)A (R ).

The relation C* is called the Kleene preorder. If t =k ¢ holds, we say that
t and t' are Kleene equivalent.

Proposition 7.5.1. For any closed type o and any t,t' € Exp,, it holds that
(1) tCH Y = t <,V
(2) t=Mt — t o~ ¥

Proof. Notice that because ~ is the symmetrisation of <, once (1) is estab-
lished (2) will follow. Thus it remains to prove (1), i.e., we check that the
relation

{(t,1) € Exp, x Exp,[t £ t'}
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satisfies the simulation conditions in Figure 7.2. Notice that (sim 1) holds
vacuously. To prove (sim 2), suppose that p C¥ _ p/. Assume that fst(p) |} v.
It then follows from ({} fst) that the premise is p |} (s, t) for some closed terms
s:o,t:7and s | v. But p CF_p/ so that p’ |} (s,t) and thus fst(p') |} v, as
desired. Similarly, one can deduce that snd(p) C* snd(p) and hence (sim 2)
holds.

To prove that (sim 3a) holds, suppose that s C*, " and s || inl(a). We
want to show that there exists a’ € Exp, such that s’ |} inl(a’) and a CF @/
Because s C¥, ¢ and s |} inl(a), it follows that s' |} inl(a). Moreover we
always have a C* a. Thus (sim 3a) holds trivially. Likewise, (sim 3b) holds.

To prove that (sim 4) holds, suppose that ¢ ;fji t" and t |} up(s) for some
s : 0. Because t C¥ ', it follows that ' | up(s). Moreover, s C s holds
trivially so that (sim 4) holds.

To verify that (sim 5) holds, suppose that ¢ CFy , t'. Assume that
unfold(t) | v. Then from (| unfold) it must be that ¢ | fold(s) A s | v.
Since t Ef'y , t/, it follows that ¢’ | fold(s). Consequently, it again follows
from ({ unfold) that unfold(#) § v. Thus, unfold(t) TV  unfold(') and
(sim 5) is satisfied.

Finally we verify that (sim 6) holds. Suppose that f C* _ f and let
t € Exp,. Assume that f(¢) || v. Then by ({ app) there exists s such that
f U Az.s and s[t/x] || v. Since f T _ f' it follows that f' | Ar.s. So

=0—T

f'(t) I v by (I app) again and hence f(t) C* f/(t). Thus (sim 6) holds. [

Now we apply Theorem 7.5.1 to establish the [-equalities (7.10) - (7.15)
and property (7.29). The following Kleene equivalences all follow immedi-
ately from evaluation rules for FPC (suppressing type information).

(Ax.s)(t) =M s[t/x]

fst(s,t) =k s
t) =M ¢

112

snd(s,

12

st/
st/

"oylt/a]
Koy

case(inl(t)) of inl(x).s or inr(y).s’

1%

case(inr(¢)) of inl(x).s or inr(y).s

case(up(t)) of up(x).y
unfold(fold(t))

112

12

Thus by the above proposition, these are also valid for FPC similarity. So
by Theorem 7.4.4, these are also valid contextual equivalences which are
precisely the -equalities (7.10)-(7.15) stated in Section 7.1.2.

To prove that 1, := fix,(Ax?.z) is the least element of Exp, with respect

80



to the contextual preorder (i.e., property (7.29)) we reason as follows. First
of all, we observe that the term unfold” (fold" (k))fold™ (k) does not evaluate
to any canonical value. We prove this by contradiction. Suppose not, i.e.,
there is a minimal derivation of

unfold” (fold™ (k))fold” (k) 4 v

for some canonical value v. Because k is an abstraction, k |} k. Thus by the
({} unfold) rule that

fold(k) I fold(k) & U k
unfold(fold(k)) | &

From the above evaluation, the derivation of unfold(fold(k))fold(k) {} v must
be:

Az?.x || Az?.x  unfold(fold(k))fold(k) § v
(Az?.z)(unfold(fold(k))fold(k)) | v
unfold (fold (k))fold (k) J v

unfold(fold(k)) | &

which contradicts the minimality of the derivation unfold(fold(k))fold(k) | v.

Thus by the definition of Kleene preorder, we conclude that the term
unfold(fold(k))fold(k) is the least element of Exp, with respect to the con-
textual preorder. It then follows from the [-equality (7.10) that

1, = fix,(A\z7.x)
=, (Az7.x)(k(fold(k)))
=, k(fold(k))
=, (Az?.x)(unfold(fold(k))fold(k))
=, unfold(fold(k))fold(k).

Consequently, by transitivity of C,, it follows that 1, is the least element of
Exp, with respect to the contextual preorder.
7.6 Continuity of evaluation

Recall that in Section 7.1.7 we have made the following definition. For every
f:0 — o and n € N, we have defined f™(L,) as follows:

f(o)(J—U) = 1ls
F (L) = f(F(L)
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Since L, is the least element of o and application is monotone, we obtain an
ascending chain in Exp,:

Lo =f(Lo) C fP(L)C ...

In this section, we prove that fix(f) is the contextual supremum of this
rational chain, i.e.,

fix(f) =0 | | " (Lo).

Also we establish the rational continuity property, i.e., for every g € 0 — 7
and f:0 — o,

|90 (L0)) = glBix(f)).
To further simplify the writing, we employ the notation:

fri= f(Ly) and fs = fix(f).

Throughout this section, we consider only FPC contexts involving parameters
of type 0. As usual, we write C[p] to mean a context whose parameters are
contained in the list p = p; ..., p; of pairwise distinct parameters. Given a
k-tuple of natural numbers 7 := (n4,...,n;) we use the abbreviations:

Clfa) == Clfuys- s fop] and Clfsc] := Clfoos -+ fool-

The length of a list p of parameters is denoted by |p|.
For each k£ € N, we can order the set N*¥ componentwise from the usual
ordering on N:
m<n < Vi=1,..., km; <n,.

A subset I C N*¥ is cofinal if for every m € NF there is always 7 € I such
that m < 7. We write Peor(NF) for the set of all cofinal subsets of N*.
One can easily show by induction on n, using (7.29) and (7.8), that

fn EO’ fn—i—l and fn EO‘ foo

Consequently, for any unary context C|p], the ascending chain

Clf] ECIAICEC]E ...

is bounded above by C[fs]. We want to show that C|[f«] is the supremum
of this chain. More generally, if C' involves several parameters p, then for any
I € Poor(NP), C[f.] will be the least upper bound of the set {C[fz]|7 € I}.
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A context V' is a value context if it is generated by the grammar:
(C1,Cy) | inl(C) | inr(C) | up(C) | fold(C) | Az.C

where C' ranges over contexts.

We now define evaluation of conterts modulo f. Given an FPC context
C[p] and a value context V[q], we write C[p] |/ V[q] to mean that for all
I e Pcof(Nlﬁl)a

{mii|m € I AC[fm] 4 V[fa]} € Peop(NPIHAN,

The relation C[p] |/ V[p/] is preserved under renaming of the parameters
p and, independently, the parameters p’. As the following lemma shows, the
relation is also preserved under addition or subtraction of extra parameters.

Lemma 7.6.1.
Clpl V! VY] <= Cpd I VIrq].

Proof. This follows from elementary properties of cofinal sets which we ex-
plain below.
(=): Let I € Peor(NIPIHIA)  We want to show that the set

Al = {7ﬁ17ﬁ2717in_§|ﬁ17ﬁ2 € I A C’[f'rﬁl’rﬁg] ‘U’ V[frﬁné]}

is cofinal in NIFI+E+P+17] Because q are extra parameters for the context
C', we have that C[f.z]| = C[fumm,) for all my, ms. Similarly, as q are extra
parameters for the context V., V[fz] = V|fim for all ni,ns. Thus, the
above set can be rewritten as

Ay = {mymignyng|miymis € I A Clfor | 4 VI ]}
Because I € Poor(NFFP1) the set
I' .= {miy|3mly.miymly € T}
is a cofinal subset of NI”I. With this set I’, we form the set
Ay = {mini|my € I' AN C[fm ] 4 V[ fin]}-

Since C[p] J V[ﬂ], it follows that A, is a cofinal subset of N [71-+1e71 Using the
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cofinal set Ay, we now form the set
A = {miyyminy |y € Ag A iy, € T Ay € NI4T}

Since Az, I and N9 are cofinal, it is clear that As is a cofinal subset of
NBHPI+ld+a' - Finally observe that by definition A; = As and the cofinality
of A; is established.

(«=): Let I € Peor(NP1). We want to show that the set
By = {mni|niy € I AClfm] ¥ VIfml}

is a cofinal subset of NIFI+P'I, First, form the following cofinal subset of
N/BI+dl.

I' = {W?17T_L)2|Tﬁ1 elAN 7ﬁ2 € qu‘}
Then, since C[5q] |} V[p'q], it follows that the set

B2 = {ﬂflﬂgm@|ﬁlﬁg € I/ A\ C[frﬁ'lrﬁg] ‘U V[fn_in_é]}

is a cofinal subset of NIFHA+PI+14 | Ag in the above argument, because ¢
and ¢’ are extra parameters, we have that C[fz,m7,] = Clfi,] and V[ fimm =
V[ f] for all my, miy, ny and n5. Thus the set By can be rewritten as

By = {miymiiynynialiity € I Aty € NOA Clfm] I V[fir] A iy € N9

The cofinality of Bj easily implies that of B;, and the desired result follows.
O

Lemma 7.6.2. The relation |/ satisfies the following analogues of the ax-
ioms and rules for FPC evaluation given in Figure 4.3:

(1) If VIP] is a value contest, then V5] I¥ V7).
(2) 1f Sp] ¥ (\e.§")[d] and S'[T/a][5d W V[, then STIF] 4/ Vi)
(3) If PI5) U/ (S.T)[d] and S1g] 4/ VT, then st(P)[F] I/ V7.
(4) If PI5) U (S.T)[d] and T[d] 4/ VIF], then snd(P)[p] |/ V1.
(5) If SI5] 4 fold(T)[d] and T(d] 4 V[F), then wnfold(S)[5) 4/ V[,
(6) 1f SI5] 4 up(T")[d] and TIT"/a][5d] 4 VI, then

case(S) of up(a).T[p] I/ V[,
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(7) If S[p] U/ inl(T)[G] and Ty[T/])[pq] | V[i], then
case(S) of inl(x). T} or inr(y).Tx[p] 4/ VI[T].

(8) If S[p] |/ inx(T)[q] and T»[T /y)[pq] | V], then
case(S) of inl(x). T} or inr(y).T[p] 4/ V[i].

Proof. Each property follows from combining the corresponding evaluation
rule in Figure 4.3 with the definition of {}/.

(1) Since V[p] is a value context, it follows that for all 77 € NPl we have
V(fa] 4 V[fm]. Therefore, for every I € Peos(NP!), the set

{mnlm e I AV[fa] 4 VIfal}
which is equal to {mni|m € I} must be cofinal.
(2) We must show that for all I € Pe¢(NIPl) the set
K= {mai|m € TAST[fa] 4 VIfal}

is a cofinal subset of NPT Given that I € Peo¢(NP) and since S[p] |/
Az.S'[q], it follows that the set

I' = {malm € I A S[fa] 4 (Az.5")[f5]}

is a cofinal subset of NIFI+ld Also since S'[T/z][pq] |/ V[t] it follows
that the following set

I" .= {mon|mo e I' NS'[T/x][fas] 4 V[f7]}
is cofinal in NIPIHA+ Because of the cofinality of I”, the set
K' = {mn|3omor € I"}

is a cofinal subset of NIFHIT  If we can show that K’ C K, then we
are done. To this end, let m# € K’. This means that mo € I’ and
S'|T/x]fas) ¥ V[fz]. Since mao € I', we have m € I. Moreover, it
holds that S[fz] | (Ax.S")[f5]. Finally, by the ({ app) rule, it follows
that ST[fx] U V[fz]. Thus mni € K, as required.

(3) We must prove that for all I € Pe.¢(NIP), the set

K = {miim € I N st(P)[fm] 4 V[fal}
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is a cofinal subset of NBH  To do this, suppose we are given I €
Peot(NP1). Since P[p] |/ (S, T)[q], it follows that

"= {malni € I A P[fm] 4 (5, T)[f3]}
is a cofinal subset of NIPI*ldl This yields another cofinal set
I" .= {o|3m.mo e I'}.
Because S|[q] {} V1], the set
1" = (o5 € 1" A S[f5) b VIfal}

is a cofinal subset of NI4+IT Since I’ and I"” are cofinal subsets, so is
the set

K':={mn|Jomo e I' Nor € I"}.
To prove that K is cofinal, it suffices to show that K’ C K. Let
mn € K’'. By definitions of I’, I” and I"”, there is 0 such that m € I,
Plfz] U (S, T)[f5] and S[f5] I V[f7]. One then invokes the evaluation
rule ({ fst) to conclude that fst(P)[fz] I V[fz]-

(4) Similar to (3).

(5) Suppose S[p] |}f fold(T)[q] and T[G] I/ VI[i]. In order to verify that
unfold(S)[p] |} V[t], we have to show that for any I € Peys(NIPl),

K = {molm € I Aunfold(S)[fz] I V|[f5}

is a cofinal subset of NIP+IFl But given such an I, by the definition of
S[p] 47 fold(T)|d],

I' = (il € T A S[fa] 4 fold(T)[f]}
is a cofinal subset of NP4 and hence
I" .= {i|3m.(mn € I')}
is a cofinal subset of N9, Since T'[q] |}/ V[t], it follows that
"= {woli € I" NT[fz] 4 V[f3}
is a cofinal subset of N9+, Notice that the set
K' ={mo|3n.mn e I' Nnice I"}
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is a cofinal subset of NPI*IT We now show that K’ is a subset of K.
If mo € K’, then mi € I and there is 7 such that S[fz] | fold(T)[f]
and T[fz] | V[fs]. By the evaluation rule ({ unfold), it holds that
unfold(S)[fm] U V|[f5]. Hence K’ C K and thus K is also a cofinal
subset of NIFIFIT,

(6) We must show that for all I € Pe¢(NIPl), the set
K = {mii|m € I A case(S) of up(z).T[fz] 4 V[fa]}

is a cofinal subset of NP+ Given that I is cofinal and since S[p] |/
up(7”)[q] holds, it follows that

I':= {mam € I AS[fz) 4 up(T")[fa]}
is a cofinal subset of NPI*ldl Because T[T"/x][pq] |/ V[i], the set
1" = {miolmii € I' NT[T' /][ fmr] 4 V[f]}

is a cofinal subset of NIF+@+  Thus we can form the following cofinal
subset of NIPIFIT;
K' = {msi|3omiio e I"}.

If we can show that K’ C K, then the cofinality of K’ will imply that
of K. To this end, we take any mn € K’. By definition, there is ¢
such that mno € I”. Thus mn € I' and T[T"/z|[fmz] 4 V[f5). Since
mn € I', we have m € I and S|[fz] | up(7”)[i]. Using the ({ case-up)
rule, it follows that case(S) of up(z).T[fz] I V[fz]. Thus mn € K.

(7) We show that for all I € Pe.¢(NIPl), the set
K = {mi|m € I A case(S) of inl(z).T} or inr(y).Ts[fz] 4 V[fal}

is a cofinal subset of NP+ Given that I is cofinal and since S[p] |/
inl(77)[q] holds, it follows that

I' = {mii|m € I AS[fa] I inl(Ty)[fx]}
is a cofinal subset of NPI*ldl Because T1[T/x][pq] |/ V[i], the set
I" = {maolmn € I' NT[T /][ fma] 4 V[f5]}

is a cofinal subset of NIPI*Id+ Thus we can form the following cofinal
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subset of NIPI+IT;

K' = {mi|Jomio e I"}.
To show that K is cofinal, it suffices to verify that K’ C K. To do
this, let mn € K’ be arbitrary. By definition, there is ¢ such that
mno € 1”. Thus mini € I' and T[T/ x]| faa] I V[ f5]. Since mini € I, we
have m € I and S[f] |} inl(T")[7i]. Using the ({ case inl) rule, it follows
that case(S) of inl(z). Ty or inr(y).Ta[fm] I V[fz]. Thus mi € K.

(8) Similar to (7).
[l

Proposition 7.6.3. For all FPC contexts C[p], if C[fs] I v, then there is
a value context V|G with v =V [fs] and C[p] I/ Vq].

Proof. The proof proceeds by induction on the structure of derivation of

C[fOO] Jv.
(1) (U can)

Suppose C[fs] is a canonical value. Since f,, is not a canonical value,
the context C' itself must be a value context, and hence by Lemma
7.6.2(1), C[p] ¥ C[p].

@) (b app) )
Suppose C[p] = ST[p] and ST[fw] | v. It follows from the evaluation
rule ({} app) that the premise consists of

S[foo] I Ax.s" and §'[T[fso]/2] I v

for some term s’. The induction hypothesis then asserts that there is
a value context S’[d] such that A\z.s’ = A\z.S"[fo] and S[p] |/ A\z.S'[q].
Thus S'[T/z][f~] 4 v. By the induction hypothesis again, there is a
value context V[¥] with v = V[f] and S'[T/z][pqg] |/ V[f]. Hence by
Lemma 7.6.2(2) we have ST[p] {4 V[r].

(3) (I fst, snd)
Suppose C[p] = fst(P)[p] and fst(P)[f] | v. By the (J fst) rule, the
premise consists of

P[fs] I (s,t) and s | v

The induction hypothesis asserts that there is a value context (S, 7)[q]
with (s,t) = (S,T)[f~]) and P[p] I/ (S,T)[q]. Thus S[fw] |} v and by
the induction hypothesis again, there is a value context V[r] with v =
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V[fs] and S[q] I/ V[f]. Hence by Lemma 7.6.2(3) we have fst(P)[p] |}/
Vidl.

(4) (| unfold)
Suppose C[p] = unfold(S)[p] and unfold(S)[fs] I v. The premise of
this must be
S[f) | fold(t) and t |} v.

Invoking the induction hypothesis, there exists a value context fold(7")[q]
with fold(t) = fold(T)[fs] and S[p] |/ fold(T)[q]. Thus T[fs] I v.
Again by the induction hypothesis there exists a value context V[r]
with v = V[f.] and T[q] {/ V[f]. Thus, by Lemma 7.6.2(5) it follows
that unfold(S)[p] I} V[q].

(5) (4 case-up)
Suppose C[p] = case(S) of up(x).T[p] and case(S) of up(z).T[fx] |
v. It follows from the evaluation rule ({ case-up) that the premise
consists of

S[fs] 4 up(t) and up(t) | v.

The induction hypothesis asserts that there is a value context up(7')[d]
with up(t) = up(T)[fo] and S[5) ¥ up(T)d. Thus T(T"/2][foc] & v.
The induction hypothesis then asserts that there is a value context V1]
with v = V[f] and T[T"/z][pq] ¢ V[t]. It then follows from Lemma
7.6.2 that case(S) of up(x).T[p] |/ V[f].

(6) (I case inl, inr)
Suppose C[p] = case(S) of inl(z).T} or inr(y).T3[p] and
case(S) of inl(x). Ty or inr(y).Ts[fx] § v. One possibility is via the
evaluation rule ({} case inl) where the premise is

S[fo) ¥ inl(t) and inl(t) | v.

The induction hypothesis asserts that there is a value context inl(7")[d]
with inl(t) = inl(T)[f~] and S[p] {/ inl(T)[q]. Thus T1[T/z][f) I v.
The induction hypothesis then asserts that there is a value context V1]
with v = V[f] and T1[T/z][pq] ¢ V[i]. It then follows from Lemma
7.6.2 that case(S) of inl(x). T} or inr(y).Tyx[p] I/ V[f].

The other possibility is via the evaluation rule ({ case inr) where the
premise is

S|feo) ¥ inr(¢) and inr(¢) § v.

Here the argument is similar and we omit the proof.
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The proof by induction is thus complete. O

Corollary 7.6.4. For any FPC context C[p] of type 3, if C[fix(f)] 4 T then
Clf™ (L] I T for somen € N.

Proof. Suppose that C[f.] § T. Because T is a canonical value, it follows
from Proposition 7.6.3 that there is a context V[q] such that C[p] §/ V(]
and T = V|[fs]. Since T is a canonical value, it must be that V|[q] = T[]
and hence C[p] |}/ T[]. Taking I = N in the definition of |}/, we have that
{n € N|C[f.] J T} is a cofinal subset of N. In particular this set is inhabited
and thus there exists some n € N with C[f,,] | T, as required. O

Remark 7.6.5. The above phenomenon of ‘continuity of evaluation’ used
to be labelled as ‘compactness of evaluation’ in Corollary 4.6 of Pitts [41].
However, we feel that continuity is a more appropriate topological notion to
describe this property.

We can now complete the proof of the rational-chain completeness and
continuity for FPC.

Theorem 7.6.6. For any f : o0 — o, it holds that
fix(f) =, |_|fix"(f).

In general, for any context C|—,| € Ctx,, we have

Clfix(f)] = |_| Cliix"(f))-

Proof. We prove the later statement and deduce the first one as a special
case by taking C[—,] = —,. To achieve this, we prove by induction on n
that

f(n)(J-U) Lo ﬁX(f)

Base case: Trivial since 1, is the least element of Exp, with respect to the

contextual preorder, i.e., property (7.29).

Inductive step: Since f(1,) C, fix(f), it follows from monotonicity, that

F(f™(L,) Ty f(fix(f)). Because f(fix(f)) =, fix(f) by property (7.28), we

conclude that f™+1)(1,) C, fix(f), which completes the proof by induction.
It then follows from this that for any C[—,] € Ctx, and for all n € N,

Clf™ (L)) & Clfix(f)):
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Now suppose z : 7 is such that C[f™(L,)] C, z for all n € N. If N[—,] €
Ctxy is any context with N[C[fix(f)]] | T, then by applying Corollary
7.6.4 to the context N|[C[—]], there exists some n € N so that already
N[C[f™(L,)]] I T. Since C[f™(1,)] C, o, it holds that N[z] | T. Hence
Clfix(f)] C, z, as required. O
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Chapter 8

Operational extensionality
theorem

In this chapter, we prove the operational extensionality Theorem 7.4.4. This
again follows Pitts’ work [41], but with some re-organisation. This proof
comprises of two parts:

(a) We prove that the open extension <° of similarity is an FPC precongru-
ence. Using this fact, we show that the open similarity <° is contained
in the contextual preorder C, i.e.,

et = TI'HtC, ¢,

(b) We prove that the contextual preorder T, when restricted to closed
terms, is an FPC simulation. Using this fact, we then prove that the
contextual preorder C is contained in the open similarity <°, i.e.,

FrFtC, ¢ = T'Ht =%t

This chapter is organised in the following way:

1. In Section 8.1, we define the notions of FPC precongruence and con-
gruence.

2. In Section 8.2, we define an auxiliary relation <* in terms of <° and
establish that <° and <* are equivalent.

3. Exploiting this equivalence, we then prove in Section 8.3 that the open
similarity <° is an FPC precongruence and as a consequence, it is
contained in the contextual preorder. This completes part (a).
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4. Finally, we verify in Section 8.4 that the contextual preorder, when
restricted to closed terms, is an FPC simulation and consequently, by
the co-induction principle, is contained in the FPC similarity. Finally,
we complete the proof of part (b) by showing how this implication can
be extended from the closed to open terms.

Note that we make use of an adaptation of Howe’s method (cf. [29, 30]) in
items (2) and (3).

8.1 Precongruence and congruence

Suppose R is a family of binary relations Ry ,C Exp, (I') x Exp,(I'), indexed
by variable typings I" and closed types 0. We write I' - ¢t R, t’ to mean a
pair of terms (¢,') is in the relation Ry .
R is an FPC precongruence relation if it satisfies the following conditions.

CHtR,MALCTY) = I'FtR, V!

Tkt:oNT,z:0FsR,s) = T Fs[t/z] R, s'[t/z]

'tt:0 = I'FtR,t

THEtR, ' ANTHF R, t") = THtR, "

THtR, ' ANTx:oFs:7) = D'k st/z] R, s[t'/z]

De:obFtR,t — I'FAxt Ro—r At

TFsRoypr SANTxiobty R, ATy THT R, t

= 'k case(s) of inl(z).t; or inr(y).ty R, case(s’) of inl(z).t] or inr(y).t)

TFsRy, s AT ,x:0FtR, V)

= ['F case(s) of up(z).t R, case(s’) of up(z).t/

R is called an F'PC congruence relation if, in addition, it is symmetric:
F'FtR, M = THE R,

Some properties are implied by these properties and hence need not be
included in the above definition. We have proven three such properties below:

1. Preservation of functional application, i.e.,
TkEfRoor fATHER, ) = T+ f(t) R, f'(H).

To prove this, we begin by observing that « : 0,9 : 0 — 7 F g(x) : T
can be weakened by to:

Dx:o,g:0—>1kFg(x): T
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Given that I' - f R,_, f’, we weaken by condition (A.1) so as to
obtain
Ce:ob f Ry [

Together with I,z : 0,9 : 0 — 7 F g(z) : 7 and by virtue of condition
(A.5), it holds that
Cx:ob f(x) R, f(x).

Again by invoking condition (A.5), together with I' - ¢ R, t/, we have
that

I'Ef) Ry f(H).
2. Preservation of liftings, i.e.,
'FtR,t = T'Fup(t) R,, up(t).

We first weaken the context = : o Fup(z): 0, tol',z: 0 Fup(x):o,.
Then combining with I' - ¢t R, ¢/, we invoke condition (A.5) to obtain:

I'Fup(t) Ry, up(t).

3. Preservation of foldings and unfoldings, i.e.,
I'FtRuxot = T Funfold(t) Ryjux.0/x) unfold(t)

and
I'Ft Ropux.o/x) t" = T fold(¢) Rux.o fold(t").

These again can be established using condition (A.5), together with
the corresponding typing contexts.

Note that (A.5) is equivalent to saying that the constructs that don’t bind
variables preserve the precongruence relation. The conditions (A.6)-(A.9)
extend this preservation property to the variable binding constructs of the
language. As the following lemma shows, these properties are all special cases
of preservation of the precongruence relation by the operation of substituting
for a parameter in a context.

Lemma 8.1.1. Suppose that R is an FPC precongruence relation and sup-
pose further that U, T =t R, t', that C|—,]| € Ctx.(I") and that I is trapped
within C|—,]. Then

L'k Clt] R, C[t].

94



Proof. The proof is by induction on the derivation of I' - C[—,] : 7. We
choose to only show the case for function abstraction, which is one of those

cases which involve binding of variables. For that purpose, we suppose that
[TVt R, t' and that

Cl—s] = Ax.D[—,] € Ctx,_..(I).

Because I is trapped within C[—,], either (1) z € dom(I") or (2) = ¢
dom(I").

(1) « € dom(I").
We write IV = x : p, . Thus we have assume that

Doo:pT"HtR, .

Moreover, D[—,] € Ctx,(I',z : p) and I'” is trapped within D[—,] so
that by the induction hypothesis, we have that

Iz :pk D[t] R, D[t'].
Finally, we invoke condition (A.6) to conclude that

'+ Az.D[t] Ry—r Az.D[t].

(2) x ¢ dom(I").
By weakening (I',I" F ¢ R, t') to

(O, x:pbEt R, )

by condition (A.1), and combining with the assumptions
[z :pk D[—,]: 7 and I" is trapped within D[—,], we obtain

L,x:pk D[t] R, D[t]
and finally by the induction hypothesis and (A.5), we have that
T+ A\2.D[t] Ry Az. D[t/

as desired.
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8.2 An auxiliary relation
The auxiliary relation
CEt=<t (t,t" € Exp,)

is inductively defined by the axioms and rules in Figure 8.1.

We collect at one place some useful properties of <* in the form of Lemmas
8.2.1 and 8.2.2. In order not to interrupt the flow of the argument, the
detailed proof of these two lemmas are placed in Section 8.5.

Lemma 8.2.1. (1) IfT'Ft <5t and Tt <2 t", then 't <35 t7.

(2) IfT'Ft:o, thenT -t =%t

(3) IfTFt25t, thenT ¢ =%t

(4) fTHt =5t and Tz 0k s =2 &, then T s[t/x] <= [t /x].
Lemma 8.2.2. If 0 s <%t and s |} v, then 0 v <% ¢.
Proposition 8.2.3. For allT',0,s,t,

'Es<Ct <= I'ks =Xt

Proof. (=-): This is precisely Lemma 8.2.1(3).
(«<): To prove that I' - s =% t = ['F s <2 t, it is enough to prove the
implication just for closed terms, i.e.,

st = s=,t

In order to see why this is sufficient, let us suppose that ' = 1 : 01, ..., 2, :
on, b s 2% ¢ and assume that 0 - s <* ¢ = s <, ¢ holds. We wish to show
that for all t; € Exp,,...,t, € Exp,,,

s[F/] =, t[f/).

But by Lemma 8.2.1(2), ' Ft;: 0, = T'Ft; =5 t; (i=1,...,n). It then
follows from Lemma 8.2.1(4) that

0 - s[F/7) <5 tli/4]

which is the same as s[t/7] =<, t[t/Z], as required.
Let us complete the proof that

PEs=<it = s=,t
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Dz:oba 5t (iflx:0ka=21)

Cox:obt 32t

TF et < (i TFXet! <2 u)

—O0—T

Phf=, f Trt=it

= GETF f(t) =° u)

_<>k !/ _<*I
Lrs PPt Gere (5#) < u)

—OXT

Fl—( t) =

O'XT

I'p =5, p . ,
OXT _<O
T fst(p) <7 (if T+ fst(p') <2 u)

PEp =5 ? /
OXT <o
T snd(p) < (if T'F snd(p) =2 u)

N

I inl(l) < (f I'Finl(t') <2, u)

0'+T u

DHt=it

T mr(l) < (if I' = inr(#) 25, u)

o-+T1

PEs=p, 8 Doty X5t Tiyiokty 251

' case(s) of inl(z).t; or inr(y).t <5 u
(if I' - case(s’) of inl(x).t; or inr(y).ty =5 u)

DRt <it

: / _<o
I w() <2 (if T'F up(t) =5, w)

FEs=<t & Tha:okbt=tt
i P

: , o
' case(s) of up(z).t =% u (if T+ case(s') of up(z).t' <5 u)

THt=<iy, t

MX g 1 <o
T F unfold(f) < [uX ) (if ' F unfold(t') < ouX.0/X] u)

IHt=<* '
! A“Uﬂt (if T F fold(#') =° ., u)

T F fold(t) < nXo

MXO‘U

Figure 8.1: Definition of I' s <% ¢
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By the co-induction principle, it is enough to show that

S:={(s,t) € Exp, x Exp, |0 s <* t}

is an FPC simulation. So all we need to do is to verify that S satisfies all
the conditions (sim 1) - (sim 6) in Figure 7.2.

(sim 1)

(sim 2)

(sim 3a)

(sim 3b)
(sim 4)

(sim 5)

Let s,s" : 1 be given. We must show that ) F s <% s'. Now since < is
an FPC simulation, it follows that (sim 1) that s <; s’ holds. It then
follows from Lemma 8.2.1(3) that 0 - s <% &', as required.

Let 0 F p <%, p' be given. We want to show that
(0 fst(p) =% fst(p') A O F snd(p) < snd(p)).

Note that () F fst(p") =<2 fst(p’) holds by Proposition 7.3.2(1). Since
Ot p=k, p and 0+ fst(p') =° fst(p’), it follows from (=<* fst) that

0+ fst(p) <5 fst(p).

That @ F snd(p) <% snd(p’) holds can be proven similarly.

Given that 0 - s <%, s and s | inl(a), we want to show that there
exists ' € Exp, such that ¢ | inl(a’) and 0 F a <% . Applying
Lemma 8.2.2 to the supposition, we have ) - inl(a) <%, . But
the only derivation of this is via an application of the rule (=* inl) to
0 Fa =% d” for some o € Exp, with inl(a”) <,4, s'. Since =< is an
FPC simulation, it follows from (sim 3a) that there exists a’ € Exp,
such that ¢ || inl(a’) and a” <, o’. Finally, by Lemma 8.2.1(3) we

conclude that O - a <* o/, as required.
Proven similarly.

Given that @ = ¢ <% t and t | up(s), we want to show that there
exists s’ : o such that ¢ || up(s’) and ) - s <% s’. To do this, apply
Lemma 8.2.2 to the supposition to yield () - up(s) <% t. But the only
derivation for this is via an application of (2* up) to 0 F s <* s” for
some term s” : o with up(s”) <, t'. Since < is an FPC simulation, it
follows from (sim 4) that there exists s’ : o such that ¢’ || up(s’) and
s =, §'. Finally, we invoke Lemma 8.2.1(3) to conclude that () - s <* &
as required.

Let 0 -t <7y, t' be given. We want to show that

0 = unfold(t) <5, x.,/x) unfold(t).
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To do this, observe that we always have, by reflexivity, that:
unfold(t') <opux.0/x) unfold(t’)
Then invoking (=* unfold), we have:

Dt =X t
0+ unfold(t) =7, ,x ) unfold(?')

Thus we have () - unfold(t) <} v,/ unfold(t'), as required.

(sim 6) Let O F f =<*__ f" be given. We want to show that

Vt € Exp,.0 - f(t) <% f'(t).

Let t € Exp, be arbitrary. Note that we always have () - ¢ <% ¢ and
consequently by Lemma 8.2.1(3), @ - ¢ <* ¢ holds. Also by Lemma
8.2.1(2), 0 = f'(t) =° f'(t) always holds. Invoke the rule (X* app) to
get:

O-f= . f OFt=5t

OFf(t) = f'(t)
Thus O F f(t) <% f'(t) as required.

(if O f(2) =° f(1))-

]

8.3 Open similarity is an FPC precongruence

In this section, we use the coincidence of <° and <* (i.e., Proposition 8.2.3)
to prove that <° is an FPC precongruence.

Theorem 8.3.1. FPC similarity <X° is an FPC precongruence, and hence
(by Proposition 7.3.2(3)) FPC bisimilarity is an FPC congruence.

Proof. Recall from Proposition 7.4.1 that <° is reflexive and transitive. So it
just remains to show that <° satisfies the properties (A.1), (A.2) and (A.5)
- (A.9) of the definition of FPC precongruence relation.

The weakening property (A.1) is an immediate consequence of the con-
struction of <° from <.

For the other properties, it suffices, by Proposition 8.2.3, to prove that
they hold for the relation <*.

Note that (A.2) and (A.5) are both instances of Lemma 8.2.1(4) (using
also the reflexivity of <°, established in (2) of that lemma). The details are
as follows:
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(A.2) Suppose that ('Ft: 0 AT,z :0F s <X ). Now by the reflexivity
of <*, i.e., Lemma 8.2.1(2), we have I - ¢ <* t. Then it follows from
Lemma 8.2.1(4) that

['Fsft/x] <L $'[t/x].

(A.5) Suppose that ('t <5 ¢ AT,z : 0 F s: 7. Now by the reflexivity of
=<*, i.e., Lemma 8.2.1(2), we have I';z : ¢ F s <* s. Then it follows
from Lemma 8.2.1(4) that

['Fsft/x] <L s[t /).

Properties (A.6) - (A.9) hold for <* by construction. O
Corollary 8.3.2. For allT',0,s,t,

st = I'kFsC,t.

Proof. Suppose I' F s <9 ¢ and let C[—,] be a context for which C[s] and
C'[t] belong to Expy,. By Theorem 8.3.1, i.e., <° is a precongruence relation,
it follows from Lemma 8.1.1 that 0 - C[s] <5, C[t]. So if C[s] | T then, by
(sim 4), there exists x : 1 such that C[s] || up(x) and * <{ * (which always
holds by definition of <9). But up(x) is simply T. Thus C[t] |} T as required.
Since C[—,] is arbitrary, we have that I' - s C,, t. O

8.4 Contextual preorder is an FPC simula-
tion

Lemma 8.4.1. The contextual preorder T, restricted to the closed terms, is
an FPC simulation, i.e., the relation

So:={(s,0)|0 - s C, t}

satisfies all the conditions sim(1) - sim(6).
Proof.

(sim 1) Let s: s : 1 be given. Because () F s < " always holds (since <° is an
FPC simulation), by Corollary 8.3.2 we have that § - s C; §'.

(sim 2) Let p C,y, p’ be given. We want to show that

(fst(p) C, fst(p’) A snd(p) C, snd(p').
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(sim 3a)

(sim 3b)
(sim 4)

Let C[—,] € Ctxy be given and suppose that C[fst(p)] § T. Then
define C'[—,«,] € Ctxy by

C'=oxr] = Olfst(—oxr)]-
Since p C,y» P/, it follows that
C'p] 4 T = CPILT

which is equivalent to saying that C|fst(p)] |} T, as required. The same
kind of argument can be carried out for proving snd(p) =, snd(p’).

Given that s C,,, ' and s | inl(a), we want to show that there exists
a’ € Exp, such that s’ |} inl(a') and a C, a’. To prove this, we consider
the context

Cl=s+4rs] = case(—44,) of inl(z). T or inr(y).L.

Notice that C[s] | T iff s | inl(a) for some a € Exp,. Indeed we
are given that s | inl(a) and thus C[s] | T. But s C,, s implies
that C[s'] | T, i.e., there exists ' € Exp, such that s’ | inl(a’). It
now remains to show that a =, a’. To achieve this, we consider the
abstraction

f:=Xz:0+ 1.case(z) of inl(x).z or inr(y).L.

We claim that a =, f(s) and ' =, f(s'). By the co-induction principle,
it suffices to show a = f(s). This is done by observing that (s |
inl(a) Aa | v) <= f(s) | v.

Now we are ready to show that a C, a’. Let C[,] € Ctxy be such
that Cla] | T. We want to show that C[a/] | T. Then define the
context C'[—447] :== C[f(—54r)]- Since a =, f(s) and o’ =,1, f(s),
it follows that C[f(s)] | T. Consequently, C'[s] |} T. Since s C,,, ¢,
it follows that C'[s'] || T which is the same as C[f(s")] | T. Thus
Cla’] |} T, required.

Proven similarly.

Given that t T, ¢ and t || up(s), we want to prove that there exists
s" € Exp, such that ¢’ |} up(s’) and s =, s’. Let us consider the context

Cl—,,] = case(—,,) of up(x).T.

Note that C[t] | T <= t | up(s) for some term s € Exp,. Indeed it
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(sim 5)

(sim 6)

is given that ¢ || up(s) and thus C[t] || T. But since t T, t', it follows
that C[t'] | T, i.e., t' |} up(s’) for some term s’ € Exp,. It remains to
show that s T, s’. The term to consider is:

f =Xz :0,.case(z) of up(z).x.

It is not difficult to see that s = f(¢) and s’ =* f(#'). Hence by the
co-induction principle, we have s =, f(t) and s’ =, f(t').

We are now ready to show that s C, s’. For that purpose, let C[—,] €
Ctxy be such that C[s] | T. Then define C'[—,,| = C[f(—s,)]
Clearly, C[s] | T implies that C[f(¢)] | T, i.e., C'[t] J T. Because
t C,, t" we have that C'[t'] | T, i.e., C[s'] T which is what we desire
to prove.

Let t T, x, t' be given. We want to show that
unfold(t) Cojux.o/x) unfold(t).

To do that, let C[—,px.0/x)] € Ctxs be such that Clunfold(t)] I} T. We
want to prove that Clunfold(¢')] | T. To do so, consider the context

C'l—,x.0] == Clunfold(—,x.,)]-

Since Clunfold(¢)] | T, it follows from the definition of C’ that C"[t] |}
T. Then our assumption that ¢t C,x, t’ guarantees that C'[t'] | T.
Consequently, C'[unfold(#')] § T which is what we aim to show.

Let f C,_.. f" be given. We aim to show that

vt € Exp,.f(t) = f'(t).

So let t € Exp, be arbitrary. Suppose the context C[—,] € Ctxy is
such that C[f(t)] § T. We must prove that C[f'(t)] | T. To do this,
we first define the context

C'l=o—r] = Cl=or(t)].

Since C[f(t)] I T, it follows that C'[f] | T. Because f C,_., f', it
follows that C'[f'] |} T, ie., C[f'(t)]  T.

The proof is thus complete. O]

In order to complete the proof of Theorem 7.4, we must extend the im-
plication in Lemma 8.4.1 from closed to open terms. To do this, we need to
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verify that the substitutivity property holds for C, i.e.,
Lemma 8.4.2. [f[',x: 0 s T, &, then it holds that
I'Fslt/z] C, §'[t)x]
for every t € Exp, ().
Proof. We first claim that
Tx:obsC, s = Tk (Azs)t T, (\x.s')t.

To prove this claim, let C[—;] € Ctxg(I") be such that C[(Az.s)t] | T. Now
define the context C'[—;]| := C[(Az.—,)t]. Clearly, C'[s] | T = C'[t] | T,
i.e., C[(\r.s)t]  T. Hence I' F (\z.s)t C, (\z.s')t. But since I' I s[t/z] C¥
(Az.s)t and T' F (\z.s')t CM §'[t/z], it then follows from the co-induction
principle that T' - s[t/z] T, (Az.s)t and T' = (Azx.s')t C, §'[t/x]. By the
transitivity of C,, we have that T' b s[t/x] T, §'[t/z]. O

We are now ready to extend Lemma 8.4.1 from closed terms to open
terms.

Lemma 8.4.3. For all1', 0, s,t,
N'FsC,t = I'ks =<0t

Proof. Suppose that I' = 1 : 01,...,2 : 0, F s C, t holds. For any
s; € Exp,, (i =1,...,n), by applying Lemma 8.4.2 repeatedly, we get:

s[5/#] C, t[5/7]
and since ) - s =, ¢ implies ) - s <2 ¢, we have that:
s[§/7] =, t[5/ 7.
Thus by definition of <°, it follows that
I's =<0 t.
O

Thus the converse of Corollary 8.3.2 holds and we have completed the
proof of Theorem 7.4.
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8.5 Appendix

In this appendix, we record the proofs of Lemmas 8.2.1 and 8.2.2.

Proof of Lemma 8.2.1(1).

We aim to prove that:

It =<t and ' F¢ <2t then I' ¢ <X ¢

We prove this by induction on the derivation of I' - ¢ <* ¢

(1)

(=2* var)

Given that I,z : o o 2% ¢ and I,z : 0 F ¢/ <2 ", we must prove
that I,z : o -« < t”. From (2* var), [V, z : 0 bz <% ¢ holds only if
[,z : ok x =<2t It follows from Proposition 7.4.1(2) that

Mao:oba=2tAT 2okt 2t = ook a =2t

Then the required result follows from the axiom (=<* var)

IMrc:oFo=<*t" (ifrl,x:g}—xjot//)'

(=* abs)

Given that I' HF Ax.s <% t"and I' H ¢/ <5 t", we must show that
I' = Ax.s =% t”. The induction hypothesis asserts that Iz : o
s =¥ §'. From the inference rule (2* abs), I' = Az.s <%_ _ t’ provided
['F Ax.s’ <%t holds. By Proposition 7.4.1(2), we have

ChMs 22 UATHY X)) = TFAx.s’ <0t

—0—=T —o—>T

The required result then follows from the inference rule (<* abs)

Dz:obs =ty
'k p.s <* "

—0—=T

(if TF Ae.s’ <2 t").

—0—T

(=* app)
Given that I' F f(s) <f ¢ and ' F ¢/ <2 ¢, we must show that
['+ f(s) = t”. The induction hypothesis asserts that I" - f <*__ f

and I' - s <* ¢ for some [’ and s’. Note that I' = f(s) <% ' holds
provided I' F f'(s") <2 t/. By Proposition 7.4.1(2), it then follows that

TEf() RNUATHE 22t") = TF f(s) 22"
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The required result then follows from the inference rule (=<* app)

PEf=i , f Trs=is
LFf() =it

(D f(s) <2 1),

(<* pair)

Given that I' - (s,t) =¥, _p and ' ¢ <9 p”, we must show that

['F (s,t) =%, p”. The induction hypothesis asserts that F Fs =<t d

and I' F ¢ <* ¢’ for some terms s’ and #. Also I' - (s,¢) <%, p’ holds

provided I' - (¢, ') <%, p/. By Proposition 7.4.1(2), it follows that
(M) 20 ' A TEY 20,0 9") = TH (1) 200"

UXT

The required result then follows from the rule (X* pair)

Lrssys Thit
['F(s,t) < p”

O'><T

(if Tk (s, t) <

//)
O'XT ‘

(=* fst, snd)

Given that I' F fst(p) <f ¢ and I' F ¢/ < ", we must show that
[+ fst(p) <% t". The 1nduct10n hypothesis asserts that I' =p <*_ _p/
for some term p’. Note that I" F fst(p) =<* ¢’ holds provided T"
fst(p’) =S t'. By Proposition 7.4.1(2), it follows that

(CHfst(p) <0t ATHE X)) = T Ffst(p)) <2 t".

The required result then follows from the rule (<* fst)

I+ , .
e f§< ;Z*pt” (if T'F fst(p') =8 ¢").

Similarly, the case holds for (<* snd).

(=2* inl, inr)

Given that ' I inl( ) e, tand T' ¢ =2 ¢, we must show
that I' - inl(s) <% +T t”. The induction hypothes&s asserts that I' I
s =i s for some s’. Note that I" I inl(s) <%, ¢ holds provided
'+ 1nl( ") 25, t'. By Proposition 7.4.1(2), it follows that

t".

(CHinl(s) =0 ¢ ATHE=X0,) = TFinl(s) <0,
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The required result then follows from the inference rule (<* inl)

'Fs=kd . : o
TFml(s) <o, ¢ L F i) Sou

—0o+T

t”).

Similarly, the case for (<* inr) holds.

(=* case)

Given that I' - case(s) of inl(z).t; or inr(y).t; <5t and I' = ¢ <0 1",
we must show that I' I case(s) of inl(x).t; or inr(y).ts =3 ¢". The
induction hypothesis asserts that I' = s =, s, Tx 1 o & #; =3

tpand 'y @ 7 & ty X3 ¢y for some terms s',t},¢. Note that T'
case(s) of inl(z).t; or inr(y).ty <3 t' holds provided

'k case(s’) of inl(z).t] or inr(y).t) = t.

By Proposition 7.4.1(2), it follows that
(I' Fcase(s’) of inl(z).t] or inr(y).ty X5 ¢ AT H# 20 ¢") =
'k case(s’) of inl(z).t] or inr(y).ty <5 ¢".

Using the inference rule (<* case), the required result:

F'ks=x,_ s Tx:obti:p Tiy:mhkty:p

—o0+T

' case(s) of inl(z).t; or inr(y).ty <5 ¢"

(if I' - case(s’) of inl(x).t} or inr(y).t; =5 t").

(=* up)

Given that I' - up(s) <5 # and I' = ¢ X7 t", we want to show that
['=up(s) <%, t”. The induction hypothesis asserts that I' - s <7 s’ for
some s'. Note that I' - up(s) <}t holds provided I' - up(s") =<5 "

By Proposition 7.4.1(2), it follows that
(Thup(s) <5 ' ANTHE = ") = Tkup(s) =5, t"
The required result then follows from the inference rule (<* up)

'Fs=d
T up(s) <2, 7

(if I' Fup(s’) <5 7).

(=* case up)

Given that I' I case(s) of up(z).r =5 ¢ and I' ' <% ", we must
show that I' - case(s) of up(z).r =3 ¢”. The induction hypothesis
asserts that I' s =7 s and I'w : o F 7 = r’ for some terms s’
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and 7. Note that I' I case(s) of up(x).r <% ' holds provided that
' case(s’) of up(z).r" X5 t'. By Proposition 7.4.1(2), it follows that
('t case(s’) of up(z )T’ ot ANTHEEY 1) =
['F case(s’) of up(x).r’ =5 t".
The required result follows from the inference rule (=* case up)

PEs=y 8 Taiobr x5
'k case(s) of up(z).r =3 ¢"

(if T F case(s") of up(z).r <5 t").

(10) (=* unfold)
Given that I" F unfold(s) < U[MX /X] t and I'H ¢ <% oy £, we must
show that I' - unfold( ) 2oux. o/ ) t”- The induction hypothesis asserts
that I' = s =<7y, s’ for some s'. Note that I' - unfold(s) =7 ¢, /x ¢’
holds provided I' - unfold(s) =7,y ,/x) t'- By Proposition 7.4.1(2), it
follows that

t".

(I'Funfold(s’) =0y, ' AT Ht <0y, t") = T Funfold(s') <7 x,

The required result then follows from the inference rule (=<* unfold)

Lhs S, o
I' = unfold(s) =5, x/x "

(lf '+ unfOld(S/) _—<§'[;LX.0/X] t”).

(11) (=* fold)
Given that I' - fold(s) <}y, " and I' =" <7y ¢", we must show that
I'Fr" <x, . The induction hypothesis asserts that I' s <7/ v,
s’ for some term s’. Note that I' = ¢’ <% ¢’ holds provided I' +
fold(s') =7y, t'. By Proposition 7.4.1(2), it then follows that
.

' ATHE <0y,

(T - fold(s) = ) = T+ fold(s') <

,uXU ;LXO'

The required result then follows from the inference rule (<* fold)

Fl_SjauXo'X] s’
TF fold(s) <. 7"

(lf '+ fOld( ) [NX o/ X] t//).

,uXa

The proof by induction is now complete. O

Proof of Lemma 8.2.1(2).

We aim to prove that:

IfI'Ft:o,then 't X2 ¢t

The proof proceeds by induction on the derivation of I' -1t : o.
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(1)

(F var)

Given that [z : 0 F = : o, we must show that [",z : o F z <% 2. By
Proposition 7.4.1(1), we have [',z : 0 - = <2 x. Hence, by the axiom
(=2* var), we have I,z : o F x <% .

(- abs)

Given that I' = A\x.t : ¢ — 7, we must show that I' - A\z.t <X Ax.t.
The induction hypothesis asserts that I''x : 0 = ¢ <X ¢t. Note that
[+ Az.t =° Az.t by Proposition 7.4.1(1). Hence, by the inference rule

(=2* abs), we have ' - Az.t <X Aw.t.

—0—T

(- app)
Given that I' F f(s) : 7, we must show that T' = f(s) <* f(s). The
induction hypothesis asserts that I' = f <*__ fand I' - s <! s. Note

that I' = f(s) <2 f(s) by Proposition 7.4.1(1). Hence, by the inference
rule (=X* app), we have I' - f(s) <* f(s).

(F pair)
Given that ' - (s,t) : 0 X 7, we must show that T' F (s,t) <%, (s,1).
The induction hypothesis asserts that I' = s <* s and I' - ¢t < ¢
By Proposition 7.4.1(1), we have I" I (s,¢) <2, (s,t). Hence, by the
inference rule (=2* pair), we have I' - (s,t) <%, (s,1).

(- fst, snd)

Given that I' F fst(p) : o, we must show that T F fst(p) <% fst(p).
The induction hypothesis asserts that I' = p <* _ p. By Proposition
7.4.1(1), it follows that I' - fst(p) <2 fst(p). Hence, by the inference
rule (=* fst), we have I' F fst(p) <% fst(p).

Similarly, the case (F snd) holds.

(F up)

Given that I - up(t) : o1, we must show that I' = up(¢) <} up(?).
The induction hypothesis asserts that I' = ¢ < ¢. Note that I'
up(t) =5, up(t) by Proposition 7.4.1(1). Hence, by the inference rule

(X* up), we have I' - up(t) = up(t).

(F case up)

Given that I' - case(s) of up(z).t: p, we must show that

[' I case(s) of up(z).t X} case(s) of up(x).t. The induction hypoth-
esis asserts that I' F s j;;l sand 'z : 0 F t j;‘, t. Note that
' - case(s) of up(z).t =5 case(s) of up(z).t by Proposition 7.4.1(1).
Hence, by the inference rule (<* case up), we have

' case(s) of up(z).t =} case(s) of up(z).t.
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(8) (F inl, inr)
Given that I' - inl(t) : 0 + 7, we must show that I'  inl(¢) <%,
inl(¢). The induction hypothesis asserts that [' - ¢t <* ¢. Note that
I' = inl(t) <7, . inl(t) by Proposition 7.4.1(1). Hence, by the inference
rule (2* inl), we have I' - inl(¢) <% inl(¢).
Similarly, the case (I inr) holds.

(9) (F case)

Given that I' F case(s) of inl(z).t; or inr(y).ty : p, we must show that
' case(s) of inl(z).t; or inr(y).ty X case(s) of inl(x).t; or inr(y).to.
The induction hypothesis asserts that I't=s <>, s, Iz :oF 1) j: t
and I,y : 7 =ty X5 ¢5. Note that I' - case(s) of inl(x).t; or inr(y).to X7
case(s) of inl(x).t; or inr(y).to by Proposition 7.4.1(1). Hence, by the
inference rule (X* case), we have I' - case(s) of inl(x).t; or inr(y).ts <3
case(s) of inl(z).t; or inr(y).ts.

(10) (F unfold)
Given that I' F unfold(¢) : o[uX.0/X], we must show that
I' - unfold(t) =7 x ,/x unfold(t). The induction hypothesis asserts
that I' = ¢ <}y, t. Note that I' = unfold(t) =7 /x5 unfold(t)
by Proposition 7.4.1(1). Hence, by the inference rule (<* unfold), we

have I' - unfold(?) =7, x ,/x) unfold(?).

(10) (+ fold)
Given that I' = fold(?) : pX.o, we must show that I' - fold(t) <*y
fold(?). The induction hypothesis asserts that I' = ¢ <7,  t. Note

that ' - fold(t) =%, fold(¢) by Proposition 7.4.1(1). Hence, by the

inference rule (=2* fold), we have I' - fold(t) <% fold(?).

]

Proof of Lemma 8.2.1. (3)

We aim to prove that:

[Tkt =<° ¢, then [ ¢ <* ¢

Note that by (2), I' F ¢t <¥ ¢ holds whenever I' - ¢t : o. Thus by (1),
Cht=t ATHE=2t) = ThHt=5t, 0

Proof of Lemma 8.2.1. (4)

We aim to prove that:

Ittt and 'z :0b s 25 s then ' s[t/z] <E [t /x].
We prove this by induction on the derivation of Iz : 0 5 < &'
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(1) (=* var)
Case I: Iz :o b o =X §.
Given that 'F¢ =¥ t' and I,z : 0 - 2 <% &', we must show that

Lt =kt x].

Firstly, from the axiom (=<* var), one notes that I''z : ¢ F o <! ¢
holds only if Iz : ¢ F z <2 §. Secondly, by Proposition 7.4.1(1),
it holds that I = ¢/ 22 /. It then follows from Lemma 7.4.2 that
't <2 §'[t'/z]. By Lemma 8.2.1(1), we have

CHt=2t ANTHE =S /2]) = THt=E S ).

Case 2: I'x : 0 -y = s’ where y is a term variable distinct from x.
Given that 't <! t' and I,z : 0 - y <* &', we must prove that

I'Ey <tz

From the axiom (=<* var), one notes that I',z : 0 F y <* s’ holds only
if [z : ok y =2 s. By Proposition 7.4.1(1), it holds that I' - ¢’ <2 ¢'.
Thus, by Lemma 7.4.2, it follows that I'  y =<2 §'[t//z]. Lemma
8.2.1(2) ensures that I' -y <* y always holds. By Lemma 8.2.1(1), we
have

Thy=xrty NTHy =S /2]) = Thy S/

(2) (=* abs)
Given that ' ¢ <! t' and I,z : o - Ay.r =¥ &', we must show that

—p—T

U= Xyrlt/a] <5, 8'[t'/2].
Since I' = Ay.r =5 &', it follows from the inference rule (=* abs)
that I',y : p = r 227" for some term r’ with I' = Az.r’ = s’. The
induction hypothesis then asserts that T,y : p F r[t/z] 2= /[t'/x].
Note that one always has I' - ¢ < ¢’ by Proposition 7.4.1(1). Thus,
by Lemma 7.4.2(2), we have
Tyz:ob My’ <8 SATHE=) = TFMyo'[t /2] X5, §'[t'/z].

—p—T —p—0o

Since I'y @ p = rlt/z] 2L [t/ /2] and T = Ayo'[t' /2] <5 §'[t'/x], it

—p—T
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follows from the inference rule (<* abs) that

U= Xyrlt/a] <5, 8'[t'/2].

(=" app)
Given that I'F¢ <Xt/ and ',z : o - f(r) =% &, we must show that

LEfr)ft/=] 25 5[t/ ).

Since I' = f(r) <% &, it follows from the inference rule (<X* app) that
Loz :ob f X5 ffand Iz : o = r =5 7' for some terms f' and
r’ with Iz : o = f'(r") <2 §’. The induction hypothesis asserts that
D flt/x] =5 f'[t'/x] and T & rt/z] =5 0'[t'/x]. Since I' ¢ 2° ¢/
by Proposition 7.4.1(1) and I';z : o F f'(r') <2 &, it follows from
Lemma 7.4.2 that I' = f/(r')[t'/x] <2 §'[t'/z]. Thus it follows from the

inference rule (=* app) that

LE fr)lt/=] 25 5[t /a].

(<* pair)
Given that 't <% ¢ and ',z : 0 = (my,ma) X% ., ', we must show
that

'+ (ml,mQ)[t/m] jj-lxm S,[t,/ZL‘].

Since I',x : 0 F (my, my) =< !

=} xr, 8, it follows from the inference rule
(Z* pair) that I',z : 0 Fmy <5 mf and I',w : 0 = my =27, mj for some
terms m) and m4y with T', 2z : o0 = (m}, m5) <%, ., s'. On one hand, the
induction hypothesis then asserts that I' = my[t/x] <% m{[t'/z] and
[ mylt/x] =%, mi[t'/x]. On the other hand, since I' - ¢' <5 ' always
holds by Proposition 7.4.1, it follows that I' &= (m/, m5)[t'/x] 23 ., §'[t'/x].
Finally, it follows from the inference rule (<* pair) that

T (my,mo)lt/x] 27, r, St/ 2]
(=* fst, snd)
Given that I' ¢ <5 ' and ',z : o I fst(p) <} s', we must show that

I Ffst(p)[t/x] =7, §'[t'/].

Since I',z : o = fst(p) =% s, it follows from the inference rule that
Lok p =Xk, p for some term p’ with Iz : o = fst(p') <5, 5"

On one hand, the induction hypothesis then asserts that I' - p[t/z] <%
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p/[t'/x]. On the other hand, since I' F #' <2 ¢’ holds by Proposition

7.4.1(1) and that ',z I fst(p’) <2 &', it follows by Lemma 7.4.2 that
[ F fst(p))[t'/xz] 2° §'[t'/z]. Finally, by the inference rule (X* fst), one
has

I Ffst(p)[t/x] =7, §'[t'/].

Similarly, the case (=* snd) holds.

(=* inl, inr)

Given that ' ¢ <Xt/ and ',z : o F inl(r) =< s', we must show

—T1 +7'2
that
U & inl(r)[t/a] =5, ., s'[t'/x].
Since I',z : o F inl(r) =% ., s holds, it follows from the inference

rule (2* inl) that I',z : o = r =3 7’ for some term " with I,z : o F
inl(r') <%, ,,, s~ On one hand, the induction hypothesis asserts that
Lo ok rft/z] 22 o'[t'/x]. On the other hand, since I' - ¢ =<5 ¢/
holds by Proposition 7.4.1(1) and that I',z : o F inl(+') <5, &', it
follows from Lemma 7.4.2 that I' = inl(+')[t'/z] <3, , ., s'[t'/x]. Finally,
by the inference rule (=<* inl), it follows that

U Einl(r)[t/o] <5, S|t/ x].

—T1+T2
Similarly, the case (=* inr) holds.

(=* case)
Giventhat I' ¢ <} t'and I', 2 : o I case(s) of inl(x).t; or inr(y).ts <3
r’, we must show that

'k case(s) of inl(z).ty or inr(y).ta[t/2] < r'[t'/2].
Since I', 2 : o I case(s) of inl(z).t; or inr(y).t <} 1, it follows from
the inference rule (=<* case) that I,z : 0 F s <i1+72 s, T,z :0x:
bt X5t and Iz 1o,y 1 o bty X5ty for some terms s, 17,15
with I', z : o I case(s) of inl(x).t} or inr(y).t; <5 r’. On one hand,
the induction hypothesis then asserts that I' = s[t/z] <% s'[t'/2],
Doz om B aft/z] 25 60[1/2] and Ty - 7 = 6oft/2] =5 65[t'/2]. On the
other hand, since I' F ¢' <2 #' holds by Proposition 7.4.1(1) and that
[' F case(s ) of inl(x).t} or inr(y).t; <5 1’ it follows from Lemma 7.4.2
that I' - case(s’) of inl(x).t} or inr(y).t5[t'/2] =25 r'[t'/z]. Finally, ap-
plying the inference rule (=* case), one has

'k case(s) of inl(z).t; or inr(y).ta[t/2] < r'[t'/2].
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(8)

(10)

(=* up)
Given that I' =t <} #" and I,z : 0 Fup(r) =3 ', we must show that

I'Fup(r)[t/z] i s'[t' ) x].
Since I';x : ¢ = up(r) =% s holds, it follows from the inference rule
that I,z : o = r <% 7/ for some term v’ with I', z : o - up(r’) <2 s’. On
one hand, the induction hypothesis asserts that I' - r[t/z] < 7'[t'/z].
On the other hand, since I' - ¢ <2 ' by Proposition 7.4.1(1) and that
['Fup(r) 2° ¢, it follows from Lemma 7.4.2 that I' = up(r')[t' /2] X3,
§'[t'/x]. Finally, by the inference rule (<* up), we have

[ up(r)[t/a] =7, §'t'/x].

(=* case up)
Given that I' = <% #" and I', 2 : o I case(s) of up(x).u =% ', we must
show that

'+ case(s) of up(x).ult/z] <5 r'[t'/z].

Since T', 2 : o I case(s) of up(z).u <7 1, it follows from the inference
rule (X" caseup) that 'z : o b s 27 s'and I, 2 1 0,2 : 7 = u <5 o' for
some s’ and u' such that I', z : o |- case(s’) of up(z).u’ <5 7’". On one
hand, the induction hypothesis asserts that I' - s[t/z] < s'[t'/z] and
[ 7ult/z] 2% /[t'/2]. On the other hand, since I' - ¢ < ¢’ holds
by Proposition 7.4.1(1) and that I,z : o I case(s’) of up(z).u’ X5 1/,
it follows from Lemma 7.4.2 that I' - case(s’) of up(z).u'[t'/z] =7
r'[t'/x]. Finally, by the inference rule (=* case up), it follows that

' case(s) of up(x).ult/x] <5 +'[t'/x].

(=* unfold)
Given that I' = ¢ =<7 ¢ and Iz : o - unfold(r) =7,y ,/x) &', we must
show that

I' = unfold(r)[t/x] =7y, x../x) S'[t'/x].

Since I',z : o - unfold(r) =7 ¢/ s holds, it follows from the in-

ference rule (=* unfold) that 'z : o F r =7y, ' for some term

r’ with I'yz : o F unfold(r') =7 vy ¢ On one hand, the induc-
tion hypothesis asserts that I' = r[t/x] <%y r'[t'/z]. On the other
hand, since I' - ¢’ <% ¢ by Proposition 7.4.1(1) and that T,z :

o t unfold(r') =7, v, /x ¢, it follows from Lemma 7.4.2 that I'

unfold(r)[t'/2] =3,y x §'[t'/z]. Finally, by the inference rule (=*
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(11)

unfold), we have

I - unfold(r)[t/2] <30 x) 81t/ ].

(=* fold)

Given that I' F¢ =} ' and I',z : o I fold(r) =7y, ', we must show
that

N fold(r)[t/x] =rx. S/l
Since I',z : o  fold(r) =%y, ¢ holds, it follows from the inference

rule (=* unfold) that I',z : o b1 =x.x 7 for some term r’ with
[,z ok fold(r') X5y, s~ On one hand, the induction hypothesis
asserts that I' - r[t/x} =7 ux/x) 7' [t'/z]. On the other hand, since I' -
t' <5 ' by Proposition 7.4.1(1) and that T,z : o = fold(r') <0« &', it
follows from Lemma 7.4.2 that I' - fold(r')[t'/x] X7y . s'[t'/2]. Finally,
by the inference rule (<* unfold), we have

Tk fold(r)[t/2] <%x., &'[t' /2]

The proof is now complete. O

Proof of Proposition 8.2.2.

We aim to show that:
fI'Fs=xXtand s{ v, then 'Fv <Xt

We proceed by induction on the derivation of s |} v.

(1) ({} can) Trivial.
(2) (4 app)

Given that O F f(r) <* t and f(r) || v, we must show that

D f(r) <XZw

Since @ F f(r) =% t, it follows from the inference rule (<* app) that
O f =<t fand 0 r <: ¢ with f/(r') <, t. Note that f(r) | v
is derived from f |} Ax.s and s[r/x] | v. By the induction hypothesis,
it follows that @ F Az.s <%*__ f’. From the inference rule (—<* abs), it
must be that z: o s < ¢ for some term s’ with I' = A\z.s’ <5_ _ f".
Now applying Lemma 8. 2. 1(4), we have 0 & s[r/z] <% §'[r'/z]. Since
0+ s[r/z] 2* §'[r'/x] and s[r/z] | v, it follows from the induction
hypothesis that () F v <* §'[r’/z]. Because < is an FPC simulation and
Ae.s' =5, f', it follows from (sim 3) that A\x.s'(") <, f'(r"). Note that
by definition of C* | we always have s'[r’/x] C* (Az.s')(r’) and hence by
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(3)

Proposition 7.5.1, §'[r'/x] <, (Az.s")(r’). Thus, by transitivity, we have
0 F §'[r'/x] 22 t. Finally, since § - v <* §'[r'/z] and O F §'[r' /2] <2 ¢,
it follows from Lemma 8.2.1(1) that @ - v <* ¢.

(I} fst, snd) Given that () - fst(p) <* t and fst(p) | v, we must show
that
Do =it

Since 0 F fst(p) =% ¢, it follows from the inference rule (=* fst) that
Dp =t 0 for some term p with § F fst(p) =<2, t. Note that
fst(p) | v is derived from p | (mq,mz) and s | v. The induction
hypothesis then asserts that (0 - (my,mg) <%, .. p/. But from the
inference rule (X* pair), it must be that @ Fm; <X m) and 0 F my <*
mlb with 0 = (mf,m}) <2, p/. By the 1nduct10n hypothesis apphed
to 0 = my <% m) and s | v, we have 0 v <% m/. Now since <
is an FPC simulation and (m},m}) <%, P/, it follows from (sim 4)
that fst(m), m)) =<, fst(p'). Note that by the definition of CF we
always have m} C* fst(m/, m}). Hence by Proposition 7.5.1, it holds
that m{ =<, fst(m}, m}). Thus, by transitivity, we have () - m} <2 t.
Finally, since 0 - v <* m} and 0 - m; =<2 ¢, it then follows from
Lemma 8.2.1(1) that 0 v <* ¢

Similarly, the case (<* snd) holds.

(| case inl)

Given that () I- case(s) of inl(x).t; or inr(y).ty <% ¢ and

case(s) of inl(z).t; or inr(y).tz | v, we must show that () - v =% t.
Since ) - case(s) of inl(z).t; or inr(y).ty <3 tholds, it follows from the
inference rule (=X* case inl) that () F s <0+7' s'and r: ot X5 t) and
y o 7ty X5ty with () I case(s’) of inl(x).t) or inr(y).t; <5 t. Note
that for thls case, the evaluation case(s) of inl(x).t; or inr(y).ts | v
is derived from s l} inl(a) and t1[a/x] | v. The induction hypothesis
applied to @ - s <*. " and s | inl(a) then asserts that () - 1111( ) =,
s'. But this holds provided that () - a <% o' for some o’ with 0 F
inl(a") <5, s'. Since < is an FPC simulation and inl(a’) <4, &', it
follows from (sim 5) that there is a” : o such that s’ | inl(a”) and
a' =<, a’. Note that by the definition of CM, we have #[a"/z] EF
case(s’) of inl( ).t} or inr(y).t, and hence by Lemma 7.5.1, it holds
that ti[a”/xz] <, case(s’) of 1nl( ).t} or inr(y).t,. Consequently, by
transitivity, we have t}[a"/z] <, t. Because § - a <% o and 0 +
a’ <% a’; by Lemma 8.2.1(1) it holds that ) - a <* «”. Now since
x: okt 251, using Lemma 7.4.2 one deduces that 0 - #1[a/z] <
thla" /x]. Since ti[a/z] | v, the induction hypothesis then asserts that
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0 v =¥ tia”/x]. Finally, since §) = #i[a"/2] =5 ¢, it follows from
Lemma 8.2.1(1) that § - v <* ¢.
Similarly, the case (=* inr) holds.

(| case up)

Given that () - case(s) of up(z).r X3t and case(s) of up(z).r | v, we
must show that () = v <% . Since () - case(s) of up(z).r <} t holds,
it follows from the inference rule (=* case up) that () - s <% " and
x ok 25 with ) I case(s’) of up(z).r’ <5 t. Note that for this
case, the evaluation case(s) of up(x).r | v is derived from s |} up(a)
and rfa/z] || v. The induction hypothesis applied to ) - s <% 5" and
s | up(a) then asserts that () - up(a) <} s'. But this holds provided
that @ - a <} o for some o’ with () - up(a’) <5 s'. Since < is an
FPC simulation and up(a’) <,, ¢, it follows from (sim 5) that there is
a” : o such that ' || up(a”) and @’ <, a”. Note that by the definition
of £, we have '[a"/z] C} case(s’) of up(z).r" and hence by Lemma
7.5.1, it holds that 7'[a”/z] <, case(s’) of up(z).r’. Consequently, by
transitivity, we have r'[a”/x] <, t. Because 0 - a =<} o and 0 +
a’ <% a”, by Lemma 8.2.1(1) it holds that ) - a <* «”. Now since
z ok r =57 using Lemma 7.4.2 one deduces that () - rla/z] <}
r'[a” /x]. Since r]a/z] | v, the induction hypothesis then asserts that
0 v =25 0'[a”/x]. Finally, since ) = r'[a”/x] <5 ¢, it follows from
Lemma 8.2.1(1) that § v <% ¢.

( unfold)
Given that @ - unfold(s) =7 v, x t and unfold(s) J v, we must show
that

DFv = xax b

Since ) - unfold(s) =7,y « t holds, it follows from the inference rule
(=" unfold) that @ - s =7y . s’ for some s" with () - unfold(s') =7,y /x|
t. Note that unfold(s) | v derives from s |} fold(r) and r | v. Since
0+ s =5y, s and s | fold(r), the induction hypothesis then asserts
that () - fold(r) <}y, s". But this holds provided that O b r <7
7’ for some term 7’ with ) = fold(r') =7y, s’. Now since < is an
FPC simulation and fold(r') <,x, ¢, it follows from (sim 6) that
0 + unfold(fold(r)) =2,y unfold(s’). Note that by the definition
of C¥ one always has r’ E%LX‘T /x) unfold(fold(r’)) and by Proposi-
tion 7.5.1, it holds that 0 ¢/ =X /X unfold(s’). Applying Lemma
8.2.1(1) to O b1 =7y xy v and O o' =2 5 unfold(s’), we have

0 Fr =r,x,x unfold(s). Since r | v, the induction hypothesis as-
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serts that () - v =¥ unfold(s’). Finally, since §) F unfold(s’) <5, t,
it follows from Lemma 8.2.1(1) that 0 - v <7 v 5 t.

The proof is now complete. O]
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Part 111

Operational Domain Theory for
PCF
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In this part, we present an operational domain theory and topology for
the language PCF. Rational chains and rational topology are dealt with in
Chapter 9. In Chapter 10, an operational notion of finiteness is introduced
and studied. An SFP-structure for PCF types is derived in that same chapter.
In Chapter 11, compactness is revisited. We see how compactness interacts
with finiteness. Note that the materials on saturated sets and well-filtered
subspaces in Chapter 11 are new. In Chapter 12, reasoning principles devel-
oped in Chapters 9, 10 and 11 are applied to establish program correctness
of some non-trivial PCF programs.
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Chapter 9

Rational chains and rational
topology

In this chapter, we show that rational chains are equivalent to programs
defined on the “vertical natural number” type w. A crucial step in the devel-
opment of an operational domain theory for PCF is to replace the directed
sets by rational chains. With this replacement, several classical results go
through smoothly. The highlight in this chapter is that the open sets of any
type (1) form a ‘rational’ topology and (2) are ‘rationally’ Scott-open.

9.1 Rationale for rational chains

In this section, we briefly discuss the need for using rational chains in the
development of operational domain theory.

In pure PCF, there are types which fail to be chain complete because of
computability reasons. This fact is well-known and appears, for instance,
in the work of Mason, Smith & Talcott [36]. For clarity, we present the
argument here.

Proposition 9.1.1. In pure PCF, the contextual pre-order is not chain com-
plete, i.e., there exist a type o and a chain D C o with no least upper bound.

Proof. Let ¢ : N — N be a non-computable function. For each k € N, define
the program fj : Nat — Nat as follows:

fr =1if n <k then ¢(n) else L.

Note that the subset D = {fy|k € N} C (Nat — Nat) does not have a least
upper bound because the least upper bound, if it existed, would have been
contextually equivalent to ¢. O]
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Note that this example ‘disappears’ if we move from PCF to PCF. How-
ever, Dag Normann recently constructed an explicit example of a chain in
PCF which does not have a least upper bound in PCFq but does have a
bound in PCF**. So, the least upper bound exists in some sense, and is
computable, but not sequential. Therefore, PCFq is also not chain com-
plete. However, PCF{™ is chain complete because it is equivalent to the
Scott model of PCF (see, for example, Theorem 5.3.4). Because of the sheer
complexity of its construction, Normann’s example is beyond the scope of
this thesis. But the interested reader may find it, together with detailed
explanations, in Normann [39].

In view of the failure of chain completeness (with respect to contextual
preorder) in PCF and PCFg, we are forced to work with a restricted form of
chain completeness, i.e., rational chain completeness, cf. Pitts [41].

9.2 Rational continuity

We begin by making a simple but crucial observation.

Lemma 9.2.1. The sequence 0,1,....,n,... in W is a rational chain with
least upper bound oo, and

I(00) = |_|l(n) for every l € (W — o).

Proof. n = succ™ (L) and oo = fix(succ). O

Moreover, this is the “generic rational chain” with “generic lub” oo in the
following sense:

Lemma 9.2.2. A sequence x, € o is a rational chain if and only if there
exists | € (W — o) such that for alln € N,

z, = Il(n)

and hence such that | | x, = [(c0).

Proof. (=): Given g € (1 — 7) and h € (1 — o) with z, = h(g™ (L)),
recursively define

fly) =if y >0 then g(f(y—1)).

Then f(n) = ¢ (L) and hence we can take [ = ho f.
(<): Take h =1 and g(y) =y + 1. O
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Elements of function type are rationally continuous in the following sense:
Proposition 9.2.3. If f € (¢ — 7) and z,, is a rational chain in o, then

(1) f(xy,) is a rational chain in T, and

(2) F(Uyn2n) = U, f2n).

Proof. By Lemma 9.2.2, there is | € (W — o) such that z, = [(n). Then the
definition I'(y) = f(I(y)) and the same lemma shows that f(z,) is a rational
chain. By two applications of Lemma 9.2.1,

F(Lxa) = fll(o0)) = U(o0) = [_|U(n) = | f(zn)-

Corollary 9.2.4. For any rational chain f, € (0 — 7) and any x € o,

(1) fu(x) is a rational chain in T, and

(2) (U fu(x)) =L, ful)-

Proof. Apply Proposition 9.2.3 to F' € ((¢ — 7) — 7) defined by F'(f) = f(x).
[

9.3 Rational topology

We say that a sequence of open sets in ¢ is a rational chain if the corre-
sponding sequence of characteristic functions is rational in the function type
(0 — X).

The following says that the open sets of any type form a rational topology:

Proposition 9.3.1. For any type, the open sets are closed under the forma-
tion of finite intersections and rational unions.

Proof. For the nullary intersection, define xng(x) = T. For the binary in-
tersection, define yynv(z) = xu(x) A xv(z) where p A ¢ = if p then g.

For the rational unions, suppose [ € (w — (¢ — X)) and l(n) = xu,.
Then [(c0) = |, xv,. Because U C V iff xy T xv, we have that xy, T
XU, U,- Again for the same reason, U, C V for all n iff xy v, E xv. Thus
XU, U, 18 the least upper bound of the xy,’s with respect to the contextual
order, i.e., | |, xv, = xy, v, and hence l(c0) = x|y v, € (¢ — X) as desired.

[
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Open sets are rationally Scott-open:
Proposition 9.3.2. For any open set U in a type o,
(1) if v €U and x C y, theny € U, and

(2) if x, is a rational chain with ||, x, € U, then there is n € N such that
already x, € U.

Proof. (1) follows directly from Proposition 5.6.1. For (2), because x,, is a
rational chain, there is [ € (W — o) such that [(n) = x, and [(c0) = | |, zy.
Thus | |, z, € U implies xy(l(co)) = T. By rational continuity of x;, we
have | | xu({(n)) = T. So there is n € N such that xy(I(n)) = T and thus
already z, = l(n) € U. O
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Chapter 10

Finiteness and SFP-structure

Very often, in computer science and mathematics, an infinite entity is viewed
as the limit of its finite components. For instance, every infinite set is the
union of all its finite subsets. Identifying a common property satisfied by all
its finite components can shed light on the behaviour of the infinite entity
itself. This is usually carried out by verifying that the process of taking
limits somehow preserves the property in question so that the “infinite” entity
enjoys that common property. In many situations, it is possible to capture
the notion of finiteness without mentioning cardinality at all. For example,
Kuratowski’s characterisation of finite subsets states that a set F' is finite if
and only if for every directed collection G of sets with F' C | JG there exists
G € G such that already F' C G. This idea of capturing finiteness is picked
up in classical domain theory, particularly in the study of algebraic dcpos
(cf. Section 2.1.5).

In this chapter, we develop an appropriate notion of finiteness in our
operational domain-theoretic setting. In addition to an SFP-style character-
isation (Theorem 10.3.3), the novelty here is a topological characterisation of
finiteness (Theorem 10.3.14). In this chapter, we also (1) develop a continuity
principle for two special kinds of functions (Propositions 10.4.8 and 10.4.9),
(2) define an ultrametric on PCF, and (3) prove an operational version of
the Kleene-Kreisel density theorem for total elements (Theorem 10.6.3).

10.1 Finiteness

In view of Proposition 2.1.4 and Lemma 9.2.2, we are motivated to define
operational finiteness as follows:

Definition 10.1.1. An element b is called (rationally) finite if every rational
chain x,, with b C | |z, there is n such that already b C z,,.
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In the course of our discussion, we use the following notation:
K, :={z : o]z is finite}.
Examples 10.1.2. (1) For each type o, L, is trivially finite by definition.

(2) If z,, is a rational chain in ¥ whose contextual supremum is T, then
there is n € N such that z, = T. Thus T is finite. Similarly, all the
numerals n € Nat are finite.

10.2 Rational algebraicity

The types of our language PCF are rationally algebraic in the following sense:

Theorem 10.2.1. Every element of any type is the contextual supremum of
a rational chain of finite elements.

A proof of this will be given in Section 10.3. For the moment, we develop
some consequences.

Corollary 10.2.2. An element b is finite if and only if for every rational
chain x,, with b = ||, x,, there is n such that already b = x,,.

Proof. (=): If b =], ®,, then b C | |, z, and hence b C z,, for some n.
But by definition of upper bound, we also have b J x,,. Hence b = z,,, as
required.

(<=): By Theorem 10.2.1, there is a rational chain of finite elements z,
with b = | | ,. By hypothesis, b = z,, for some n, which shows that b is
finite. O

Another easy consequence of Theorem 10.2.1 is:

Corollary 10.2.3. FEvery element of any type has enough finite elements
contextually below it, in the sense that for each x € o,

r=| fyeK,lyCa}.

Proof. By Theorem 10.2.1, there is a subset of K, N | « whose least upper
bound is . O

The following provides a proof method for contextual equivalence based
on finite elements:

Proposition 10.2.4. f = g holds in (o — 7) iff f(b) = g(b) for every finite
beo.
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Proof. (=): Contextual equivalence is an applicative congruence by Corol-
lary 3.7.2(1).

(«<=): By extensionality (cf. Corollary 3.7.2(2)), it suffices to show that
f(x) = g(x) for any = € 0. By Theorem 10.2.1, there is a rational chain b,, of
finite elements with = = b,,. Hence by two applications of rational continuity
and the hypothesis that f and g agree on K,, we have

@)= F(Loa) = | £0n) = [ 9(n) = 9(|_|ba) = 9().

]

Remark 10.2.5. Of course, the above holds with contextual equivalence
replaced by contextual order.

Another consequence of Theorem 10.2.1 is a continuity principle, which
is reminiscent of the € —§ characterisation of continuity mentioned in Section
2.1.5.

Proposition 10.2.6. For any f € (0 — 7), any x € o and any finite
c C f(x), there is a finite b C x with ¢ T f(b).

Proof. By Theorem 10.2.1, z is the least upper bound of a rational chain b,
of finite elements. By rational continuity, ¢ C | | f(b,). By finiteness of c,
there is n with ¢ C f(by,). O

As a result of the above, we have an operational version of a well-known
result in domain theory:

Corollary 10.2.7. If U is open and x € U, then there is a finite b C x such
that already b € U.

Proof. The hypothesis gives T C yy(z), and so there is some finite b C x
with T C xy(b) because T is finite. To conclude, use the maximality of
T. O

10.3 Deflation and SFP structure

In order to prove Theorem 10.2.1, we need to invoke the following concepts:
Definition 10.3.1.
1. A deflation on a type o is an element of type (¢ — o) that

(i) is below id, the identity of o, and
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(ii) has finite image modulo contextual equivalence.

2. A (rational) SFP structure on a type o is a rational chain id,, of idem-
potent deflations with | | id; = id,, the identity of o.

3. A type is (rationally) SFP if it has an SFP structure.

Let us pause here to construct a standard SFP! structure for each type.
The construction of programs is defined by induction on types

d?: w0 — (0 — o).

For the base case, we define:

™ n)(p) = p.
d*(n)(p) = p.

A"t (n)(k) = if n >0 then (if k=0 then 0 else succ d¥*(n — 1)(pred(k))).
d“(n)(x) = if (n>0A2>0) then 1 +d“(n—1)(x —1).

For the induction step, we define

" () ()(z) = d"(n)(f(d%(n)(2))).
A7 (n)(z,y) = (d%(n)(x),d"(n)(y)).

The above construction is instrumental in establishing the following funda-
mental lemma.

Lemma 10.3.2. The rational chain id] := d(n) is an SFP structure on o
for every type o.

Proof. We prove by induction on o.

i) Base types.
(i) yp
(o0 = Nat): We first show by induction on n that

idyft(x):{x ite <n

1 otherwise.

!The name “SFP” is an acronym for “Sequence of Finite Posets” which, in classical
domain theory, arises from the fact that SFP domains are characterised as the bilimit of
a sequence of finite posets, cf. Gunter & Scott [25].
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The claim holds for n = 0 since idy**(z) = L by definition. For the
case n =k + 1, since (k+1 > 0) = T, we must have

iy (z) =if o = 0 then 0 else succ idy™* (pred(x)).

Case (1): z = 0.

Then id}, (z) = id}35 (0) = 0 = =

Case (2): x >0 and x < k + 1.

Then pred(z) < k and thus the induction hypothesis asserts that
id}** (pred(z)) = pred(x). Hence id}%% = succ pred(z) = x.

Case (3): x >0and z > k + 1.

Then pred(z) > k and thus the induction hypothesis asserts that
id;** (pred(z)) = L. Hence id}% (z) = L.

In summary, we have shown that

z fx<k+1
idNat ) =
kH( ) {J_ otherwise.

Hence id)** is idempotent, below the identity and has finite image given
by {0,1,...,n —1}. Note that because co = oo — 1, one can prove by
a simple induction on z that id%*(x) = x. Since every non-divergent
term of type Nat is contextually equivalent to n for some n € N, it
follows from extensionality that id%* is the identity.

(0 = X): Trivial.

(0 =w): In fact, only this case is non-trivial. First we show by induc-
tion on n that, for every n € N,

d“(n)(y) = min(n,y).

The case holds when n = 0 since d”(0)(y) = 0. Assuming that the case
holds for n = k + 1, we proceed to show that it holds for n = k + 1.
First suppose that y = 0, then d”(k + 1)(0) = 0 = min(k + 1,0).
Now suppose that y > 0, then d*(k + 1)(y) = 1 +d“(k)(y — 1). The
induction hypothesis asserts that d“(k)(y — 1) = min(k,y — 1). Thus
d“(k+1)(y) = 1 +min(k,y — 1). But 1+ min(k,y — 1) = min(k +1,v)
and thus it holds that

d“(n,y) = min(n, y)

for all n,y € w. Hence d”(n) is idempotent and below the identity,
and has image {0,1,...,n}. Now calculate, for £ € N, d“(c0)(k) =
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L, d°(n)(k) = L, min(n, k) = k. Hence d*(00)(c0) = | ], d*(c0)(k) =
||, & = 0o. By extensionality, d*(co) is the identity.

(ii) Function type: o — 7.
For any f € (0 — 7) and any n € @, it holds that
id2™7 01d? 77 (f)
= id] o (id] o f 0id?) 0id?
= (id] oid]) o f o (id? 0id?)
= id] o foid? (Ind. hyp.)
= idy 7 (f)
and for any x € o, we have
(id7 7" () ()
= (id] o foid?)(z)
(idy, o f)(id7(2))
(id o f)(x) (by monotonicity and ind. hyp.)
idy, (f(z))
f(x) (by ind. hyp.)
(ido—r(f))(z)

so that id) " is idempotent and below the identity. Also we have
idZ7(f)(y)

a"7(59) () (v)

d"(o0)(f(d”(c0)(y)))

f(y) (since idy, = id by ind. hyp.)

— A ).

Let f € (¢ — 7) be fixed. Consider the set map

i

¢ :id? "7 [0 — 7] — id7[7]" 4] B B

Note that ¢ is well-defined. Moreover, ¢ is injective because ¢(g) =
¢(h) iff their restrictions to id] [o] are equal iff ¢ = h. So it follows from

[id o — ]| < [id7[r][ e

that id? " "[c — 7] is finite because the induction hypothesis asserts
that id] [¢] and id; [7] are finite sets.

(iii) Product type: o X T
For any (z,y) € (¢ X 7) and any n € @, we have:
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idy " o id} " (z, )
= idy*7(id7 (x), idy (y))
= (id7, oid; (), id;, o idy (y))
= (id7(x),1d;,(y)) (Ind. hyp.)
idy " (z,y)

o
= |
o

idy " (2, )

(id7 (z),1d;,(y))

(z,y) (ind. hyp.)
idO'XT(x7 y)

1

so that id”*" is idempotent and below the identity. In addition, we
must have

idZ " (2, y)
= (idZ(x),1d%(y))
= (z,y). (since ido, = id by ind. hyp.)

The finiteness of the image set follows from
id7 [0 x 7| = [id”[o]| x [id"[r]]

and the induction hypothesis.

We obtain an SFP-style characterisation of rational finiteness.
Theorem 10.3.3. (1) Each type of the language is SFP.

(2) For any SFP structure id,, on a type o, an element b € o is finite iff
b =1id,(b) for some n € N.

Proof. (1): Same as Lemma 10.3.2.

(2)(=): The inequality b J id,(b) holds because id,, is a deflation. For
the other inequality, we first calculate b = (| |, id,)(b) = |, id,(b) using
Corollary 9.2.4 and Lemma 10.3.2. Then by finiteness of b, there is n with
b C id,(b).

(2)(«<=): To show that b is finite, let z; be a rational chain with b C | |, z;.
Then b = id,(b) T id,(| |, z;) = |,idn(x;) by rational continuity of id,.
Because id,, has a finite image, the set {id,,(x;)|i € N} is finite and hence has
a maximum element, which is its least upper bound. That is, there is 1 € N
with b C id,,(x;). But id,(z;) C z; and hence b C z;, as required. O

130



This concludes the proof of Theorem 10.2.1.

Corollary 10.3.4. For any x € o and any SFP structure id,, on o, the
element id? (z) is finite.

Proof. The result follows from the idempotence of id] and Theorem 10.3.3(2).
[l

Corollary 10.3.5. Every finite ordinal is rationally finite.

Proof. For any i < oo in @, it holds that id;,; (i) = min(i + 1,¢) = 4. The
desired result then follows from Theorem 10.3.3(2). O

Corollary 10.3.6. An element s of Baire is finite iff there is k € N such
that s(i) = L for alli > k.

Proof. 1f s € Baire is finite, then since s = id,(s) for some n € N it follows
that if & > n then s(k) = L. Conversely, if there is £ € N for which
s(i1) = L for every i > k then amongst the (at most k) non-divergent elements
of {s(i)]i = 0,...,k — 1} define the maximum of these to be m. Finally
set n = max(m + 1,k). Then s = id,(s) and hence is finite by Theorem
10.3.3(2). O

Example 10.3.7. (Example 5.4.2 revisited.)
We want to prove that the set

T ={seCls(17) = 0}

is not open in the Baire data type. Suppose T is open in Baire. Take
any sequence s € B such that s(17) = 0. By Corollary 10.2.7, there is a
finite s’ C s such that s’ € T. By Corollary 10.3.6, s cannot be total, thus
contradicting its membership in 7T'.

We additionally have the following proposition.

Definition 10.3.8. By a finitary type we mean a type that is obtained from
>) and Bool by finitely many applications of the product- and function-type
constructions.

Proposition 10.3.9. SFP structures id] € (o — o) can be chosen for each
type o in such a way that

(1) id? is the identity for every finitary type o,
(2) 1777 (f)(x) = id; (f(id7(x))), and
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(3) 1d;""(2,y) = (id; (z),id;,(y)).

Proof. Since conditions (2) and (3) are immediate from the construction of
the standard deflations, it remains to establish (1) by induction on finitary

types.
(i) (0 = X,Bool) Follows by definition.

(ii) Function type: o — 7
For any f € (o0 — 7) where 0,7 are finitary types, it holds that
i7" (f) =id] o foid] =id, o foid, = f.

(iii) Product type: o x T
For any (x,y) € o x 7 where o, 7 are finitary types, it holds that
id7 " (2, y) = (id7 (), id},(y)) = (ido(2),id-(y)) = (z,y).

]
Combined with Theorem 10.3.3(2), Proposition 10.3.9(1) gives:
Corollary 10.3.10. Every element of any finitary type is finite.

Proposition 10.3.11. For any SFP structure id,, on a type o, if id,(z) =
then idg(z) = x for any k > n.

Proof. This follows immediately from id, (z) C idy(z) C x. O

Combining the above proposition with parts (2) and (3) of Proposition
10.3.9, we have

Corollary 10.3.12. (1) If f € (0 — 7) and x© € o are finile, then so is
f(z) er.

(2) If x € o and y € T are finite, then so is (x,y) € (0 X 7).

We now develop a topological characterisation of the notion of finiteness.
We say that an open set in ¢ has finite characteristic if its characteristic
function is a finite element of the function type (o — ).

Lemma 10.3.13. For any open set U in o and any n € N, let

U™ =id  (U) = {x € ofid,(z) € U}.

(1) The open set U™ C U has a finite characteristic.

(2) The set {UM™|U is open in o} has finite cardinality.
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(3) U has finite characteristic iff U™ = U for some n.
(4) The chain U™ is rational and U = J, U™.

Proof. (1) and (3): id,(xv)(z) = id,(xv(id.(z))) = xv(id.(x)), and hence
id, () is the characteristic function of U®™).

(2): Any two equivalent characteristic functions classify the same open set
and id‘fl_’Z has finite image modulo contextual equivalence.

(4): id,(xrv) is a rational chain with least upper bound xy, i.e., xp(z) = T
iff id,,(xv)(z) = T for some n. O

Theorem 10.3.14. An element b € o is finite if and only if the set T b :=
{z € olb C x} is open.

Proof. (=): By Proposition 5.6.1, for any = € o we have
Ta= ﬂ{U!U is open and x € U}.

Because b is finite, there is n € N such that id,,(b) = b. Hence if b belongs to
an open set U then b € U™ C U by Lemma 10.3.14(1). This shows that

To=NU™U is open and b € U}.

But this is the intersection of a set of finite cardinality by Lemma 10.3.14(2)
and hence open by Proposition 9.3.1.

(<): If bC | |, x,, holds for a rational chain x,, then | | z, €1 b and hence
x, €7 b for some n € N by Proposition 9.3.2(2), i.e., b C z,. O

Hence, by Corollary 10.2.7, the open sets T b with b finite form a base of
the (rational) topology.

Corollary 10.3.15. FEvery open set is a union of open sets of the form T b
with b finite.

Remark 10.3.16. (1) Notice that the proof of Theorem 10.3.14 (=) is
not constructive. The reason is that we implicitly use the fact that a
subset of a finite set is finite. In general, however, it is not possible
to finitely enumerate the members of a subset of a finite set unless the
defining property of the subset is decidable.

(2) Moreover, this non-constructivity in the theorem is unavoidable?. In
fact, if we had a constructive procedure for finding xq, for every finite

2The impossibility of a constructive proof of Theorem 10.3.14 was found together with
Vincent Danos during a visit to our institution.
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element b, then we would be able to semidecide contextual equivalence
for finite elements, because b = c iff x1(c) = T = x1.(b). As all
elements of finitary PCF are finite, and contextual equivalence is co-
semidecidable for finitary PCF, this would give a decision procedure
for equivalence, contradicting Loader [35].

10.4 A continuity principle

In this section, we consider a continuity principle for two special kinds of
functions.

Definition 10.4.1. For any elements x and y of the same type, define for
each n € N,

x =, y iff id,(x) = id,(y).

Proposition 10.4.2. Let o and T be types. Then for any f € (0 — 7), any
x € 0 and any € € N, there exists 6 € N such that id.(f(x)) = id.(f(ids(x))).

Proof. Since id.(f(z)) = | lside o f oids(x), it follows from the finiteness of
id(f(x)) that there exists 0 € N such that id.(f(z)) = id.(f(ids(x))). O

For the purpose of the ensuing discussion and the presentation of a density
theorem in Section 10.6, we need to define totality. The notion of totality is
defined by induction on the structure of types.

Definition 10.4.3. An element of ground type is total iff it is maximal with
respect to the contextual order. An element f € (o — 7) is total iff f(x) € T
is total whenever x € o is total. An element of type (o x 7) is total iff its
projections onto ¢ and 7 are total. Define a term with free variables to be
total if every instantiation of its free variables by total elements produces a
total element.

Remark 10.4.4. In the above definition, it is assumed that the language
does not have a void type (i.e., a base type with no values).

Lemma 10.4.5. (1) Let v € {Nat,Bool,X}. Then m € « is total iff
m = v for some canonical value v € 7.

(2) t € W is total iff t = oc.
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Proof. (1) (=): Assume that m € ~ is total. Then by definition of

totality, m # L. So there exists v € Val, such that m | v. So m = v
by Kleene equivalence.

(«<=): Assume that m = v for some canonical value v and suppose
y € 7 is such that m C y. We must show that y = m. Because C is
a simulation, it follows from (sim 1) - (sim 3) that m | v. Again by
(sim 1) - (sim 3), we have y | v. Thus y = v by Kleene equivalence.
By transitivity, y = m and thus m is total.

(=>): Assume that ¢ € @ is total. Since for every z € W, z C x + 1, it
follows from the maximality of ¢ that ¢t = ¢ + 1. oo is the least fixed-
point of Az“.z+1 and hence co C ¢. But we already know from Section
6.5 that z C oo for all x € w. So t C oo and thus t = oo.
(«<=): Assume that ¢ = oo and suppose y € @ is such that ¢t C y. We
must show that y = ¢t. By transitivity, oo C y. Again because x C oo
for all z € W, we have y C oo and thus y = oco. It then follows from
transitivity that ¢ = y. Thus ¢ is total.

O

Proposition 10.4.6. Any type has total elements.

Proof. We prove this by induction on the structure of types.

(1)
(2)

(3)

Base types. This follows from Lemma 10.4.5.

Function type: 0 — 7.

By induction hypothesis, there is a total element ¢t € 7. Let = be a
fresh variable not appearing in ¢. Then A\z?.t is total since for any total
element s € o we have (Ax?.t)(s) =t is total.

Product type: o x 7.
By induction hypothesis, there are total elements © € ¢ and y € T so
that from the definition of totality it follows that (z,y) is total in o x 7.

O

Recall that the function type (Nat — Nat) is called the Baire type, Baire.

Lemma 10.4.7. Define id,, : Baire — Baire by:

id,(s) = \i.if i < n then s(i) else L.

Then id,,(s) is finite and above id,(s), and if s,t € Baire are total then

id,(s) Ct = s=,t.
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Proof. Because whenever i > n we have id,(s)(i) = L, by Corollary 10.3.6
id,(s) is finite. Moreover, by extensionality, it follows from the definition of
id,, that id,(s) is above id,(s). If s,t € Baire are total, then id,(s) C t
implies that id,(s) = id,(t). Since s and t agree on the first n positions, we
have that id,(s) = id,(¢), i.e., s =, t. O

Proposition 10.4.8. For total f € (0 — Baire) and x € o,
Ve e N3§ € NV total y € 0.0 =s y = f(x) = f(y).

Proof. Because id.(f(z)) is finite and below f(x), there is § such that already
id(f(z)) C f(ids(x)) by Proposition 10.2.6. If x =5 y then f(ids(z)) =
7(ids(y)) and hence 1.(£(x)) C f(ids(y)) C f(y). By Lemma 10.4.7, f(z) =,
f(y), as required. O

Similarly, we have:

Proposition 10.4.9. For total f € (6 — ) and total x € o, where v €
{Nat,Bool, X},

30V totaly € o.x =5y = f(x) = f(y).

Proof. Because every element of + is finite, so is f(z). Thus by Proposition
10.2.6, there is § € N such that already f(z) = f(ids(z)). If 2 =5 y then

f(z) = f(id,(x)) = f(id,(y)) E f(y). Since f and x are total, f(z) is
maximal and so f(z) = f(y). O

10.5 An ultrametric on PCF

In this section, we look at a metric induced on each PCF type by the relations
=,. This helps us appreciate the meaning of “continuity” as used in the
previous section.

Lemma 10.5.1. For any type o, if m <n then
idy oid) =1idy .
Thus © =, y implies T =, y.

Proof. We proceed by induction on o.
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(i) Base types.
The claim is trivially true for ¥ and Bool. For Nat, we note that

et () = x ifx<n
" ] L otherwise.

Thus we have

s o e (y) = id,(z) ifid,(x) <m
mn " 1 otherwise
z fx<nAz<m

1 otherwise

z ifx<m

1 otherwise

from which we conclude that id\®* o id"**(z) = id}2*.

As for @, we rely on the property that id?(y) = min(n,y) and easily
see that B B -
idy oidy(z) =id;, (min(n,x))
= min(m, mi
= min(m, z)

= id® ().

(ii) Function types.
The claim holds since
57 0 id7 ()
= (id], oid]) o f o (id? 0id?))
= id] o foid], (idy oidy, =1id7, by Prop. 10.3.11)
= id777(f)
where we apply the induction hypothesis at the second equality.

(iii) Product types.
The claim holds since

idy 7 oid) " (z,y) = (idj, oidy (x),id;, o id] (y))
= (id7, (z),id7, (y))
= id} " (x, y)

where we apply the induction hypothesis at the second equality.

137



The second part holds because

id,(z) =id,, oid,(z)
=id,, 0id,(y) (since z =, y)
= id,,(y).

where the first and third equalities rely on the above result. O

Theorem 10.5.2. Define d : 0 x 0 — R (where R is the set of non-
negative numbers) by

d(xz,y) = inf{27"|x =, y}
where inf(Q) := 2. Then (o,d) is an ultrametric space.
Proof. We check that d satisfies the three axioms of an ultrametric:

(i) Non-degeneracy.
By definition, d(z,y) > 0 for every =,y € 0. Moreover d(z,y) = 0 iff
r=xyiff z =y.

(ii) Symmetry.
Trivial by definition.

(iii) Ultrametric-inequality.

max(d(z,y),d(y, z)) max(inf{27"|z =, y},inf{27™|y =,, 2})
inf{27?|x =, 2}

d(zx, 2)
where the inequality holds by Lemma 10.5.1

v

]

Remark 10.5.3. The fact that d is an ultrametric metric is nothing magical.
It is a consequence of a much more general result which states that a descend-
ing family of equivalence relations on a set always induces an ultrametric on

it (cf. p.706 of Smyth [55]).

A subset U of type o is metrically open if it is open with respect to the
above metric space topology.

Proposition 10.5.4. Every open set is metrically open.
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Proof. Suppose U is open and x € U. By Corollary 10.2.7 there is a finite
element b € U such that b C x. Since b is finite, there is n € N with
b = id,(b). We now show that B,(z) := {y € olx =, y} is a subset of U.
Let y € B,(x). Then z =, y implies that id,(z) = id,(y). But b C z entails
that id,(b) C id,(x) and hence b C id,(z). Since b C id,(z) = id,(y) C v,
by transitivity we conclude that b C y. Then b € U implies y € U. O]

Question 10.5.5. Is the metric space induced by the relations =,, complete?

The answer is probably not for the same reason that not every w-chain
in ¢ has a supremum (cf. Normann [39]).

10.6 Dense sets

In this section, we develop an operational version of the Kleene-Kreisel den-
sity theorem for total elements (cf. Berger [6]).

Definition 10.6.1. A set D is dense if it intersects every non-empty open
set.

We say that a term x is defined from terms y,...,y, if it belongs to
the smallest set that contains y1,...,y, and constants and is closed under
application and A-abstraction.

In order to cope with the fact that the only total element of W, namely
00, is defined by the fixed-point recursion, we need:

Lemma 10.6.2. If x is an element defined from total elements y1,...,y, in
such a way that the only occurrences of the fized-point combinator in x are
those of y1,...,Yn, if any, then x is total.

Proof. We prove by induction on the formation of x from yq,y, that x is
total.

(1) x €{y1,.--,yn}-
By asumption, y;’s are total and hence so is x.

(2) z is a constant (not fix).

(i) Numerals, boolean values and T are total by Lemma 10.4.5(1).

(ii) Assume that m € Nat is a total element. We must prove that
succ(m) and pred(m) are total. We prove the first part. By
Lemma 10.4.5(1), m = n for some n € N. Hence succ(m) =n + 1
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by Kleene equivalence. Thus by Lemma 10.4.5(1), succ(m) is to-
tal. As for the second part, either m = 0 or m = n + 1 for some
n € N since every non-divergent term of type Nat must converge
to some numeral. If m = 0, then pred(m) = 0 which is total by
Lemma 10.4.5(1). If m = n+ 1, then pred(m) = n by Kleene
equivalence. Then by Lemma 10.4.5(1), pred(m) is total.

(iii) Assume that m € Nat is a total element. We must prove that
(m = 0) is total. Since m is total, m = n for some n € N by
Lemma 10.4.5(1). By Kleene equivalence, (m = 0) = T or F,
which is total by Lemma 10.4.5(1).

(iv) Assume that b € Bool and ty,t5 € o are total. We must prove that
if b then t; else t5 is total. Since b is total, by Lemma 10.4.5(1),
either b =T or b = F. If b = T, then t; = if b then ¢; else t,
by Kleene equivalence. By assumption, t; is total and hence
if b then ¢, else t, is total. The other case is similar.

(v) Assume that ¢ € @ is total. We must show that (¢ > 0) is total.
By Lemma 10.4.5(2), t = co. Since oo |} oo + 1, it follows that
(t >0) = T. Hence by Lemma 10.4.5(1), (¢ > 0) is total.

(vi) Assume that t € @ is total. We must show that ¢t + 1 and ¢ — 1
are total. By Lemma 10.4.5(2), t = co. Thus ¢+ 1 and t — 1

are contextually equivalent to oo, and hence are total by Lemma
10.4.5(2).

(vii) Assume that s € ¥ and ¢ € o are total. We must prove that
if s then tis total. Since s is total, by Lemma 10.4.5(1), we have
that s = T. Thus by Kleene equivalence, t = if s then ¢t. By
assumption, t is total. Thus if s then t is total.

(3) Closure under application follows from the definition of totality.

(4) Assume that 5y : o1,...,0k : op, 0 : T b t is total. We must prove
that 81 : o1,...,0,k : o B Aa.t is total, i.e., for all total elements
211 01,...,2 ¢ Ok, the element m := (Aa.t)[z1/01, ..., zx/Fk] is total.
Let w : 7 be any total element. We want to show that m(u) is total.
But by Kleene equivalence, m(u) = t[z1/01,. .., zi/Px][u/a] which is
total by assumption.

This completes the proof by induction. O

The set of total elements in a type o is dense:
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Theorem 10.6.3. (Operational Kleene-Kreisel density theorem)
Fvery finite element is below some total element. Hence any inhabited open
set has a total element.

Proof. For each type 7 and each n € N, define programs
Fl-o—-(r—=7)—=7)and G, : (T—7)—T

by
F(z)(f) =if = >0 then f(F(z—1))(f)

and
G.(f) = f"(t) for some chosen total element ¢ € 7.

Note that t can be chosen by virtue of Proposition 10.4.6.

We claim that F(n)(f) = f"(L,). This can be shown by induction on n.

Base case: n = 0.

This is immediate from the syntax of the program F.

Inductive step:

F(n+1)(f) = f(F(n=1)(f)) = f(f (J_a)) where the last equality is obtained
by inductive hypothesis. Thus F(n + 1)(f) = f**(L,) and the claim is
established.

As a consequence of this, Theorem 6.6.1 yields F'(co) = fix. Moreover
since L, C t for any total element ¢ € o, it follows that F'(n) C G,,. Also it
is obvious that G,, is total.

Now given a finite element b, choose a fresh syntactic variable x of type
@, and define a term b from b by replacing all occurrences of fix, with F7(x).
Then b = (A2®.b)(00). Because b is finite, there is some n € N such that
already b = (Az¥.b)(n).

Now construct another term b from b by replacing all occurrences of fix;
by G7,. Then the fixed point combinator does not occur in b and since each G},
is total, by Lemma 10.6.2, b is total. Moreover (A b)(n) C b (a consequence
of F(n ) C G, and monotomclty) and hence b C b by transitivity. O

Remark 10.6.4. Note that the above density theorem exploits the absence
of a void type from the language (cf. Definition 10.4.3).
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Chapter 11

Compactness revisited

In this chapter, we revisit the notion of compactness (see Definition 5.7.2)
and study how compactness interacts with finiteness. Here we see a strong
interplay between topology and order theory, understood in a computational
setting. In particular, we prove that compact sets satisfy a rational Heine-
Borel property (Proposition 11.1.1). We also introduce and study operational
notions of saturated sets and well-filtered subspaces. In particular, we have
the following results: (1) every compact saturated set is the intersection of
upper parts of finite sets of finite elements (Theorem 11.4.4), and (2) every
Hausdorff subspace is well-filtered. Additionally, we develop a number of uni-
form continuity principles (Lemma 11.7.1, Theorem 11.7.2 and Proposition
11.7.3).

11.1 Rational Heine-Borel property

At this point, the reader may like to recall the definition of a compact set
(cf. Definition 5.7.2).

If the notion of rational Scott openness is the operational analogue of
Scott openness, then one expects that compact sets satisfy the rational Heine-
Borel property in the sense that:

Proposition 11.1.1. If Q) is compact and U, is a rational chain of opens
with Q@ C |JU,, then there is n € N such that already Q C U,,.

Proof. There is | € (W — (0 — X)) with I(n) = xy, and l(o0) = Xy, v,-
Since @ is compact and @ C |, U,, it follows from rational continuity that
Vo € Q.l(o0)(z) iff | |, Vo € Q.U(n)(x) iff In € NVz € Q.l(n)(z) iff In €
N.Q C U,. 0

The following proposition provides us with some non-compact sets.
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Proposition 11.1.2. The total elements of Nat and Baire do not form
compact sets.

Proof. Consider the program g € (w x Nat — %) defined recursively by
g(z,n) =if x>0 then (if n =0 then T else g(z — 1, pred(n))).

Clearly g(x,n) = T iff + > n for all z € W and n € N. If the total elements
of N did form a compact set, then we would have u € (0 — X) defined
by u(x) = ¥n € N.g(z,n) that would satisfy u(k) = L for all k£ € N and
u(oo) = T and hence would violate rational continuity. Therefore N is not
compact in Nat. If the total elements of Baire formed a compact set, then,
considering f € (Baire — Nat) defined by f(s) = s(0), the image of B
under f is the set N which by Proposition 5.8.1(1) renders N compact, again
producing a contradiction. O]

Remark 11.1.3. The above proof relies on a continuity principle rather than
on recursion theory. Thus, compactness of N in Nat fails even if the language
includes an oracle for the Halting Problem.

11.2 Saturation

Definition 11.2.1. The saturation of a subset S of a type o is defined to be
the intersection of its open neighbourhoods and is denoted by sat(S), i.e.,

sat(S) = ﬂ{U open |S C U}.
A set S is said to be saturated if S = sat(S).
Lemma 11.2.2. Let S be a subset of a type.
(1) For any open set U, S C U iff sat(S) C U.
(2) 1S Csat(9).
(3) sat(9S) is saturated.
(4) sat(9S) is the largest set with the same neighbourhoods as S.

Proof. Clearly S C sat(S). Hence sat(S) C U implies S C U. Conversely,
if S C U, then by construction of sat(S), sat(S) C U. Hence (1) holds. If
t €l S, then s C t for some s € S. Hence ¢ belongs to every neighbourhood
of S, and hence to sat(S). Therefore T S C sat(S), i.e. (2) holds. Since
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S C sat(S9) for all S, we have that sat(S) C sat(sat(S)). Now suppose
x € sat(sat(5)). Then for each open U with S C U, it holds that sat(S) C U.
Thus x € sat(S) by definition. Hence sat(S) = sat(sat(5)), i.e., (3) holds.
That (4) holds is clear. O

Remark 11.2.3. The inclusion in (2) is strict in general. Here we fur-
nish with an example of S for which the set-inclusion is strict. Take S =
{(L, T),(T,L)} of type X x ¥ in a sequential language. Because of sequen-
tiality, sat(S) =1 (L, L). Then (L, L) € sat(S) but (L, L) €7 S.

Corollary 11.2.4. (1) Q is compact iff sat(Q) is compact, and in this
case, Vg = Ysay(Q)-

(2) For any compact sets Q and R of the same type, it holds that Vg T Vg
iff R C sat(Q).
Proof. (1) This is immediate in the light of Lemma 11.2.2(1).
(2)
Vo E VR
YU € qu(XU) =T = VR(XU) =T
YVUeUQCU=RCU
RC U eUlQcU}
R C sat(Q)

rree

]

Definition 11.2.5. Let X be a subspace of ¢ and S C X. The saturation
of S with respect to the subspace X (X-saturation of S, for short) is defined
to be the intersection of its relatively open neighbourhoods and is denoted
by satx(.S), i.e.,

satx(S) = ﬂ{V open in X|S C V}.

S is said to be X-saturated if S = satx(.5).

Proposition 11.2.6. Let S C X C 0. Then satx(S) = X Nsat,(S). Hence
for every saturated subset S of o, SN X is X-saturated.

Proof.
satx(S) = ﬂ{V open in X|S C V}
= ﬂ{UﬂX|S§UﬂX/\Uopenina}
= X N[ |{U open in X|S C U}
= X Nsat,(9)
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The following is an extension of Corollary 11.2.4.

Proposition 11.2.7. Let Q, R C X C o be compact sets. Then Vg T Vg iff
satx(R) C satx(Q). So, if Q and R are X -saturated then

VQ CVg < RC Q
Proof. Using Corollary 11.2.4 and Proposition 11.2.6, we have

Vo C Vg R C sat(Q)
R C X Nnsat(Q)
R Csatx(Q)

satx (R) C satx(Q).

111l

11.3 Compact open sets

The following is a characterisation of compact open sets:

Proposition 11.3.1. An open set is compact iff it has finite characteristic.
Hence every open set is a rational union of compact open sets.

Proof. By Proposition 5.7.1(1), an open set V' is compact iff the collection
{U open |V C U} is open iff {xy|U open and V' C U} is open iff T xv
is open. It then follows from Theorem 10.3.14 that this is equivalent to
xv being finite, i.e., V' having finite characteristic. The last part of the
proposition then follows from Lemma 10.3.13(4). O

11.4 Compact saturated sets

Armed with the results we have so far, it is easy to see that:

Proposition 11.4.1. Let U be an open set. If U = U™ then U =1 id,,(U).
Hence every open set of finite characteristic is the contextual upper set of a
finite set of finite elements.

Proof. For each v € U, it holds that id,(u) C w. Thus U C7 id,(U). For
the reverse inclusion, pick = €7 id,(U). Then there is w € U such that
id,(u) C 2. Because U = id,'(U) we have u € id, ' (U). So id,(v) € U and
hence z € U. []
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The following may be seen as a generalisation of Theorem 10.3.14.

Proposition 11.4.2. If F is a finite set of finite elements, then sat(F') is
an open of finite characteristic.

Proof. For each x € F, there exists n, such that id, (z) = z. Let n =
max{n,|r € F}. Then id,(x) = z for all x € F. Hence if ' C U for some
open U, then F C id ' (U) C U. So sat(F) = ({id, (U)|F C U}. Because
this is the intersection of a finite set of open sets, it is open. Moreover, by
the idempotence of id,,, we have:

(sat(F))™ = (({U™|F C U,U open})™
=N{(U™)™|F C U,U open}
=({U™|F C U,U open}
= sat(F).

Lemma 11.4.3. If Q is compact, then id,(Q) is compact and
ldn<VQ) == vidn(Q)-
Furthermore, if U is open with QQ C U, then there is n such that id,(Q) C U.

Proof. That id,(Q) is compact and id,(Q) = Viq, (g) follow immediately from
Proposition 5.8(1). Now, if U is open with @) C U, then Vg (xv) = T. Hence
by rational continuity there is n such that already id,(Vg)(xv) = T, ie.,
Vid, (@) (xv) = T. So there is n such that id, (Q) C U. O

Theorem 11.4.4. If Q) is compact then sat(Q) = ), sat(id,(Q)). Hence
every compact saturated set is the intersection of upper parts of finite sets of
finite elements.

Proof. Since for any n it holds that id,, () C U implies @ C U, it follows that
Q C sat(id,(Q)). Thus sat(Q) C (), sat(id,(Q)). For the reverse inclusion,
take any U open with Q C U. Then there is n such that id,,(Q) C U and
hence sat(id,(Q)) € U. Hence sat(Q) = (), sat(id,(Q)). O

11.5 Intersections of compact saturated sets

A family of compact sets {Q;}; is said to be rationally filtered if (Vg,); is a
rational chain in (¢ — ¥) — X.
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Proposition 11.5.1. Let X be a subspace of o and {Q;}; a rationally filtered
family of compact X -saturated subsets of X. Then the following statements
are equivalent:

(i) ; Qi is compact and V. q, C | ]; Vo,
(it) |, Vo, universally quantifies over (), Q;.

(iii) For every open set U in o,

(QiCU = 3i.Q; CU.

Proof. Observe that (a) if (), Q; is compact, then by Corollary 11.2.4 the
inequality ¥ o, 2 ||, Vo, always holds, and (b) the inequality in (i) is equiv-
alent to the implication in (iii).

(i) <= (ii): This is immediate from observation (a).

(i) == (iii): This follows from observation (b).

(i) = (ii): It suffices to show that for every open set U in o, it holds that

Uin(XU) =T «— sz cU.

(=): L;Vo,(xv) = T implies the existence of ¢ such that Vg, (xv) = T.
Thus @; C U and since (), Q; € @, it follows that (), Q; C U.

(<=): Suppose that [, Q; € U. By assumption, there is 7 such that ¢); C U.
So Vo,(xv) = T and hence | |, Vo, (xv) = T. O

11.6 A non-trivial example of a compact set

The simplest non-trivial example of a compact set, which is a manifestation
of the “one-point compactification of the discrete space of natural numbers”,
is given in the following proposition.

We regard function types of the form (Nat — o) as sequence types and
define “head”, “tail” and “cons” constructs for sequences as follows:

(1) hd(s) = s(0) and tl(s) = Xi.s(i + 1).
(2) n s = Aiif i =0 then n else s(i — 1).

We also use familiar notations such as 0"1% as shorthands for evident terms
such as M\i.if 7 < n then 0 else 1.
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Proposition 11.6.1. The set N, of sequences of the forms 0™1% and 0% is
compact in Baire.

Proof. Define, omitting the subscript N, for V,
V(p) = p(if (p(1*) AV(As.p(0 :: ) then ?)
where ¢ is some element of No,. More formally, V = fix(F") where
F(A)(p) = p(if (p(1*) A A(As.p(0 =2 5))) then t).

We must show that, for any given p, V(p) = T iff p(s) = T for all s € N.
(«<=): The hypothesis gives p(0¢) = T. By Proposition 10.2.6, there is
n € N such that already p(id,(0“)) = T. Recall that

0 ifi<mn;
1 otherwise.

id,,(0) () = {

We now show by induction on & that:

For all p € (Baire — ) such that p(s) = T for every s € N,
pide(09)) =T = F*(L)(p) =T.

Base case: k=0

This means that p is the constant predicate As. T and the hypothesis holds
trivially.

Inductive step:

Suppose that p € (Baire — ) such that p(s) = T for all s € N, and that
p(idg+1(0¢)) = T. Unwinding the definition of F' reveals that

FEHL)(p) = F(FML))(p)
= p(if (( YN FR(L )()\sp(() s))) then t) (by definition of F)

= p(if (F*(L)(As.p(0:: 5))) then ) (since p(1¥) = T)

Denote the predicate As.p(0 :: s) by ¢. Because (0 :: s) € Ny, whenever
s € Ny, it holds that ¢(s) = T for every s € No. Moreover p(idy4+1(0¥)) = T
implies that ¢(idx(0)) = T. Hence by the induction hypothesis we have that
F¥(1L)(q) = T. Thus FF(L)(p) = p(t) = T as desired.

Because F(L) CV, it follows that V(p) = T.

(=): By rational continuity, the hypothesis implies that F(L)(p) = T for
some n. We now prove by induction on k that:
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For all ¢ € (Baire — X)), F*(1L)(q) = L = q(s) =T for all s € N,.

Base case: k=10

This is vacuously true.

Inductive step:

Suppose F¥*1(1)(q) = T. But unfolding F**!(L) gives

FM(1)(q) = q(if (¢(1*) A F*(L)(Xs.q(0 :: 5))) then .

So it must be that ¢(1¢) = T and F¥(L)(Xs.q(0 :: s)) = T. It then follows
from the induction hypothesis that ¢(0 :: s) = T for all s € No,. But since

every t € N, is either of the form 1“ or 0 :: s for some s € N, the result
follows. O

11.7 Uniform-continuity principles

In this section, we consider some uniform continuity principles.

Lemma 11.7.1. For total f € (0 — Baire) and Q) a compact set of total
elements of o,

Ve e N.3d € NVz € Q.f(x) = f(ids(x))
where x =, o' denotes id, (r) = id, (2').

Proof. For any given €, we construct the following program e € (Baire X
Baire — ).

E :Baire x Baire X Nat — X
E(s,t,n) =if n =0 then T else (if s(n) = t(n) then E(s,t, pred(n)))
e(s,t) = E(s,t,€).

Then this program e is such that

(1) if s,t € Baire are total then s =t = e(s,t) =T,
(2) for all s,t € Baire, e(s,t) = T = s = t.

Note that both (1) and (2) can be easily proven by induction on .

If we define p(z) := e(f(z), f(x)), then, by hypothesis and (1), Vo (p) = T.
By Proposition 10.2.6, Vg (ids(x)) = T for some ¢ € N, and, by Proposition
10.3.9(2), ids(p)(z) = p(ids(x)). It follows that e(f(ids(z)), f(ids(x))) = T
for all z € . By monotonicity, e(f(x), f(ids(x))) = T, and, by (2), f(z) =
f(ids(x)), as required. O
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Theorem 11.7.2. For f € (0 — Baire) total and @ a compact set of total
elements of o,

Ve e N30 € NVz,y € Q.o =5 y = f(z) = f(y).

Proof. Given € € N, first construct 6 € N as in Lemma 11.7.1. For z,y € @,

if 2 =3 y then 1, (£(2)) = M.(f(id5(x))) = [(f(ids(y))) C f(y). By Lemma
10.4.7, id.(f(x)) = id(f(y)), as required. O

Similarly, we have:

Proposition 11.7.3. For v € {Nat,Bool, X}, f € (0 — =) total and Q a
compact set of total elements of o,

(1) 36 € NVz € Q.f(z) = f(ids(x)),
(2) 36 e NVx,y € Qx =5 y = f(x) = f(y).

Proof. (1) Recall that there is an equality test (==) € (y x v — %) for
the total elements of v such that

(a) if z,y € v are total then z =y —= (x==y) =T,
(b) forallz,y €, (x==y)=T = x=y.

If we define p(z) := (f(x) == f(x)) then Vo(x) = T by hypothe-
sis and (a). By Proposition 10.2.6, Vo (ids(p)) = T for some § € N.
Since ids(p)(z) = p(ids(z)) by Proposition 10.3.9(2), it follows that
(f(ids(z)) == f(ids(x))) = T for all z € @ and, by monotonicity,
(f(z) == f(ids(x))) = T, and, by (b), f(x) = f(ids(z)), as required.

(2) From (1) there exists 0 € N such that for all z € Q, f(x) = f(ids(x)).
Thus for all z,y € @, if x =5 y then f(z) = f(ids(z)) = f(ids(y)) =

f(y).
0

Definition 11.7.4. For f and @) as in Proposition 11.7.3, we refer to the
least 0 € N such that (1) (respectively (2)) holds as the big (respectively
small) modulus of uniform continuity of f at . From the above proof, it
is clear that the small modulus is smaller than or equal to the big modulus.
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Chapter 12

Sample applications

In this chapter, we illustrate the scope and flexibility of the operational
domain theory developed so far by applying our conclusions in the previous
chapters to prove the correctness of non-trivial programs that manipulate
infinite data (see Section 12.3 - 12.5).

We use the data language D to formulate specifications of programs in
the programming language P. The notion of data language originates from
Escardé [13]. For the purpose of this chapter, P and D do not include
parallel features. As in Section 3.7, the notation x € ¢ means that x is a
closed term of type o in D. This is compatible with the notation of Chapters
9 - 11 by taking D as the underlying language for them. Again maintaining
compatibility, we take the notions of totality, open set and compact set with
respect to D. To indicate that openness or compactness of a set is witnessed
by a program rather than just an element of the data language, we say
programmably open or compact.

Like the Baire type, we think of the elements of the Cantor type as
sequences, and, following topological tradition, in this context we identify
the booleans true and false with numbers 0 and 1 (it does not matter in
which order).

12.1 Data language: an extension with ora-
cles

In an operational setting, one usually adopts the same language to construct
programs of a type and to express data of the same type. But consider
programs that can accept externally produced streams as inputs. Because
such streams are not necessarily definable in the language, it makes sense
to consider program equivalence define by quantification over more liberal
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“data contexts” and ask whether the same notion of program equivalence is
obtained.

Definition 12.1.1. Let P be the programming language PCF introduced
in Chapter 3, perhaps extended with parallel features, but not with oracles,
and let D be P extended with oracles. We think of D as a data language
for the programming language P. The idea is that the closed term of P
are programs and those of D are (higher typed) data. Accordingly, in this
context, the notation x € ¢ means that x is a closed term of type o in the
data language. Of course, this includes the possibility that x is a program.

12.2 Equivalence with respect to ground D-
contexts
The following is folklore and goes back to Milner [38].

Theorem 12.2.1. For terms in P, equivalence with respect to ground P-
contexts and equivalence with respect to ground D-contexts coincide.

Proof. This follows directly from Proposition 10.2.4 and Lemma 12.2.2 below.
m

Lemma 12.2.2. For any data element x of any type, id,(x) is equivalent to
some program with respect to ground D-context.

Proof. Given x € ¢ in D, there exists a program g € Baire™ — ¢ and oracles
Qy,...,Q, such that x = ¢g(Qy,...,Q,,). It follows from m applications of
Proposition 10.4.2 that there exist k1, ..., k,, such that

idy () = idn(g(id, (1), - .. id,, (Qm)))-

But the right-hand term is equivalent to a program, because clearly for any
oracle 2 and n € N, the data term id,,(€2) is equivalent to some program. [

On the other hand, the notion of totality changes:

Theorem 12.2.3. There are programs that are total with respect to P but
not with respect to D.

This kind of phenomenon is again folklore. There are programs of type,
for instance Cantor — Bool, where Cantor := (Nat — Bool), that, when
seen from the point of view of the data language, map programmable to-
tal elements to total elements, but diverge at some non-programmable total
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inputs. The construction uses Kleene trees (see Beeson [4]), which are recur-

sive counter-examples to Konig’s Lemma, and can be found in Section 3.11
of Escardé [13].

12.3 The Cantor space

In this section, we are ready to give a more sophisticated example of a com-
pact space. The following also serves as our main tool in this chapter:

Theorem 12.3.1. (Escardé [13], Section 3.11) The total elements of the
Cantor type, C, form a programmably compact set.

Proof. The universal quantification program V : (Cantor — ) — ¥ can be
defined recursively by:

V(p) = p(if ¥Y(As.p(0 :: s)) AV(As.p(1 :: s)) then t)

where t is some programmable total element of Cantor, such as 0“. Formally,
V = fix(F") where

F(A)(p) = p(if A(As.p(0::s)) A A(As.p(1 =2 s)) then t)
It remains to prove the correctness of this program, i.e.,
Vip) =T iff Vs € Cip(s) =TT.
(=): By rational continuity, the hypothesis implies that already F"(L)(p) =
T for some n € N. We now prove by induction on k that:

Vq.F*(L)(q) = T = q(s) for all s € C.

Base case: k=10

Because ¢ does not look at its argument and returns T, it must be the
constant predicate A\s.T. Thus ¢(s) = T for all s € C' in particular.
Inductive step:

Suppose F**1(1)(¢q) = T. Unfolding F yields:

F(F*(L)(q) = q(f (F*(L)(As.q(0::8)) A F*¥(L)(Xs.q(1 :: 5))) then t)
Thus it must be that F*(L)(As.q(0 :: s)) = T = FF(L)(As.q(1 =2 8)). In-
voking the induction hypothesis, we deduce that both (As.q(0 :: s)) and

(As.q(1 :: s)) hold for all s € C. Because every element of C' has to begin
with either 0 or 1, it follows that ¢ holds for all s € C.
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(«<=): The hypothesis gives p(s) = T for all s € C'. Notice that for each such
given s € C, there is n € N such that already p(id,,(s)) = T. By the Cantor
tree we mean the infinite binarily branching tree. We think of an element
of C' as an infinite path in the Cantor tree, starting from the root, where a
sequence of digits 0 and 1 is interpreted as a sequence of instructions “turn
left” and “turn right”. Since p looks only at the first n positions of the path
s, it induces a pruning of s at level n; after which p does not look at the rest
of the path. Because p(s) = T for every path s in the Cantor tree, we prune
all possible paths and this results in a finitely branching tree of which every
path is finite. By Konig’s Lemma, the resulting pruned tree is finite, i.e., the
height of the tree is finite, which we denote by §. Thus it is clear that for all
s € C, p(s) = p(ids(s)) = T. This is precisely the big modulus of uniform
continuity of p at C' (cf. Definition 11.7.4).
Now we prove by induction on § that:

If the big modulus of uniform continuity of p at C' is J, then V(p) = T.

Base case: 6 =0
p does not look at its argument and returns T. From the way V is defined,
it holds that V(p) = T.
Inductive step:
Suppose the big modulus of uniform continuity of p at C'is 6 + 1. Unfolding
V(p) yields:

p(if (V(po) AV(p1)) then ¢)

where py := As.p(0 :: s) and p; := As.p(1 :: s). Notice that the big moduli
of continuity of these predicates py and p; at C' are at most 6. Invoking the
induction hypothesis on py and py, it follows that V(pg) = T = V(py). It then
follows, from the hypothesis and ¢ € C, that V(p) = T, as required. O

Remark 12.3.2. If the data language is taken to be P itself, Theorem
12.3.1 fails for the same reason that leads to Theorem 12.2.3. Of course,
the above program can still be written down. But it no longer satisfies the
required specification given in Proposition 5.7.1(2). In summary, it is easier
to universally quantify over all total elements of the Cantor type than just
over the programmable ones, to the extent that the former can be achieved
by a program but the latter cannot.

Interestingly, the programmability conclusion of Theorem 12.3.1 is not
invoked for the purposes of this chapter, because we only apply compactness
to get uniform continuity.

154



12.4 Universal quantification for boolean-valued
predicates

The following theorem is due to Berger [5], with domain-theoretic denota-
tional specification and proof. As discussed in the introduction, our purpose
is to illustrate that such specifications and proofs can be directly understood
in our operational setting, and, moreover, apply to sequential programming
languages.

Theorem 12.4.1. There is a total program
¢ : (Cantor — Bool) — Cantor

such that for any total p € (Cantor — Bool), if p(s) = 0 for some total
s € Cantor, then £(p) is such an s.

Proof. Define

e(p) =if p(0::e(As.p(0::s)) then 0:e(As.p(0::s))
else  1:e(As.p(l::s))

Since C'is compact, every total (boolean-valued) predicate p has a big mod-
ulus of uniform continuity 9. We now prove by induction on ¢ that:

If the big modulus of uniform continuity of p at C' is §, then p(s) = 0 for
some total s € Cantor implies that ¢(p) is such an s.

Base case: =0

When p has a modulus zero, p(L) is total and hence p is constant. So irre-
spective of what (p) is, we always have p(e(p)) = 0.

Inductive step:

If p has modulus § + 1, then the predicates py := As.p(0 :: s) and p; :=
As.p(1 :: s) have modulus at most 0. Given that p(s) = 0 for some s € C.
Without loss of generality, let us assume that s is of the form 0 :: ¢ for some
t € C. Thus we have po(t) = 0 and it follows from the induction hypothesis
that e(po) witnesses py, i.e., po(e(po))) = 0. By the definition of ¢, we have
e(p) = 0::&(po). Now p(e(p)) = p(0 :: £(po)) = po(e(po)) = 0. Thus e(p) is a
total element from Cantor that witnesses p. O

This gives rise to universal quantification for boolean-valued rather than
Sierpinski-valued predicates:

Corollary 12.4.2. There is a total program

V' : (Cantor — Bool) — Bool
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such that for every total p € (Cantor — Bool),

V'(p) = 0 iff p(s) = 0 for all total s € Cantor.

Proof. First define 3 : (Cantor — Bool) — Bool by 3(p) = p(¢(p)) and then
define V'(p) = =(3(As.—p(s))). If p(s) for some total s € Cantor, then by
Theorem 12.4.1 it holds that £(s) is a witness to p, i.e., I(p) = p(e(p)) = 0.
Conversely if 3(p) = 0 then p(e(p)) = 0. This means p(s) = 0 for some total
s € Cantor (in which case, s = ¢(p)). Thus in summary we have:

d(p) = 0 iff p(s) = 0 for some total s € Cantor.

Unwinding the definition of V', we see that V'(p) = 0 iff I(As.—p(s)) = 1 ift
—p(s) =1 for all total s € Cantor iff p(s) = 0 for all total s € Cantor. [

So quite surprising one has:

Corollary 12.4.3. The function type (Cantor — Nat) has decidable equality
for total elements.

Proof. Define a program
(==) : (Cantor — Nat) x (Cantor — Nat) — Bool

by f == g := V(As.f(s) == g(s)) where the second == is the equality
test on the total elements of Nat. It is easy to see that (f == ¢g) = 0 iff
f(s) == g(s) for all total s € Cantor. O

12.5 The supremum of the values of a func-
tion

The lexicographic order on the total elements of the Baire type is defined by
s < t iff whenever s # ¢, there is n € N with s(n) < t(n) and s(i) = t(7) for
all + < n.

Lemma 12.5.1. There is a total program
max : Baire X Baire — Baire

such that
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1. max(s,t) is the mazimum of s and t in the lexicographic order of all
total s,t € Baire, and

2. (s,t) = (¢,t') = max(s,t) = max(s,t') for all s,t,s',t' € Baire
(total or not) and all e € N.

Proof. Define the program

max(s,t) = if hd(s) == hd(¢)
then  hd(s) :: max(tl(s), t1(¢))
else  (if (hd(s) > hd(¢) then s else ).

1. We now show that for all total s,¢ € Baire,
max(s,t) =t <= s <t.

Case 1: s # t.

For a given pair s # t we define the minimum n € N for which s(n) #
t(n) as the disagreement index of s and t. We prove by induction on n
that:

For every total s,t € Baire (s # t) whose disagreement index is n,

max(s,t) =t <= s <t.

Base case: n =0

max(s,t) =t iff hd(s) < hd(¢) iff s(0) < ¢(0).

Inductive step:

Suppose s # t € Baire with disagreement index of m + 1. Then
max(s,t) = hd(s) :: max(tl(s),tl(¢)). Since ti(s) # ti(t) has disagree-
ment index n, it follows from the induction hypothesis that

max(tl(s), t1(t)) = t1(t) <= ti(s) < tl(¢).

It immediately follows that max(s,t) =t <= <t.

Case 2: s =1t.
We prove by induction on k that for all £ € N, for all total s € Baire,
it holds that

max(s, s)(k) = s(k)

which then implies that max(s, s) = s by extensionality.
Base case: k=0

Since hd(s) == hd(s), we have max(s, s) = hd(s) :: max(tl(s), tl(s)).
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Hence max(s, s)(0) = hd(max(s, s)) = hd(s) = s(0).
Inductive step:

max(s,s)(k+1) = (hd(s) :: max(

2. By induction on e.

O

The following is an adaptation of an example taken from Simpson [52].
In order to avoid having exact real-number computation as a pre-requisite,
as in this reference, we have made suitable modifications to the program and
its specification but retaining their essential aspects.

Theorem 12.5.2. There is a total program
S : (Cantor — Baire) — Baire
such that for every total f € (Cantor — Baire),
S(f) =sup{f(s)|s € Cantor is total},

where the supremum is taken in the lexicographic order.

Proof. Let t € Cantor be a programmable total element and define

S(f) = if V/(As.-hd(f(s)) ==hd(f(?)))
then hd(f(#)) = ()\s t1(£(s)))

(s
else max(S(As.f(0::5)),S(As.f(1::8)))

where V' : (Cantor — Bool) — Bool is the total program in Corollary 12.4.2.
For convenience, we use the following notation:

sup{f(s)|s € Cantor is total} := sup f.

We show by induction on n € N that, for every total f € (Cantor — Baire),

S(f) =n sup f.

Recall that 7 =, y <= id,(7) = id,(y).
Base case: n = 0.



Trivial.

Inductive step:

Assume that the statement holds for n, we must show that for every total
f € (Cantor — Baire), it holds that

S(f) =n41sup f.

Recall from Proposition 11.7.4(2) that for each total f € (Cantor — Baire),
the total function hd o f € (Cantor — Nat) has a small modulus of uniform
continuity , denoted by 0. We now prove by a further induction on ¢ that,
for every total f € (Cantor — Baire) such that hd o f has modulus 9,

S(f) =41 sup f.

Base case: = 0.

If hd o f has modulus 0 then hd o f is a constant, i.e. hd(f(s)) = hd(f(?))
for all total s. So S(f) = hd(f(t)) = S(As.tl(f(s))). But by assumption,
S(As.t1(f(s))) = sup(As.tl(f(s))), and thus:

S(f) hd(f () == S(As.t1(f(s)))
nt1 hd(f(2)) = sup (As.tl(f(s)))

sup(JEAs.hd(f(t)) 2 s) o (As.tl(f(s))))
= sup f.

Note that the second equality relies on the fact that for all h,
sup((As.d :: s)o h) =d :: sup h.

Inductive step:

If hd o f has modulus § + 1 then hd o (As.f(0 :: s)) and hd o (As.f(1 :: s))
have modulus 0. Then hd o f(s) # hd o f(¢) for some total s € Cantor.
Thus S(f) = max(S(As.f(0 :: s)),S(As.f(1 :: s))). By assumption, we have
S(As.f(0::5)) =, sup(As.f(0::s)) and S(As.f(1 ::s)) =, sup(As. f(1 :: 5)).
And by the (second) induction hypothesis, we have S(As.f(0 :: s)) =511
sup(As.f(0:: s)) and S(As.f(1::8)) =1 sup(As.f(1 2 s)). Now by the non-
expansiveness property given by Lemma 12.5.1(2) we have that S(f) =,11
max(sup(As.f(0:: s)),sup(As.f(1 :: s))). Finally, we use the fact that

sup h = max(sup(As.h(0 :: s)),sup(As.h(1 = s)))

to deduce that max(sup(As.f(0 :: s)),sup(As.f(1 :: s))) = sup f. Hence
S(f) =p+1 sup f and this completes the second induction.
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Thus by Lemma 10.4.7, S(f) =, sup f for all n € N, and by Lemma 10.3.2
it follows that

S(f) =sup f.
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Part 1V

Operational Domain Theory for
FPC
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In this part, an operational domain theory is developed for FPC to treat
recursive types. In Chapter 13, we establish the functoriality of type ex-
pressions. In Chapter 14, we establish the operational algebraic compactness
of both the diagonal category, FPC/°, and the product category, FPC,.
In Chapter 15, we derive a pre-deflationary structure on the closed types
and develop, as a consequence of this, a proof technique called the Generic
Approzimation Lemma. We demonstrate the versatility of this lemma in es-
tablishing program equivalence, where previously many other more complex
methods had been employed.
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Chapter 13

FPC considered as a category

The purpose of this chapter is to set up an appropriate categorical framework
upon which an operational domain-theoretic treatment of recursive types can
be carried out. In this chapter, we show how FPC types-in-context can be
viewed as realisable functors. In order to achieve this, we prove operational
versions of the Plotkin’s uniformity principle (also known as the Plotkin’s
axiom) and the minimal invariance property.

The first category we consider, called FPC,, allows us to interpret types-
in-context X3,..., X, I o as functors FPC}" — FPC,, provided type recur-
sion in ¢ does not occur in contravariant positions (Sections 13.1 and 13.2).
The second category, which is constructed out of FPC;, called FPC,’, allows
us to remove this restriction (Section 13.3).

13.1 The category of FPC types

The main purpose of this chapter is to give an account of the categorical
framework within which our theory is organised. Our approach, largely
adapted from Abadi & Fiore [1], turns out to be a convenient option among
others. We carefully explain this in two stages:

(i) understand the basic type expressions (i.e., type expressions in which
type recursion does not occur in contravariant positions) as functors,
and then

(ii) consider those built from all possible type constructors.

The objects of the category FPC are the closed FPC types (i.e., type
expressions with no free variables) and the morphisms are closed terms of
function-type (modulo contextual equivalence). Given closed type o, the
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identity morphism id, is just the closed term Az?.x and the composition of
two morphisms f and g is defined as

gof:=rg(f(r)).

The category FPC, is the subcategory of FPC whose morphisms are the
strict FPC-morphisms.
We make use of the following notations:

o for a sequence of closed types oy, ..., 04;

t for a sequence of closed terms tq, ..., t,;

X for a sequence of type variables Xj,..., X,;
T for a sequence of term variables x1,...,x,;
c?/)z for the substitutions o1/X7, ..., 0,/Xy;
/7 for the substitutions ¢/, ..., t,/Tp;
f:ﬁ—m@ for fi: Ry — S1,..., fu: Ry — S,.

When we write X , X, it is understood that X does not appear in X.

13.2 Basic functors

FPC type expressions are called basic if they are generated by the following
fragment of the grammar:

B:=C|X|BxB|B+B|B, |uXB/C—B

where C ranges over closed types. Note that the set of basic type expressions

is a proper subset of those type expressions in which recursion does not occur

in the contravariant positions. For instance, uX.((X — C) — C is not basic.
A basic functor T : FPCl' — FPC, is one realised by:

(1) a basic type-in-context X + 7

(2) a term-in-context

R.S:f:R— Srt:7[R/X]— 7[S/X]
such that for any ¢ € FPC}, it holds that

T(7) = 7|7/ X]
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and for any p'and &, and any ¢ € FPC,(p, 7), it holds that

T(%) = t[7/f).

Now we show how basic type expressions define basic functors. We first
present the construction and then prove functoriality. For a basic type ex-
pression B in context © = X , we define, by induction on the structure of
types, an associated functor Serg : FPCJ' — FPC; (or simply S) as follows:

(1) Closed type.
Let © - C.
For object ¢ € FPC}, define S(¢) = C.
For morphism ¢ € FPC,(p, &), define S(¥) = idc.

(2) Type variable.
Let OF X; (1 € {1,...,n}).
For object ¢ € FPCY, define S(¢) = o;.
For morphism ¢ € FPC,(p, ), define S(v) = v;.

Let © - By, By be given. Assume that 7; (j = 1,2) is the basic functor
associated with © - B;, whose morphism part is realised by

(3) Product type.
For object ¢ € FPCY, define S(7) = T1(6) x T5(7).
For morphism v € FPC,(p, &), define S(v) to be the unique morphism
h such that the following diagram

S(p) —2— T(7)
h T (@)
S(8) —— T,(®)

J

commutes (j = 1,2). The morphism part of S is realised by

—

R,S:f:R— St Az(ty(mz)ta(m2)).
(4) Sum type.
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For object & € FPC}, define S(7) = T1(5) + T»(7).

For morphism 7 € FPC,(p, &), define S(7) to be the unique morphism
h which makes the diagrams

5@ " 17 S " 17
h T (v) h T3(7)
S(7) - T1(5) S(d) — T5(0)

commute. The morphism part of S is realised by

inl(x).inl(t; (x))
R;S:f: R — SF Az.case(z)of
inr(y).inr(¢2(y))

Lifted type.

Let © F B be given and T' its associated basic functor.

For object ¢ € FPCY, define S(¢) = (T'(d)) ..

For morphism v € FPC,(p, &), define S(v) to be the unique morphism
h which makes the diagram

S(p)

commute. The morphism part of S is realised by
R,S;f:R— SF Az.case(z) of up(z).up(t(z))
where the morphism part of T is realised by
R,S;f:R— Skt:B[R/X] — B[S/X].

Recursive type.
Let ©, X FB (X ¢ {X1,...,X,}) and T the associated basic functor.
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For object & € FPCY, define S(¢) = uX.7T(d, X). We write T'(c, S(7))
for B[¢/ X, 5(3)/X].

For the morphism v € FPC(g, &), define S(v) to be the least morphism
h that makes the diagram

unfold*® .
S(7) (7, S(7)
h T(V,h)
S(e - 7,S5(c
( )unfold5<"> (7,5(d))

commute. The morphism part of S is realised by
R,S:f: R — SF fix(\g.fold o t[g/ f] o unfold)
where the morphism part of T' is realised by

R,RS S:f:R—S f:R—S+t:B[R/X,R/X]— B[S/X,S/X].

Restricted function type.

Let © F B be given and T the associated functor. Let C be a closed type.
We want to define the functor S which is associated to © - C — B.
For object ¢ € FPCY, define S(¢) =C — T(7).

For morphism ¢ € FPC,(p, 7), define S(¥) to be

Mg (C—T(p) — (€= T(7))T(V)cg.
The morphism part of S is realised by
R’,S’;f:éﬂgl— Ag.tog
where the morphism part of T is realised by

R,S:f:R— S+t:B[R/X]— B[S/X].

Functoriality relies on the following two key lemmas.

Lemma 13.2.1. (Plotkin’s uniformity principle)
Letf:0—0,g9:7— 7 be FPC programs and h : 0 — T be a strict program,

167



i.e., h(L,) = L., such that the following diagram

commutes, i.e., goh = ho f. Then it holds that

fix(g) = h(fix(f)).

Proof. Using rational-chain completeness, rational continuity, ho f = go h
in turn, it follows that

hfix(f)) = h(d, f™(Ls))
L, 7o fM (L)
= ,9™ oh(L,)
L, 9" (L)
fix(g).

O

Remark 13.2.2. Notice that this uniformity of least fixed point relies on the
rational-chain completeness enjoyed by FPC types and rational continuity of
function-type programs. Both facts have been established in Part II of this
thesis (cf. Theorem 7.6.6).

Lemma 13.2.3. (Operational minimal invariance for basic functors)

Let T : FPC!"Jrl — FPC, be a basic functor and ¢ any sequence of closed
types. Write S(&) for uX.T(5,X). Then the least endomorphism e : S(&) —
S(&) for which the diagram

unfold®@

S(5)

S(c =
@ unfold®@
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commutes must be idg(z).

Proof. The interpretation of e in the Scott model, denoted by [e], makes the
corresponding diagram commute. By Theorem 2.3.7, the only such endomor-
phism on [S(&)] must be idjg@)y). Now, by Lemma 13.2.4 below, it follows
that e = idg(g). ]

Lemma 13.2.4. Let e : 7 — 7 be a closed term such that [e] = idj,y in the
Scott-model. Then e = id,.

Proof. Notice that [e] = idfj = [id;]. By Corollary 4.6.4, it follows that
e =id,. O

We are now ready to prove functoriality. First we prove the preserva-
tion of composition of morphisms. Consider the following composition of
morphisms:

o — 0 — T
U U
It is easy to see that type expressions which are of the following forms: type
variables, sum types, product types and lifted types, preserve composition
as the corresponding constituent functors do. Thus, it remains to verify that
constructors of the form puX T(X' ,X) do preserve the above composition,
i.e., the following diagram commutes:

uX.T(ii, X) uX.T(7,X)

uX.T(7,X) uX.T(p, X) uX.T(7, X)

uX.T(,X) 1X.T(7 X)

uX.T (o, X)

Let us abbreviate uX.7(&, X) by S(&) as before.
Consider the following diagram:

— o S(u)

(5(p) — 5(7))

o v

(5(p) — 5(7))
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where ® = \h.fold*™ o T(#, h) o unfold®® and
U = Af.fold®® o T(¥ o @, f) o unfold®,
The diagram commutes because for any h : S(p) — S(7),

U(hoS(7))
= fold5™ o T(7o @, ho S(i)) o unfold®®
fold®™ o T(7, h) o unfold®? o fold*? o T'(i, S(i)) o unfold®®
= ®(h)o S(u)

Because — o S() is a strict program, by Lemma 13.2.1 it follows that
S(vUo i) = fix(V) = fix(®) o S() = S(V) o S(u).

Next we prove the preservation of identity morphisms. By definition S(idz)
is the least solution e of the equation e = fold®® o T'(ids, €) o unfold®® . But
Lemma 13.2.3 already asserts that e = idg().

13.3 Realisable functors

An unrestricted FPC type expression is more problematic.

(1) Once the function-type — constructor is involved, one needs to separate
the covariant and the contravariant variables. For instance, X — Y
consists of X as a contravariant variable and Y as a contravariant
variable.

(2) A particular type variable may be covariant and contravariant. For
example, the type variable X in X — X.

The usual solution to this problem of mixed variance, following Freyd [19],
is to work with the category FPC)® x FPC,. In this chapter, we do not do
so! but instead work with a full subcategory, FPC,’, of this. Define FPC/°,
the diagonal category, to be the full subcategory of FPC* x FPC, whose
objects are those of FPC, and morphisms being pairs of FPC,-morphisms,
denoted by u: 0 — 7 (or (u”,u")), of the form:

In FPC,°, uow, is defined as the pair (v~ ou~,u* ov™).

'We shall consider the product category FPC¥ x FPC, in Chapter 14.
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The reader should note the following use of notations.
Notations. In order to avoid excessive use of +, — and <, we write

f:R—S for ffT:RSS: [,
fﬁ—>§ for fjr:R’SS_’):fi.

Definition 13.3.1. A realisable functor T : (FPC!‘S)" — FPC/ is a functor
which is realised by:

(1) a type-in-context X - 7; and
(2) a pair of terms-in-context of the form:
RS f:R— Srt:7[R/X]— 7[S/X]
such that for any & € (FPC,°)", it holds that
T(5) = rl/X]
and for any g, € (FPC\°)", and any @ € (FPC,°)"(p, &),

(@) = t[i/ f].

Remark 13.3.2. (1) Let @, 7 € (FPC\°)"(p, &) be given and suppose that
u C v. Then by monotonicity, any realisable functor is locally monotone
in the sense that T'(@) C T(7).

(2) Let i, € (FPC,°)"(j,7) be rational chains. Then by rational con-
tinuity, any realisable functor is locally continuous in the sense that

T (U i) = Ui T(aik).

Definition 13.3.3. A type expression is functional if it is of the form 7, — 7
for some types-in-context © - 71, T5.

We show how FPC type expressions define realisable functors. Again we
proceed by induction on the structure of types. The expert reader can choose
to skip the details for the non-functional type expressions and read only those
of the functional ones. This is because the cases for the non-functional type
expressions are similar to those found in the construction of the basic func-
tors, i.e., one merely upgrades these to functors typed (FPC!‘S)” — FPC/ by
adding the obvious dual arrow when defining the morphism part. However,
for the sake of completeness, we do include details of these constructions as
well.
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(1) Functional type expressions.
Let X + 71, T2 be given. By induction hypothesis, there are functors
Ty and T5 associated to these whose morphism parts can be realised by
the following terms-in-context (j = 1,2):

RS, f:R— S+t :n[R/X] — 7,]S/X].

We now define the functor T associated to X - 71 — T9 as follows:
For any & € (FPC,°)", define T(7) = T\(5) — To(5).
For any i € (FPC\°)"(7, &), define T() to be v where

vo = A Th(0) — To(0). Az - Th(p) I T (1) o h o I, T (W) (2)
vt o= Ag:Tv(p) — Tu(p) Ny : T1(3) Iy Ty(1@) o g o I, Ty () (y)

The morphism part of T' is given by:

RS, f:R—Skt:(n— n)R/X]— (n —n)S/X]

where

t= = Ah:(n — n)[S/X]) e n[R/X]t; o hot!(x)

tt = Ag:(m — n)[R/X] Ny : 1[S/X].t5 ogoty(y).
Note that T" preserves composition and identities since 7T}’s do.
(2) Non-functional type expressions.

(a) Type variable.
Let Xq,..., X, F X, be given.
For any & € (FPC,°)", define T(5) = o;.
For any 7,& € (FPC\°)" and any @ € (FPC,°)"(j, ), define T'(i)
to be u; : p; — ;. The morphism part of T is realised by

R‘,S’;f:ﬁﬁgl—fi:RiHSi.

Note that T preserves composition and identities.
For the purpose of cases (b) and (c), let us suppose we are given

X F 71, T2. By induction hypothesis, there are associated real-
isable functors 7; (j = 1,2) whose morphism parts are realised

(b) Product type.
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We want to define the functor T associated to X T X To.
For any & € (FPC,°)", define T(7) = T1(&) x T5(5).

For any 7,& € (FPC\°)" and any @ € (FPC,°)"(j, ), define T(i)
to be v where

vo = Ap:Th(0) x To(6). (I Ty (@) (fst(p) ), I T (@) (snd(p)))
vt = A Ti(p) x Ta(p). (T (@) (fst(q)), Mo To (@) (snd(q))).

The morphism part of T are realised by

— —

RS f:R—Skt:(nxmn)R/X]—(nxmn)S/X]

where

- =

o= Ap s (X m)[S/ X (Bt(p)), £ (snd(p)))
= Mg (mx )[R/t (Bst(a), ¢ (snd(q))).

Note that T" preserves composition and identities since T}’s do.

(c) Sum type.
We want to define the functor T associated to X - T + To.
For any & € (FPC,°)", define T(7) = T1(F) + To(5).
For any j,& € (FPC\°)" and any @ € (FPC,°)"(j, ), define T'(i)
to be v where

inl(z).inl(IL T} (@) (z))
vo = A2.T1(F) + Ta(7).case(z)of

inr(y).inr (IL T3 (1) (y))

inl(z).inl(IL T} (@) (x))
vt = Aw.Ti(p) + To(p).case(z)of

inr(y). inr(IT5(1@0) (y))-

The morphism part of T is realised by

— — - =

ﬁ § f R—Skt:(n+mn)R/X]— (71+T2)[§/X]
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where

o inl(x).inl(t] (x))

t7 = Az.(m + 1)[S/X].case(z)of
inr(y).inr(t; (y))
o inl(x).inl(t] (z))

tt = Az.(m1 + )[R/ X].case(z)of
inr(y).inr(t5 (y))-

Again T preserves composition and identities since T}’s do.

Lifted type.

Let X 7 be given and by induction hypothesis there is an asso-
ciated realisable functor T. We want to define a realisable functor
T, which is associated to X F T|.

For any & € (FPC,°)", define T\ (¢) = T/(&),.

For any j,¢ € (FPC/°)", and any @ € (FPCY)*(7,7), define
T'(@) to be v where

ve = Az (T(d)),.case(z) of up(z).up(I,T(@)(z))
vt = Aw: (T(p))L.case(w) of up(x).up(Il,T(@)(x)).

If the morphism part of T is realised by
RS, f:R—Srt:r[R/X]— 7[S/X],
then the morphism part of 7', is realised by

RS, f:R— St 7 [R/X]— 7[S/X]

)~ = Az q[bi/)@.case(z) of up(z).up(t™(z))
(""" = Aw: 7 [S/X].case(w) of up(z).up(tt(z)).

Note that T preserves composition and identities since 7" does.

Recursive type.
Let X, X F 7 be given. The induction hypothesis asserts that
there is a realisable functor T : (FPC,°)"*! — FPC,’ associated

to X , X F 7. Since T is realisable, there is a pair of terms-in-
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context
R, RS S:f:R—S f:R—Sk+t:7[R/X R/X]— 7[S/X,5/X]

which realises the morphism part of it.
We want to define a realisable functor

S: (FPC’)" — FPC/’

associated to X + uX.T.

For any & € (FPC/?)", define S(5) = uX.7[5/X].

For any p,é € (FPC\°)", and any @ € (FPCY)"(j,5), define
S(@) to be the least morphism v such that the following diagram

commute:
S(p) —2 S(3)
is() i5()
T(7,5(p)) T o) T(7,5(5))

where i := (fold, unfold).
Equivalently, S(@) := fix(®) where ® is defined as:

/\UZE(1 ) © T(ﬁ, U) o iS(ﬁ)‘

The morphism part of S is realised by:
RS f:R— Sk ﬁx()\v.i;(lg) otlv/floig)-

By Lemmas 13.3.4 and 13.3.7 below, S is a functor.
Lemma 13.3.4. S preserves composition of morphisms.

Proof. The proof strategy? used here is the same as that used for estab-
lishing that basic type expressions (as functors) do preserve compositions.
To show that S preserves, we must prove that for any morphism pairs
i € (FPC°)"(p,&) and 7 € (FPC,°)"(,7), it holds that

S(5) 0 S(@) = S(F 0 @).

2This proof strategy can be found in Lemma 5.3.1 of [3] where it is proven that least
algebra homomorphisms compose.
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We denote (fold, unfold) by i. Define two programs as follows:

Vi (8(7) = 5(0) x (5(0) = S(7)) — (S(7) = 5(9)) x (5(9) = 5(7))

U, (S(7) = S(p)) x (5(p) = (7)) — (S(7) — 5(p)) x (S(p) — 5(7))
U, = A, d).zs(?) oT(vo1,c,d)oigy
Then the following diagram

— o0 5(u)

— 57 (50— S x (S(7) — 5(7)

commutes since for all a : S(7) — S(7) and b : S(¢) — S(7), it holds that
U, (a,b) o S(&)

= 25()0T(vab)ozg ozs(g)oT(u S(w0)) oig(p)

= zs(q)oT(vou (a,b) 0 S(1)) o ig(p

= Wy((a,b) o S(u)).

Moreover, because I1;.5 () is strict, the program
— 0 S(@) := Ma,b).(I1;.S(@) o a,b o [1,5())
is strict. Therefore, by Plotkin’s uniformity Lemma 13.2.1, we have
fix(Wy) = fix(¥y) o S(u)
ie., S(¥) o S(u) =S (Vo). O

Definition 13.3.5. An FPC,’-morphism is said to be twin if it is of the
form

u:oSo:u.

Lemma 13.3.6. Let X 7 be a type-in-context and T'g, _ as defined in the
construction. Then for any & € (FPC!5)” and for any sequence of twin
morphism i € (FPC°)(3,5) (i.e., ui: 0; S o3 :u; (i = 1,...,n)), the
morphism T'(@) is again twin.
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Proof. By induction on the structure of XFo.

The only interesting case is the recursive type X F uX.7 which we prove
below. Let X , X F o be given. We want to prove that for every twin
morphism @ € (FPC°)"*(&,5), it holds that Sgrux.- (1) is again twin. By
definition, Sg v, (#) is the least ¢ : S(¢) — S(&) such that the diagram

S(3) S(0)
15(3) i5()
T(3,S(3)) Tt T(7,5(7))

commutes. Here we denote (fold, unfold) by i. Let ¢ := At.i~! o T'(d,t) o 1.
Then on one hand, by the definition of S(«), we have t = fix(¢). On the
other hand, fix(¢) = || #™ (L, 1) by rational completeness. A further
induction on n then shows that ¢™ (L, L) is twin for every n € N. The
proof is easy. For n = 0, we have the trivial twin (L, L). For the inductive
step, it follows from the two induction hypotheses that ¢(n+1)(L, L) =
it o T(it, ™ (L, L)) oi must be twin. Finally, invoking rational continuity,
we have that fix(¢) is twin and the proof is complete. O

Lemma 13.3.7. (Operational minimal invariance for realisable functors)
Let T : (FPC,°)"*! — FPC,® be a realisable functor and & € (FPCY)". As
usual, we write S(&) for pX.T(&,X). Then the least FPC\’-endomorphism

¢:8(5) — S(3)

for which the following commutes

S(a) S(a)
15(5) LS(5)
1(6,8(8)) 5 716.5(0)

must be the identity morphism <id3(3),id3(3)>. Moreover, the identity is the
only such endomorphism. Consequently, S preserves identity morphisms,
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i.e.,

S((idz,1dz)) = (ids(z),1ds(s))-

Proof. First observe that e is twin by Lemma 13.3.6. So e = (e,¢) for
some FPC-morphism ¢ : S(¢) — S(¢). Based on this observation, the
proof will be complete once we have shown that ¢ = idg). Notice that
F :=T(3 —) : FPC’ — FPC,® realises the type-in-context X + 7[7/X].
We want to prove that the least morphism e = (¢, ¢) such that

e=i'oF(e)oi

is contextually equivalent to (idg),idgw)). To achieve this, interpret this
equation in the Scott model so that [e] is the least solution to the correspond-
ing equation. Note that [e] = [(¢,¢)] = ([¢], [e]). By Theorem 2.3.7, we
have that [e] = idfgs)]. It then follows from Lemma 13.2.4 that € = idg().
Hence e = (idg(5), ids())- O

Remark 13.3.8. Note that the above proof cannot be easily replaced by a
direct proof by induction on types. Such an attempt is deemed to fail because
the least fixed point of a type expression is not in any way built from those
of its constituents.

Remark 13.3.9. Notice that though denotational techniques have been em-
ployed in both the proofs of Lemmas 13.2.3 and 13.3.7, the results are purely
operational. Some attempts have been made to produce a purely operational
proof of these two lemmas and these are presented in Chapter 16.
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Chapter 14

Operational algebraic
compactness

In [18], P.J. Freyd introduced the notion of algebraic compactness to capture
the bifree nature of the canonical solution to the domain equation

X =FX

in that “every endofunctor (on cpo-enriched categories, for example, DCPO |,
the category of pointed cpos and strict maps') has an initial algebra and a
final co-algebra and they are canonically isomorphic”. In the same reference,
Freyd proved the Product Theorem which asserts that algebraic compact-
ness is closed under finite products. Crucially, this implies that DCPO ; x
DCPOY] is algebraically compact (since its components are) and thus al-
lows one to cope well with the mixed-variant functors - making the study
of recursive domain equations complete. Now proving that DCPO, is al-
gebraically compact is no easy feat as one inevitably has to switch to the
category of embeddings and projections, together with a bilimit construction
(cf. Section 2.3.1). Using the operational machinery developed so far, we
shall establish operational algebraic compactness with respect to the class of
realisable functors.

In this chapter, we establish that the diagonal category FPC,° is para-
metrised algebraically compact. We also consider an alternative choice of
categorical framework, namely the product category FPC, = FPC® x
FPC,, and show that this is also parametrised algebraically compact. We
then briefly compare the two approaches.

The reader should note that we rely on uniformity (cf. Lemma 13.2.1) in

'Tf non-strict maps are considered then the identity functor does not have an initial
algebra.
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establishing the algebraic compactness results in Sections 14.1 - 14.2. Such
a proof technique was probably first done in Simpson [53] for a more general
setting of Kleisli-categories.

14.1 Operational algebraic compactness

Theorem 14.1.1. (Operational algebraic completeness I)
FEvery realisable endofunctor

F:FPC’ — FPC/’
has an initial algebra.

We say that the category FPC\’ is operationally algebraically complete with
respect to the class of realisable functors.

Proof. Let X F 7 be the type-in-context which realises F'. Denote uX.7 by D
and (unfold, fold)**7 by i. We claim that (D, ) is an initial F-algebra. For
that purpose, suppose (D’,4') is another F-algebra. We must show that there
is a unique F-algebra homomorphism k = (k~, k™) from (D, ) to (D',i"). We
begin by defining k to be the least homomorphism for which the diagram

l

FD A
k k
FD' D'

2'/

commute. In other words, define £ to be the least solution of the recursive
equation
k=ioF(k)oi

Of course, k fits into the above commutative diagram. It remains to show
that k is unique. To achieve this, suppose that &’ is another morphism which
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makes the above diagram commute. Then we consider the following diagram:
G ! !
(D— D)x(D— D)— (D'"— D)x(D— D"
d 1
(D—>D)X(D%D)Z(D/HD)X(DHD/)

where the programs ®, ¥ and G are defined as follows.
® = M :(D—D)x(D— D)ioF(h)oi*
U = Me: (D= D)x(D—D)i'oF(k)oi™
G = M :(D—D)x(D— D).k oh.

Note that from the definition of k& we have fix(¥) = k. This diagram com-
mutes because for any h: (D — D) x (D — D), it holds that

Kod®h) = koioF(h)oi™! (def of @)
= {oF(K)oitoioF(h)oi ™t (K=ioF(k)oil)
= {'oF(k)oF(h)oi! (unfold = fold ™)
= oF(Koh)oi! (F is a functor)
= U(K oh) (def of W)

Note that fix(®) = (idp,idp) by Lemma 13.3.7. Since G is strict, it follows
from Lemma 13.2.1 that

k= fix(V) = k' o fix(®) = k' o (idp, idp) = ¥
Thus, the uniqueness of k is established. O

Theorem 14.1.2. (Operational algebraic compactness I)
Let F : FPC° — FPC/\° be a realisable endofunctor. Then every initial
F-algebra is bifree, i.e., its inverse is also a final coalgebra.

We say that the category FPC\’ is operationally algebraically compact with
respect to the class of realisable functors.

Proof. W.l.o.g., we may consider the initial F-algebra

i:F(D)— D
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where (D, i) is as defined in the proof of Theorem 14.1.1. Note that i~' =
(fold, unfold)? so that
it D — F(D)

is an F-coalgebra. Using the arguments similar to those for reestablishing
initiality, it is evident that (D,7i7') is a final F-coalgebra. O

Theorem 14.1.3. (Operational parametrised algebraic compactness I)

Let F : (FPC°)"t! — FPC,° be a realisable functor. Then there exists a
realisable functor H : (FPC?)* — FPC)’ and a natural isomorphism i such
that for all sequences of closed types P in (FPC!‘S)”, we have

ip: F(P,H(P)) = H(P).
Moreover, (H(P),ip) is a bifree algebra for the endofunctor
F(P,)): FPC — FPC/.

We say that the category FPC\’ is operationally parametrised algebraically
compact with respect to the class of realisable functors.

Proof. Every P € (FPC,°)" induces a realisable endofunctor
F(P,)) : FPC’ — FPC/

and by operational algebraic completeness of FPC,° we always have an initial
F(P, _)-algebra which we denote by (H(P),ip). Next we extend the action
of H to morphisms. For every f: P — @, let H(f) be the unique F(P,_)-
algebra homomorphism from (H(P),ip) to (H(Q),ig o F(f, H(Q))), i.e.,
H(f) is the unique morphism ¢ for which the diagram

ip

F(P,H(P)) H(P)
F(P,g) g
F(P,H(Q)) F(Q,H(Q)) — H(Q)

F(f,H(Q)) iQ

commutes. By the universal property of initial algebras, H is a functor and
by construction, i is a natural transformation. Moreover, Theorem 14.1.2
ensures that (H(P),ip) is a bifree F/(P,_)-algebra. O
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14.2 Alternative choice of category

The classical theory of recursive domain equations centres around functors
of the form F : (DCPOY, x DCPO, )" — (DCPO} x DCPO,,). As
noted before, DCPO%] x DCPO |, is algebraically compact. But more gen-
erally DCPOT) x DCPO |, is parameterised algebraically compact - a result
implied by Corollary 5.6 of Fiore & Plotkin [16].

Let FPC, denote the product category FPC’ x FPC, where FPC, is
defined in Section 13.1. The natural question to ask is whether the category
FPC, is algebraically compact. In order that this question makes sense, one
has to identify an appropriate class of functors, F, with respect to which
algebraic compactness is defined. In this section, we show that, with a suit-
able choice of F, the category FPC, is parametrised algebraically compact
with respect to F, i.e., for every F-functor T : (FI;Cg)”Jrl — FPC,, there
exists an F-functor H : (FPC,)" — (FPC)) and a natural isomorphism i
such that for every sequence of closed types ¢ := oy ,07,...,0,,0/", the pair
(H(&),iz) is a bifree algebra of the endofunctor T'(&, —, +) : FPC, — FPC,.

In the framework of the product category FPC,, it is mandatory to en-
force a separation of positive and negative occurrences of variables. An oc-
currence of X in a type expression is positive (respectively, negative) if it
is hereditarily to the left of an even (respectively, odd) number of function
space constructors. For example, for the type expression X + (X — X),
separation yields X* + (X~ — X ™).

Notation. We use the following notations:

X = X, X! X, X
X+ = X X7, X XS
G = 01,01,...,0,,0"
Gt = of,o0,...,08 0

f:ﬁ—>§ = f1:1~f+—>51,f1:51—>]€—.
Sometimes, we also use P and () to denote objects in FI:;C;, and u for

morphisms in FPC,.
Let us begin by considering an appropriate class of n-ary functors of type

(FPC,)" — FPC,.
A seemingly reasonable choice is the class of syntactic functors (originally

used by A. Rohr in his Ph.D. thesis [47]) which is defined as follows.
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A syntactic functor 7 : (FPC,)" — FPC; is a functor which is realised
by

(1) a type-in-context X + 7; and

(2) a term-in-context of the form:

- =

RS f:R— Srt:7[R/X]— 7[S/X]

such that for any @ € FPC, ", it holds that
T(3) = 7(6/X]
and for any 5,5 € FPC,", and any @ € F]?u’Cln(ﬁ, 7), we have

tla/ f].

However, there are some problems with this definition. Firstly, syntactic
functors aren’t functors of type FPC, — FPC, and so it does not immedi-
ately make sense to study parametrised algebraic compactness with respect
to this class of functors. The first problem is superficial and can be easily
overcome as follows. For a given syntactic functor F' : (Fl?;Cg)" — FPC,,
there is a standard way of turning it to an endofunctor F : (FﬁC;)" — FPC,.
Recall that there is an adjunction between the following categories:

T(u)

InvCat ——— Cat
Gy

We now exploit this adjunction. Via the adjunction, there corresponds a
unique functor F': (FPC,)" — FPC, such that the following triangle

FPC, FPC, — . FPC,

£ <
(FPC)"  (FPC)"
commutes. The explicit definition of F' is given by:

F(5) = (F(5%), F(9)).
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So one might consider defining a functor G : FPCu — FPC, to be syntactic
if there exists a syntactic functor F': FPC," — FPC, such that G = F.
However, if we work with this definition, a serious problem? arises. As we
shall see in Theorem 14.2.4, the parametrised initial algebra of such functors
are not of the form H for some functor H.
This can be fixed by working with our official definition:

Definition 14.2.1. An n-ary functor F : (FP;C;)” — FPQC, is said to be
syntactic if it is given by:

(i) a pair of types-in-context X+ 7,7+, and
(ii) a pair of terms-in-context R, S f: R— Sk

~ 7 [S/X] = 7 [R/X),tt . Y[R/ X] — 7[5/ X].

such that for any & € Ff;an,
F(7) = (r[¢/X], 7[5/ X])

—

and for any p,d € FPC," and any u € FP;an(p, 7), we have

F(a) = (¢, tH[a/f).

Before we establish operational algebraic completeness and compactness
for the category FPC,, we pause to look at some examples.

Example 14.2.2. (1) Consider the type-in-context X = X — X. The
object part part of the syntactic functor Ty _,  , is realised by the
types-in-context

X, XTH(XT 5 X7), (X~ — XT).

The morphism part of the syntactic functor T'¢, .  y is realised by the
term-in-context

R,S;f:R— SkE (t,t)
where

t= = Ag: (ST —=87).f ogof*
tt = M:(R"— R"Y).ffohof".

2This problem was discovered by T. Streicher and the author during a private commu-
nication in January 2006.
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(2) The type-in-context X5 F uX;.(X; — X3) is not functorial in X, since
one unfolding of pX;.(X; — Xy) yields (uX;.(X; — X3)) — X, and
the latter expression does not respect the variance of X5. It seems clear
that there is no syntactic functor whose object part is realised by the
type-in-context Xo F uXi.(X; — Xo).

Remark 14.2.3. Crucially, Example 14.2.2(2) indicates that if a minimal
invariance for Xy, X7 F X; — X5 were to exist then it cannot be simply
given by Xy F uX7.(X7 — X5). Theorems 14.2.4 and 14.2.6 below provide
us with a way to calculate the minimal invariance.

Adapting the proof of Freyd’s Product Theorem in the operational set-
ting, we establish the following.

Theorem 14.2.4. (Operational algebraic completeness II)
FEvery syntactic functor } y
F FPCI — FPC|

has an initial algebra.

We say that the category FPC, is operationally algebraically complete with
respect to the class of syntactic functors.

Proof. Recall that F' can be resolved into its coordinate functors
T~ : FPC, — FPC” and T* : FPC, — FPC,

which are explicitly defined as follows. Note that T~ (respectively, T") is
realised by a type-in-context Xkr (respectively 77) and a term-in-context
RS f:R— Skt :775/X] — 7 [R/X] (respectively, t).

We want to construct an initial F-algebra in stages.

(1) For each o* in FPC,, consider the endofunctor
T (,0"):FPC — FPC".

The initial algebra of this endofunctor will be one of the ingredients
required in the proof. Thus we must prove that 7~ (_, ™) has an initial
algebra. One need not look very far for one:

unfold® : T~ (uX T (X ,0"),07) - uX" T (X",07).

For convenience, denote unfold®” by f - and uX =T~ (X~,0") by F~(c").
Rewriting gives:

[y T(F(0%),0%) — F~ (o).
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To prove that this is an initial 77 (_, 0" )-algebra in FPC}”, suppose
we are given another 77 (_, o1 )-algebra a®® : T~ (7,0%) — 7. We need
to show that there is a unique morphism h°? : F~ (o) — 7 such that
the following diagram commute in FPC,;:

T (F-(o+), o) SO po oy

T=(h,idy+) h

T (r, a+) v T

For existence, we define h to be the least fixed point of the program
UV : (1= F (6%) = (r— F (o))
U = Mhfoldo T (h,idy+) 0 a

Since U(h) = Y(fix(¥)) = fix(V) = h, it follows that h fits into

the above commutative diagram. It therefore remains to establish its
uniqueness. For that purpose, we consider the program

® : F(c7)— F (o)
® = Mfoldo T (k,id,+) o unfold
We now show that fix(®) = idp-(,+). Note that because T~ is syntac-

tic, so is T~ (., 0™"). Denote fix(®) by k. Again appealing to minimal
invariance (cf. Lemma 13.3.7), it follows that k& = idp-(,+).

In order to show that h is the unique morphism which fits into the
diagram, we suppose that there is another such morphism A’. Consider
the following diagram:

(F (o) = F(a*)) =1 (r = F (o))

o v

_ /

(F (%) = F(") 2% (r = F (o))

This diagram commutes since for every k : F~ (o) — F~(o™) it holds
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that

P(k)oh' = foldo T (k,id,+) o unfold o A’

fold o T~ (k,id,+) o unfold o fold o T~ (A, id,+) 0 a
foldo T~ (koh',id,+)oa

= WU(koh')

Note that — o b’ is always strict. Invoking Lemma 13.2.1, we conclude
that
h = ﬁX(\Ij) = ﬁX(q)) @) h/ = idpf(a.Jr) o h, = h/_

Thus we have established that f - : T (F~(oc"),0%) = F~(c") is an
initial 7~ (-, o")-algebra in FPC/”.

(2) We now extend F~ to be a functor FPC, — FPC/”. For that, we de-
fine the morphism part of F~. Let w™ : p™ — o be a FPC,-morphism.
Using the initiality of F~(p™), define F~(w™) to be the unique mor-
phism which makes the following diagram commute in FPC}":

T (F(p*),p") o F~(p")
T~ (F~(w'),id,+) F~(wt)
)" g T ) e P

Rediagramming a little gives:

T(F (7, 0) = F ()

Notice that the functoriality of F'~ derives from the initiality of £~ (p™).

(3) In this stage, we define an endofunctor G : FPC, — FPC, by

Glot) =TT (F (cF),0M).
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In a similar way, we have the initial algebra for G given by
fold™X "G TH P~ (uXT.G(XH)), uXT.G(X)) — puX+.G(XT).

We use the notations 6 for pX+.G(X*) and d+ for fold"X ¢&"),
Rewriting, we have the initial G-algebra given by

dt TH(F~(67),6%) — &+ (14.1)
We further define 6~ := F~(6") and denote the initial T~ (_, 6T)-algebra
fye 2 T7(F7(67),07) — F(67) by
d”:T (67,6") =0~ (14.2)
bearing in mind that this is a morphism in FPC}”.

(4) We aim to show that
(d,d"): (T7(67,07),T7(67,07)) — (67,07)

is an initial (T, T")-algebra. So suppose that we have another (7, T1)-
algebra
(7,65 (), T ) = (7,

We want to show that there is a unique algebra homomorphism from
(d=,d") : (T~(6=,07), TT(6~,6")) — (6,d7) to this. In this stage,
we show the existence. By the initiality of F~(771), there is a unique
morphism v~ : F~(7%) — 7~ in FPC}” so that the following diagram
in FPC*:

T (F (), ) L) ey
fT_+ t~
F~ (1) -~ T~

Next we use the initiality of 6 to define u™ : 67 — 77 to be the unique
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FPC-morphism so that the Diagram (1) commutes in FPC,.

T(F(uh),u’)

TH(F(67),07) TH(F(r7),7)

T (v, id+)
d* (1) THr %)
++
5+ o+

ut

Now define u™ := v~ o F~(u") in FPC}® and redraw Diagram (1) (still
in FPC,) as Diagram (2).

TH(u,u™)

TH5~,67) THr )
d+ (2) t
5+ 7_+

ut

Apply the functor F'~ to the morphism u™ : 67 — 77 so that we get
the following diagram in FPC":

T (F(u"),u’)

T=(F~(6%),67) T=(F(r7),7")
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Pasting the unnumbered diagrams, we obtain the following in FPC}*:

T (F~(u™),u™) T~ (v™,id,+)

T~ (F~(6%),6") T-(F(t%),77) T (r—,7%)
f6_+ fq—_+ t~
F~(61) F(t%) T

F~(u™) V-

Finally making use of the definitions of 6~ and u~, we reduce the outer-
quadrangle of the above diagram to the following in FPC}*:

75—, 57) L) e o
o+ (3) t
o~ = T~

(5) Now it remains to show that (u~,u") is unique. Suppose that we are
given the Diagrams (2) and (3). Notice that for any u™ : 67 — 71,
there is a unique u~ such that Diagram (3) commute as can be seen by

considering the following diagram:

T (U_ ,idg+ )

T=(F~(5%), 67 T (77,67
T (id,, u™)
[ T (r=,7")
.
F(5%) _ T—

u

On the other hand, we know from an earlier part of the proof that for
any v, we may take u= = v~ o F~(u") in FPC}® to obtain Diagram
(3). Hence we can conclude that v~ = v~ o F~(u") in FPC}?. Con-
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sequently, putting these into Diagram (2) yields the commutativity of
Diagram (1). Now by the initiality of 67, we can conclude that u™ is
unique.

]

Theorem 14.2.5. \(/Operational algebraic compactness II)
Let F : FPC, — FPC, be a syntactic functor. Then the initial algebra of F
15 bifree in the sense that the inverse

(@ d)": (5,6) — P, 6%)
is a final F-coalgebra.

We say that the category FPC, is operationally algebraically compact with
respect to the class of syntactic functors.

Proof. Walking through the stages of the proof of Theorem 14.2.4, one can
check at each stage that a final coalgebra results when each initial algebra
structure map is inverted. Notice this works even for the definition of F'~ in
stage (2). O

Theorem 14.2.6. (Operational parametrised algebraic compactness II)
Let I : (F].:;Cg)"Jrl — FPC, be a syntactic functor. Then there ezists a
syntactic functor H : FPC\" — FPC, and a natural isomorphism i such
that for all sequence of closed types P in (F15C!)" we have

ip: F(P,H(P)) = H(P).
Moreover, (H(P),ip) is a bifree algebra for the endofunctor
F(P,)): FPC, — FPC,.

In other words, FPC, is parametrised operationally algebraically complete
with respect to the syntactic functors.

Proof. For each P € (FPC))", we have that F(P,_) : FPC, — FPC, is
a syntactic endofunctor. So we can set (H(P),ip) to be an initial algebra
F(P, )-algebra. To extend the action of H to morphisms, for every f: P —
Q in (FPC))", let H(f) : H(P) — H(Q) to be the unique F(P,_)-algebra
morphism A from (H(P),ip) to (H(Q),ig o F(f, H(Q))), i.e., the following
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commutes:

F(P, H(P)) i H(P)
F(P,h) h
F(P,H(Q)) m F(Q,H(Q)) K’ H(Q)

Notice that this unique h is also the least map for which the diagram com-
mutes because initiality is derived from least fixed point construction (cf.
Stage (1) of the proof of Theorem 14.2.4). By the universal property of ini-
tial algebras, H is a functor (Fl:;C;)" — Ff;C!, and, by construction, ¢ is
a natural transformation. Moreover, it is clear that H is syntactic. Finally,
the bifreeness of (H(P),ip) derives directly from Theorem 14.2.5. O

Definition 14.2.7. In Theorem 14.2.6, the functor H : (FPC,)" — FPC,
is constructed out of the functor F' : (FI;C!)”Jrl — FPC, as a minimal
invariant in the last argument pair X, X*. To indicate this dependence, we
write

H := uF.

To each P € (FP;C!)", H assigns the following pair of closed types:
H(P) = pX~T-(X~,H*(P))
HY(P) = pXT"THuX T (X, X)), X").

To each morphism u € FPngn(P, @), the morphism H (u) is the least mor-
phism h for which the diagram

ip

F(P,H(P)) — H(P)

>

F(u,h)

F(QH(Q) — H(@)
commutes.

Examples 14.2.8. The syntactic functor acting as minimal X;-invariant for
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X; — X, is given by
H(X7, X)) = (nXy X — X, pX3 . Xy — X)),

Remark 14.2.9. In general, the functor H := pF' is not symmetric. But
we expect that symmetry can be achieved in the form of an operational
analogue of Theorem 2.4.4 via Fiore’s diagonalisation technique (cf. p.124 of
Fiore [15]).

14.3 On the choice of categorical frameworks

In this section, we compare the two approaches via the diagonal category,
FPC/’, and the product category, FPC,.

In the framework of the product category FﬁCg, it is appropriate to
study the class of syntactic functors because all FPC types-in-context can be
viewed as syntactic functors. We show how this can be done by induction on
the structure of © - 0. We denote the syntactic functor associated to © - o
by Fore, or simply F.

(1) Type variable.
Let © F X; be given. Define the functor F : FI;an — FP;C! as fol-
lows.
For object P € FPC,", define T(P) := P;.
For morphism u € FPC," (P, Q), define T'(u) := u;.

Let © - 01, 09 be given and F}, F5 : Flngn — F15C; be their associated
realisable functors. For a given syntactic functor F' : FPC," — FﬁC;,
we write F~ : FPC," — FPC® and F* : FPC," — FPC, for its two
component functors.

(2) Product type.
For object P, define

F(P) = (Fy (P) x Fy (P), F{" (P) x Fy"(P)
and for morphism u € FP;C!n(P, @), define

F(u) = (Fy (u) x Fy (u), Fy"(u) x Fy"(u)).
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where the component morphisms are defined as follows:

Fy () x By (u) = Ap.(Fy (u)(fst(p)), Fy (u)(snd(p)))
Fif(u) x Fy (u) = Aq.(F}(u)(fst(q)), F3 (u)(snd(q))).

Sum type.
For object P, define

F(P) = (Fy (P)+ Fy (P), F\"(P) + Fy"(P)
and for morphism u € FPC," (P, Q), define

F(u) = (Fy (u) + Fy (u), F{" (u) + Fy (u)).
where the component morphisms are defined as follows:

inl(x).inl(F (u)(x))
inr(y).inr(Fy (u)(y))

inl(z).inl(F; (u)(z))
inr(y).inr(Fy (u)(y))

Fy(u) + Fy (u) = Aw.case(w) Of{

Fif(u) + Ff (u) = Az.case(z) of{

Function type.
For object P € FPan, define

F(P) = (F'(P) — I, (P), Fy (P) — I (P))
and for morphism u € FﬁC!n(P, @), define
F(u) := (F" (u) = Fy (), Fy (u) — Fy (u))

where the component morphisms are defined as follows:

Fi(u) = Fy (u) = Ag: Fi(Q) — F5 (Q).Fy (u) o g o F(u)
Fr(u) = Ff(u) = i Fr(Q) — F(Q).Fy (u) o ho Fy(u).

Lifted type.
Given the realisable functor Fey,, we want to define Fg,, .
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For object P, define
Foro, (P) := ((For,(P))1, (Fer,(P))1)
and for morphism u € F15C!n(P, Q), define
Forg, (u) = (F[(u), F] (u))
where the component morphisms are defined as follows:

F(u) = Aw.case(w) of up(x).up(Fg, (u)(z))
Fi(u) = MXz.case(z) of up(z).up(Fg_, (u)(x)).

(6) Recursive type.
Let ©, X I o be given and F' the syntactic functor realising it. Define
For,x.o to be pF" as in Definition 14.2.7.

Notation. The syntactic functor associated to the type-in-context © - o is
denoted by Fgp,.

The following proposition reveals how the classes of realisable functors
and syntactic functors are related.

Proposition 14.3.1. For every type-in-context © = o, the realisable functor

Sere restricts and co-restricts to the syntactic functor For,, i.¢., the diagram

Sero
(FPC/’)" 2% FPC)

n

Inj Inj

(FPC,)" —— FPC,

OFo

commutes up to natural isomorphism.

Proof. We prove by induction on the structure of © - o that for every type-
in-context © F o, there is a natural isomorphism

n: Foro 0 Inj" = InjoSer,.

(1) Type variable.
Let © F X; be given. Define 7 : Fg,x, o Inj" — InjoSerx, as follows.
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For every & € (FPC/°)",
ng = (id,,,id,,).

Let © F 7,5 be given. By induction hypothesis, there are natural
isomorphisms
n; : Forr, o Inj" — InjoSer,

for j =1,2. We write n; = (77]-_,77;'F>'

(2) Product type.
We define 1 : Forrxr, © Inj" — InjoSeir xr, as follows. For every
& € (FPCY)",
e = (0 X 03 )z, (" X m3)z)

where

(. xmy)e = Ap.(ny (fst(p)), ny (snd(p)))
(" xn3)s = Aq.(ni (fst(q)), ny (snd(q))).

(3) Sum type.
We define 1 : Forr4r © Inj" — InjoSepr 4+, as follows. For every
S (FPC!6)n,
ng = ((r +n3)a, (0 +n3)3)

where

(ny +m3)s = Az.case(z) of inl(z).inl(n; (z)) or inr(y).inr(n

(nf +n)s = Az.case(z) of inl(x).inl(n; (z)) or inr(y).inr(ng (y)).

(4) Function type.
We define n : Forr—r © Inj" — InjoSer,, .., as follows. For every
& € (FPCY)",
g = (i — gy ny — )
where

(nf —ny) :=Agmy ogon;

(ny —my) == Ahapg ochony.

(5) Lifted type.
Let © F 7 be given. The induction hypothesis asserts that there is a
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natural isomorphism
n: Forr o Inj" — InjoSe;.
We define a natural isomorphism
n. : Ferr, oInj™ — InjoSer,,
as follows. For every & € (FPC,°)",
(n1)s = case(z) of up(z).up(n(x)).

(6) Recursive type.
Let ©, X F 7 be given. The induction hypothesis asserts that there is
a natural isomorphism

¢ : Fo xtr o Inj" — InjoSe xi7-
We define a natural isomorphism
n: Forux.r o Inj" — InjoSer,x.;

as follows. For every & € (FPC,°)", define 73 to be the unique map h
which fits into the commutative diagram:

Unj" ()

F(Inj"(&), H o Inj"(d)) H o Inj"(7)

F(Inj™(&), h) h

Fo Ian(57 S@FMX.T(E)) IHJ OS@,XI—T(67 S@'_;LX.T(O_:)) IHJ OS@I—;LX.T(E>

(3,5,x.+(3) (unfold, fold)

where H := pF. Note that the existence and uniqueness of h is guaran-
teed by the initiality of ipjn(5) : F(Inj"(¢), H o Inj"(¢')) — H o Inj" (7).
Since ¢, i and (unfold, fold) are natural, so is h. It remains to show that
h is an isomorphism. For this purpose, we have to define the inverse of
h. Now since iﬂén(a) : H oInj"(d) — F(Inj"(7), H o Inj" (7)) is a final
coalgebra and ( is an isomorphism, there exists a unique g which fits
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into the following commutative diagram:

1

irin s
F(Inj"(#), H o Inj"(#)) e H o Tnj"(5)
F(Inj"(7), 9) g
FoInj"(d, Serux. (7)) = InjoSe x++(7, Serux.+(0)) Inj oSer,x ()

7 5050 (3) (fold, unfold)
We claim that goh = idgomjr(5) and hog = idmjoese, ,x.,(5)- 10 prove the
first equation, notice that goh is an F'(Inj" (&), _)-algebra endomorphism
on H oInj"(&). Thus by initiality of

imin(5) : F'(Inj"(5), H o Inj"(¢)) — H o Inj"(7),

it must be that g o h = idyemjn(z). For the second equation, we con-
sider the diagram below which is obtained by pasting the above two
diagrams: unique g which fits into the following commutative diagram:

Fo Ian(O_", S@I—uX.T(a)) C~ - - IIlJ OS@,X)_T((}», S@)_Mx_T(a")) m IHJ OS@)_MX_T(O_")
3,Sux.~(G ,

F(Inj*(d), hog) hog

\
FOIHjn<5", S@th.T(O_:» 0_3,

InjoSe x+-(7, Serux.r(7)) Inj oSerx.+(7)

(3,5, x.+(5) (unfold, fold)
where the dotted arrow is the morphism

(So,xr+(0, (hog)™),Se xr-(d, (hog)™)).

So for the second quadrangle, (ho g)~ and (hog)™ are both endomor-
phisms on Sey,x.-(¢). By the initiality of

—

fold : S@,X%T(O_:; S@H‘XJ—((}’)) — S@F,LLX.T(O->7
we conclude that 7o g = idmjose, .x.. (#):
O

Within the framework of F15C;, the treatment of recursive types can be
described schematically as follows.

199



(1) Perform a separation of type variables for a given type expression, i.e.,
into the positive and negative occurrences.

(2) Carry out treatment (i.e. the investigation in question), e.g. calculating
the minimal invariance of some syntactic functors.

(3) Perform a diagonalisation to derive the relevant conclusion regarding
the original type expression.

In view of Proposition 14.3.1, this three-fold process can be carried out
directly in the setting of the diagonal category. More precisely, for each closed
type, there is a realisable functor which does the “same” job as its syntactic
counterpart restricted and co-restricted to the diagonal. Because realisable
functors can cope with variances without having to explicitly distinguish
between the positive and negative type variables, the theory developed from
using the diagonal category, FPC,°, is clean. For instance, the functoriality
of recursive type expression puX.7 can be conveniently defined. This has a
strong appeal to the programmer as it requires a relatively little categorical
overhead.

However, as a mathematical theory for treating recursive types, the ap-
proach via the product category, F].:;C[, is general and can cope with math-
ematical notions, such as di-algebras (cf. Freyd [18]), which the diagonal
category cannot.
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Chapter 15

The Generic Approximation
Lemma

In this section, we derive a pre-deflationary structure on the closed FPC types
and develop, as a consequence of this, a powerful proof technique known as
the Generic Approzimation Lemma'. This lemma was first proposed by G.
Hutton and J. Gibbons in [31] in which it was established, via denotational
semantics, for polynomial types (i.e., types built only from unit, sums and
products). In that same reference, the authors have suggested that it is
possible to generalise the lemma “to mutually recursive, parameterised, ex-
ponential and nested datatypes” (cf. p.4 of [31]). In this chapter, we confirm
this by providing a proof based on the operational domain theory we devel-
oped in Chapter 13. Also we use some running examples from Pitts [41] and
Gibbons & Hutton [20] to demonstrate the power of the Generic Approx-
imation Lemma as a proof technique for establishing program equivalence,
where previously many other more complex techniques had been employed.

15.1 Standard FPC pre-deflations

A pre-deflation on a type o is an element of type (¢ — o) that is below
the identity. Thus, pre-deflations are deflations for which the requirement of
finite image is dropped. A rational pre-deflationary structure on a closed FPC
type o is a rational chain id; of idempotent pre-deflations with | | id] = id,.
Note that every type has a trivial pre-deflationary structure, given by the
constantly identity chain. In what follows, we define for each type a non-
trivial pre-deflationary structure.

!This is a generalisation of R. Bird’s approximation lemma [7], which in turn generalises
the well-known take lemma [8].
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Recall that we define the vertical natural numbers @ (cf. Section 4.4) by
w = pX.X,. Using w, we define the programs d : @ — (¢ — o) by induction
on o as follows:

d”7(n)(p) = (d7(n)(fst(p)),d"(n)(snd(p)))

d’"(n)(z) = case(z) of inl(x).d’(n)(x) or inr(y).d™(n)(y)
d”*(n)(z) 7

A7 (n)(f)

and most crucially for the recursive type puX.o, the program d**“(n) is de-
fined as follows. Let S : C° — C° be the realisable functor associated to the
type-in-context X - o. We abuse notation by writing I1o.S(d"*7 (n), d**7 (n))
as S(d"*“(n)). Define

) (z)
= Case(z) of up(z).up(d’(n)(x))
o fod’(n)

fod’(n

d*X7(n)(x) := if (n > 0) then fold o S(d**7(n — 1)) o unfold(z).
Then d"* satisfies the following equations:

d'uX.U (O> = J—,U‘X.O'HIU,X.U

d**7(n+1) = fold o S(d**“(n)) o unfold.

15.2 The Generic Approximation Lemma

Theorem 15.2.1. The rational-chain id; := d°(n) defines a non-trivial ra-
tional pre-deflationary structure on o for every closed type o.

Proof. By induction on . Here we present only the proof for the case of
recursive types. Let S be the functor realising X + 0. We now prove (1).
(Base case) The case where n = 0 is trivially true.

(Inductive step) This is justified by the following calculations:

uX.o pnX.o
id, 1 oidyiy

= fold o S(id"*7) o unfold o fold o S(id"*) o unfold (def. of id"%}")

= fold o S(id"**7) o S(id"*?) o unfold (B-rule (7.15))
fold o S(id“** o id**-7) o unfold (S is a functor.)

= fold o S(id"**?) o unfold (Ind. hyp.)

= id"Yy. (def. of id#¥,7)

For (2), we rely on the monotonicity of S as follows.
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nX.o
id;

fold o S(id“¥7) o unfold ~ (def. of id*;")
fold o S(id,,x ») o unfold  (Ind. hyp.)
fold o id,(,x.o/x) © unfold  (Sis a functor.)
= id,x,- (np-rule (7.27))

Because oo = co—1, the morphism & := id“~” satisfies the recursive equation

1

k = fold o S(k) o unfold.

By Lemma 13.3.7, id,x., is the least solution of the above equation and
thus must be below id“*?. On the other hand, id"*7 = | | id“*“ so that
id“X? Cid,x.,. Hence id**? =| | id"*” =id,x, and thus (3) holds. [

Notation. We write x =, y for id,(z) = id,.(y).

Corollary 15.2.2. (The Generic Approximation Lemma)
Let o be a closed type and x,y : 0. Then

r=y <= VneN(z=,y).

Proof. (=) Trivial.
(<) z =, id,(z) = |, idn(y) = y by Theorem 15.2.1. O

15.3 Sample applications

In this section, we demonstrate the versatility of the generic approximation
lemma by using some running examples of programs taken from Pitts [41] and
Gibbons & Hutton [20]. For each example, we compare the use of the Generic
Approximation Lemma (Corollary 15.2.2) with an alternative method.

15.3.1 List type and some related notations

Let 7 be a closed type. The closed type [7] := pa.1 4+ 7 X « is called the lazy
list type associated to 7. An element of [r] may be thought of as a (finite or
infinite) list of elements in 7 (which may include L, ).

In the course of our discussion, we make use of the following:

(1) [ ] := fold(inl(x))

(2) cons: T — [1] — [7]
cons z zs = fold(inr(x, zs)).
We also write cons x xs as (z : xs).
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(3) Let o be a closed type.
A program f : [r] — o defined by cases, i.e.,

inl(z).sq
f(l) = case(l) of
inr(y).ss
is written in Haskell style:
1] = 5
f(z:xs) = so.

We shall omit from our writing the cases which produce divergence.
For instance, the familiar head function hd : [7] — 7 and tail function
tl: [7] — [7] are defined as follows:

hd (z:2s) = =x

tl (z:xs) = uws.
(4) For programs f: (1 — 7) — (7 — 7), we write h := fix(f) as

T—T

h
h = fh.
All the examples covered here only involve the basic type constructors. So
in fact one could have, for the sake of these examples, developed just the
machineries for basic type expressions.

The following lemma comes handy whenever the Generic Approximation
Lemma is applied to list types.

Lemma 15.3.1. Let n > 0 be a natural number and T be a closed type. Then
the program id,, : [T] — [7]| satisfies the following equations:

ida[ ] =[]
idy(x:2zs) = (z:id,_1(zs)).

Proof. For the empty list | |, we have

idn| ]
= foldo (1 + 7 x id,,_1) o unfold(fold(inl(x)))
fold o (1 + 7 x id,,_1)(inl(x))
fold(inl(x))
=[]
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For the list (x : xs), we have

id,,(x : xs)
= fold o (1 + 7 x id,,—1) o unfold(fold(inr(x, xs)))
= foldo (1 + 7 x id,,—1)(inr(x, xs))
= fold(inr(z,id,,_1(xs)))
= (x:id,_1(zs)).

15.3.2 The map-iterate property

We define two familiar functions map and iterate.
map : (1 — 7) — [7] — [7]

map f[] = []

map f (z:xs) = (f(z):map f zs)

iterate : (1 — 7) —» 7 — [7]
iterate f x = (x:iterate f f(z))

Proposition 15.3.2. (The map-iterate property)
Let T be a closed type. For any f: (1 — 7) and any x : 7, it holds that

map [ (iterate f x) = iterate f f(x).

This property had been proven in [20] using program fusion. We repro-
duce their proof here. For this method, one needs to define the program
unfd as follows. Let o and 7 be given closed types. Define

unfd : (¢ — Bool) = (0 = 7) — (0 = 0) = 0 — 7]

unfd p h t © = if p(x) then [ | else h(z) :unfd p h t tx
The unfd function “encapsulates the natural basic pattern of co-recursive def-
inition” (p.9 of [20]). Because several familiar co-recursive functions on lists
can be defined in terms of unfd, one can rely on a universal property (which
we describe below) of unfd to generate a powerful proof method whenever
such co-recursive programs are involved. For example, if we define

F:o0 — Bool

Fz=F (:=inl(L1))
then we can define the program iterate as follows:

iterate f :=unfd F id f.

Likewise, if we define
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null : [7] — Bool
null | | = T (:=inr(l))
null (z:zs) = F (:=inl(l))
then the program map can be defined as follows:

map f = unfd null (f o hd) tl.

The proof method relies on a universal property enjoyed by unfd, which we
now describe. Define ¢ : 0 — 1+ 7 X ¢ by

q(z) =if p(z) then inl(x) else inr(h(z),t(z))

and k : 0 — [7] by
k=unfd p h t.

It then follows from the definitions of ¢ and k that the diagram

o l+7xo0
k 1+id, x k
[7] 147 x|[7]

unfold!™

commutes. Moreover £k = unfd p h t is the unique morphism making the
above diagram commute since unfold™ : [r] — 147 x [r] is a final (147 x —)-
coalgebra by Theorem 14.1.2. Further suppose that p’ : ¢ — Bool,h' : 0 — 7
and t’ : 0 — o are programs such that

p=pog, W =hogand got' =tog.

By defining ¢/(z) = if p’(z) then inl(x) else inr(h'(x),t'(z)), it follows that
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the upper quadrangle

q
o
' R
kog : o

| q

: o

v

.
g unfold!™

commutes. Notice that the finality of unfold™ : [r] — 1+ 7 x [r] guarantees
that k o ¢ is the unique map such that the outer quadrangle of the above
diagram commutes. Thus, the following inference rule holds:

pog=p hog=h" tog=golt
(unfd p h t) o g = unfold p" b’ t/

This rule states three conditions which together ensure that the composition
of an unfd and a function can be fused together to give a single unfd.
It follows from the above inference rule that

(unfd p ht)ot = unfd (pot) (hot)t (15.1)
map fo(unfdpht) = unfdp (foh)t (15.2)
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Proof.
(iterate f) o f
= (unfd Fid f)o (def. of iterate)
unfd (F o f) (1do f) f (fusion (15.1))
unfd F (foid) f (constant functions, composition)
(
(

map founfd F id f fusion (15.2))
= map [ oiterate f. def. of iterate)
O

Remark 15.3.3. Program fusion is a high-level method, i.e., it allows proofs
to be performed in a purely equational way. However, it is too specialised
a method in that programs involved must first be encoded using the unfd
function.

We prove the Map-Iterate Proposition 15.3.2 using Corollary 15.2.2.

Proof. We prove by induction on n that for any x : 7 and any f: (7 — 7) it
holds that
map [ (iterate f x) =, iterate f f(z).

The base case is trivial and the inductive step is justified by:
id,, 41 (map f (iterate f z))

= id,p1(map f (z : iterate f f(x)))
id,+1(f(x) : map f (iterate f f(x))) (def. of map)

f(z) :id,(map f (iterate f f(z))) Lemma 15.3.1)

(def. of iterate)
E
f(z) :id, (iterate f f(f(z))) Elnd. hyp.)
(

idy1(f(z) - iterate f f(f(x))) Lemma 15.3.1)
= id,q1(iterate f f(x)) def. of iterate)

Thus the result holds by Corollary 15.2.2. ]

15.3.3 Zipping two natural number lists

Let us define some programs.
zip : [o] = [7] — [0 X 7]
zip [ ] 1 =[]
dp(zios)[] = []
zip (x 2 xs) (y:ys) = (x
from : Nat — Nat — [Nat]
fromzy = (x:from (z+vy)y)

,Y) 1 ZIp xS ys

succ : Nat — Nat
succx = x+1
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We use the following notation:

+1

suce’ = idys, and suce’™! = suce o succ’.

plus : (Nat x Nat) — Nat
plus (z,y) = if x ==0 then y else 1+ plus(z — 1,y)
Note that plus(z,y) = x + .

For each natural number k, define:
natsy : [Nat]
nats, = (k:map succ natsy)

Proposition 15.3.4. For any positive integer k, it holds that:
map plus (zip natsy natsy) = from 2k 2.

In Pitts [41], the above proposition is established using Kleene equiva-
lence and list-bisimulations. Before we reproduce his proof, let us recall the
definition of list-bisimulation (cf. Pitts [41]), a technique used for proving
contextual equivalence of lists.

Proposition 15.3.5. (List-bisimulation, Proposition 3.10 of [41])
For any type 7, a binary relation R C Exp(,) xExpy,) is called a [7]-bisimulation
if whenever | R 1

4] = 4[] (15.3)

Pl = 4[] (15.4)

[ (v:2s) = 3T’ x5 (15.5)
(") (2 xs)Ne = 2" Nes R xs')

V') (2 as') = 3, ws. (15.6)

(I (z:xs)Ne =, 2" Nxs R xs).
Then for any 1,1 : [1],

L= Uiff IR for some [7]-bisimulation R .

Proof. (=): Since contextual equivalence is a bisimulation, it follows from
Theorem 7.4.4 that = satisfies the condition (bis 5). Using this, we can

prove that
{(LON = '}

is a [7]-bisimulation. The details are as follows:
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(1) Suppose [ |} [] and I =} I". We must show that I" | []. Recall
that [ ] := fold(inl(x)). By the evaluation rule ({ unfold), we deduce
that unfold(l) | inl(*). Now by (bis 5) we have that unfold(l) =14,
unfold(!’). It then follows from (bis 3a)that unfold(!’) | inl(x") for
where x = %’. Thus by ({} unfold) again, we have I’ || fold(inl(x")), i.e.,
"} [ ]. Hence (15.3) holds. Similarly, (15.4) holds.

(2) Suppose that [ || (x : xs) and | =) I'. We must show that there exist

'+ 7 and xs’ : [7] such that + =, 2’ and xs =[ xs’. Recall that

(z : xs) := fold(inr(x, xs)). It follows from ({ unfold) that unfold(l) |}
inr(z,xs). By (bis 5), it follows that unfold(l) =1,x[; unfold(l’). It
then follows that from (bis 3b) that unfold(l’) | inr(a’,zs") for some
o', ws’ with * =, 2/ and xs =[; xs’. By ({ unfold), we have that
' |} fold(inr(a’, xs’)). Thus (15.5) holds. Similarly, so does (15.6).

(<=): Given a [7]-bisimulation R, construct a relation R" C Exp; . X
EXpy -y as follows:

tR't st (¢ inl(x) = t' | inl(x)) A
(¢" Jinl(x) = t inl(x)) A
(Vo :7yxs 7).t | inr(z, zs) =
o’ ryxs’ ]t | ine(2) 28 ) A =, 2’ ANxs R xs’) A
(Vo' xs’ 7]t | ine(2, 28') =
]

dx:1yxs 7]t §inr(z,z8) Ax =, 2’ Axs R xs')

The fact that contextual equivalence satisfies the conditions of a bisimulation
and that R satisfies (15.3) - (15.6) together imply that

R U{(L, 1]l = '} if o =[]
Ba:: R’ U{(t>t,)‘t —1+7x[7] t/} ifo=1+7x [T}
{(t, )|t =, t'} otherwise

defines an FPC bisimulation. Thus if [ R I', then | By I and so | = I by
Theorem 7.4.4. O

We reproduce Pitts’ proof of Proposition 15.3.4 which uses Proposition
15.3.5.

Proof. Consider the following closed terms defined by induction on n € N:

o = k €o = 2k ly ‘= nats
N1 = SUCC Ny, Emil = €m+2 ljme1 = map succ [,
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The definitions of from and e, bear upon us to have:
from e,, 2 |} (e, : from e,, 41 2) (15.7)

From the definitions of map, natsy, [, and n,,, it follows by induction on m
that

Lo 4 (M = 1)
By applying the zip function, we have that
7P Iy Uy ) ((nma nm) 221D L lm+1)

and from the definition of map that

map plus (zip Ly, 1) U (plus (ngy,, n,y,) @ map plus (zip Ly bey1))  (15.8)

One then establishes routinely by induction on m that

plus (M, ) okl o

and thus by Proposition 7.5.1 we have
plus (M, M) =nat €m- (15.9)
Now define R C [Nat]| x [Nat] by
R:= {(map plus (zip I, I;n)), from e, 2|m € N}.

Then properties (15.7) - (15.9) together implies that R satisfies all the con-
ditions (15.3)-(15.6) and hence is a [Nat]-bisimulation. Thus the proof is
complete by virtue of Proposition 15.3.5. O

Remark 15.3.6. Notice that in order to apply Proposition 15.3.5 one must
come up with a suitable list-bisimulation.

Before using Corollary 15.2.2 to prove Proposition 15.3.4, we establish a
useful property.

Proposition 15.3.7. For any i,k € N, it holds that

+

map succ’ ™! nats, = map succ’ natsyq.

Proof. We prove by induction on n that for all ¢,k € N,

+

map succ’ ! nats; =, map succ’ natsgq.
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and the desired result follows from Corollary 15.2.2. The base case is trivial
and the inductive step is justified by

id,, 1 (map succ™! natsy,)

id,, 1 (map succ™™! (k : map succ natsy,))

id,,; 1 (succ™™ (k) : map succ™ (map succ natsy,))
id,, 11 (succ™™ (k) : map succ’? natsy)

(succ™ (k) : id, (map succ’™? natsy))

(succt™ (k) : id, (map succ™! natsp,1)) (ind. hyp.)
(succ’(k + 1) : id, (map succ’(map succ natsy;1)))
id,, 1 (map succ’ (k + 1 : map succ natsg 1))
id,, 1 (map succ’ natsy, ;)

We now prove Proposition 15.3.4 using Corollary 15.2.2.

Proof. We prove by induction on n that for all k£ € N, it holds that

map plus (zip natsy natsy) =, from 2k 2.

The base case is trivial and the inductive step is justified by:

id,, 11 (map plus (zip natsy natsy))

id,,+1 (map plus

((k, k) : zip (map succ natsy) (map succ natsy))))
id,,+1(2k : map plus

(zip (map succ natsg) (map succ natsy)))
id,,+1(2k : map plus (zip natsg 1 natsgy1))

(2k : id,,(map plus (zip natsg 1 natsgy1)))

(2k : id,, (from 2k + 2 2))

id,,+1(2k : from 2k + 2 2)

id, 1 (from 2k 2)

The desired result then follows from Corollary 15.2.2. m

15.3.4 The ‘take’ lemma

Let us now define the take function of Bird & Wadler [8].
take : Nat — [1] — [7]
take 0 1 =[]

take n | |

]

= |
take n (x:xs) = (z:taken —1 xs)
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Proposition 15.3.8. (The ‘take’ lemma)
Let T be a closed type and 11" : [7].

Vn € N.(take n | = take n ') = I =i, 1.

We reproduce Pitts’ proof (cf. [41] of Proposition 15.3.8 which uses Propo-
sition 15.3.5.

Proof. For a given type 7, define R C Expy,; X Expy, by:

R:={(1,I')|Vn € N(take n | =, take n I'}.

We prove that R satisfies conditions (15.3) - (15.6). First of all, by the
evaluation rules and Kleene equivalence, the following properties hold: For
alln € Nz : 7 and [, zs : [7],

(a)
(b)

taken+11J[] <= L] ]

take n+ 11| (z:as) <= Jas'.(I | (z:25) Nas =} take n xs’).

Now suppose that [ R I/, i.e., Vn € N.take n [ = take n ['.

(1)

(4)

To establish condition (15.3), we suppose that [ |} [ |. Then (a) implies
that take 17|} [ |. Since I R I, by definition of R, take 11 =) take 11",

Since contextual equivalence is an FPC bisimulation, it follows that
take 1 I' |} [ |. Hence by (a) again, it holds that I’ || | ].

A symmetrical argument shows that R satisfies condition (15.4).

To see that it satisfies condition (15.5), suppose [ || (z : xs). Then by
(b) for any n € N we have take n + 11 |} (z : take n xs). Since [ R I/,
by definition of R, take n + 1 [ = take n 4 1 . So since contextual
equivalence is an FPC bisimulation, it follows that there are terms
and zs” with

take n+ 110" | (¢ : s") Aw =, 2’ Atake n xs =) xs”.
By (b) again, I' | (2’ : s’) for some s’ with xs” = take n xs". We
need finally to verify that zs R xs’. But note that for all n we have

take n xs =, 5" =}, take n xs’. Thus we conclude that

Vn € N.(take n zs =) take n xs').

A symmetrical argument shows that R also satisfies condition (15.6).
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Thus R is a [r]-bisimulation. In particular, we have that R is a bisimulation
and so the required contextual equivalence is obtained. O

Let us now provide an alternative proof of Proposition 15.3.8 by using
Corollary 15.2.2.

Proof. We prove by induction on m that for all I,1" € [7], it holds that
Vn € N.(take n l = take n l') = 1=, ',

The base case is trivial and we proceed to the induction step.

Assume that the statement holds for the natural number m, we want to prove
that it holds for m + 1.

Case 1: | =[5 [ ]

Since take 1 [ = take 1 I' = [ |, it follows that I’ = [ |, for otherwise if
' =17 (x : ws) it would have been the case that take 1 I' = (x : [ ]) #1 [ ]-
Thus we have [ =, 1 [’ trivially.

Case 2: | =[5 (x : xs)

In that case, I" =i (y : ys) for some terms y and ys. Again by applying
take 1 to both the list, we have that x =, y. Now assume for the purpose of
induction that [ =,, I’. Note that

idm1(l) = idpyr (22 25)
= (v :idy(xs))
=i (y @ idn(2s)).

Since | = (v : xs) and I' = (y : ys), it holds that
Vn € N.take n (v : xs) = take n (y : ys).
This implies that

Vn € N.take n xs = take n ys.

The induction hypothesis then asserts that xs =, ys. Thus id,11(I) =
(y + idm(zs)) =7 (y 2 idm(ys)) =pr idmgar (), L., I =pya

15.3.5 The filter-map property

The next sample application involves the filter function, which we define
below.

filter : (7 — Bool) — ([7] — [7])

filter u [ | =[]

filter u (x : xs) = if w(z) then (z : filter u xs) else filter u xs
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Proposition 15.3.9. For any u : (1 — Bool), v : (1 — 7) and l : [7], it
holds that
filter v (map v ) =,y map v (filter (vov) I).

This proposition was established in Pitts [41] based on an induction on
the depths of proofs of evaluation. Here we elaborate. Define the nth level
evaluation relation || (written as x |J” v) as follows. Replace in the axioms
and rule regarding |} (see Figure 4.3) each occurrence of |} by |} in an axiom
or the premise of a rule and replacing |} by {"*! in the conclusion of each
rule. Then of course we have:

z v IneN(x " o) (15.10)

It suffices to show that there is a list bisimulation that relates filter v (map v [)
and map v (filter (uow) [). Usually it is Hobson’s choice.

Proof. Define
R:= {(filter u (map v [),map v (filter (uwow) )|l : [7]}.

Instead of proving the three conditions of a list bisimulation directly, we
deduce them via (15.10), using the properties of {}™:

(1) Vi.(filter w (map v 1) " [ | = map v (filter (wowv) [ | [ ]).
(2) Vi.(map v (filter (uow) I Y[ ] = filter u (map v 1) | [ ]).

(3) Vi, x,xs.(filter w (map v 1) J" (z: zs) =
Jrs’.(map v (filter (wow) l) | (x: xs') ANzs R zs').

(4) VI, z,zs'.(map v (filter (uov) 1) " (z:2s) =
Jzs.(filter w (map v 1) | (z: zs) & s R x¢').

The proofs of (1) - (4) are by induction on n. O
We now prove Proposition 15.3.9 by using Corollary 15.2.2.
Proof. Given any [ : [7], we have two possibilities:

(1) There is n € N such that t1™ (1) =¢; [ .

(2) For all n € N, t1™(1) £ [ .
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Here t19(1) := [ and t1"Y(1) := t1(t1™(1)).

Those lists which satisfy (1) are called finite lists. For a finite list, we define
its length to be n € N for which t1 (1) =, [ ]. Those lists which satisfy (2)
are called infinite lists.

We prove Proposition 15.3.9 for each of these cases.

(1) Finite lists
We prove by induction on the length of finite lists that

filter v (map v ) =,y map v (filter (uowv) I).

Base case: n = 0.

In this case, | = [ ]. On one hand, we have:
filter u (map v ) = filter u (map v [ ])
=i filter u [ ]

=[] [ ]
On the other hand, we have:

map v (filter (uowv)l) = map v (filter (uowv) [])
=[] map v [ ]

il [ ]

Hence the statement holds.

Inductive step:

Assume that the statement holds for all finite lists of length n. We want
to prove that the statement holds for all finite lists of length n+1. We
write [ = (z : zs).

filter u (map v 1) = filter u (map v (x : zs))
=i filter u (v(z) : map v xs)
B filter u (map v xs) ifuov(z)=F
g {(v(m) : filter w (map v xs)) fuowv(z) =T

Ini hyp.
—[7]

{map v (filter (uowv) xs) ifuov(xr)=F
(v(z) : map v (filter (wowv) xs)) ifuov(x)=T

(2) Infinite lists
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We prove by induction on m that for all infinite lists [
filter u (map v [) =, map v (filter (uow) I).

Base case: m = 0. This holds trivially.

Inductive step: There are two possibilities:

(i) w o v(hd(t1™(1))) =, F for all n € N.

Since the evaluations of filter v (map v [) and map v (filter (u o v) 1)
involve infinite unfoldings, it follows that both diverges. Hence the
statement holds.

(ii) There is a minimum n € N such that u o v(hd(t1"™(1))) = T.
Then we have:

id,, 11 (filter u (map v 1))
| idyq (filter u (map v t10(7))) (Kleene equiv.)
| idpyr (v(hd(t t1™(1))) : filter u (map v t1""(1))) (map & filter)
1 (v(h (tl(” (1)) : id, (filter u (map v t1"T(1)))) (Lemma 15.3.1)
= (v(hd (1™ (1)) : idy(map v (filter (uov) tI"*'(1)))) (Ind. hyp.)
| idyp (0(hd(£17(1))) : map v (ﬁlter (uwow) tI"™(1))) (Lemma 15.3.1)
| idyqq (map v filter (uowv) 1 (1)) (map & filter)
| idyq (map v (filter (wow) 1)). (Kleene equiv.)

The desired result then follows from Corollary 15.2.2.

217



Part V

Conclusion
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In this part, we make some concluding remarks regarding the present
research. In Chapter 16, we state some problems which we have encountered
during the course of the research and which at the time of writing still remains
open. Also we describe some possible work which may be carried out in the
future. In Chapter 17, we give a summary of the contributions made in this
thesis.
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Chapter 16

Open problems and future work

In this chapter, we describe some open problems encountered in the course
of our present work. In addition, we briefly explore future areas of work.

16.1 An operational proof of the minimal in-
variance property

In Chapter 13, we have employed a domain-theoretic denotational semantics
to establish an operational minimal invariance property, i.e., Lemma 13.3.7.
A natural question is whether this can be proven by purely operational meth-
ods. In the existing literature, Lassen [33] and Birkedal & Harper [9] contain
an operational proof of a ‘syntactic minimal invariance property’. However,
as noted in Chapter 1, the language considered in these works only deal
with one top-level recursive type. In what follows, we give an outline of one
possible! adaption of Birkedal & Harper’s method.

16.1.1 Functoriality

Recall that in Chapter 13, we can view FPC expressions as realisable func-
tors. Since we wish to establish a purely operational proof of the operational
minimal invariance property, we do not assume that FPC expressions pre-
serve identity morphisms.

By the same construction in Section 13.3 ; all FPC type expressions almost
define realisable functors: all properties of functors hold except that we are

!The other possibility that may work is to adapt Lassen’s relational reasoning about
contexts [33]. Unfortunately, this reference is only known to the author very near the
completion of the present writing.
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not able to establish preservation of identities. We refer to such gadgets as
semi-functors.

Although we have yet to show that the semi-functors associated to FPC
types-in-context are indeed functors, we can say something about their action
on the identities.

Lemma 16.1.1. For every type-in-context © - 1, the realisable semi-functor
Tor, associated to it satisfies the following property:
For every sequence of closed types &, it holds that

T@H—(idg . 53 = 5 : id&) E (idT@FT(6)7idT6FT(5))'
Proof. By a straightforward induction on the structure of © F o. m

What we have been unable to show at the time of writing is that the
opposite inequality also holds. We elaborate a possible proof strategy in
Section 16.1.6. We first need some technical material developed in the next
section.

16.1.2 Pre-deflations revisited

Recall that in Chapter 15, we defined a type-indexed family of pre-deflations
d? : W — (0 — o). In particular, for the clause concerning recursive types,
we abuse notation by writing IT,S(d**“(n),d"*7(n)) as S(d**“(n)) and
define

d*X-7(n)(z) ;= if (n > 0) then fold o S(d"*“(n — 1)) o unfold(z).
Note that:

dMX'U(O) = J—uX.o’—)/,LX.O’

d**7(n+1) = fold o S(d"*7(n)) o unfold.

If one define the program ® : (uX.0c — puX.0) — (uX.0 — pX.0) by
®(u,v) := (unfold, fold) o Ty, o (fold, unfold), then it is clear that

O (L, L) = (d"*7(n),d"*7 (n)).

Notice that establishing the operational minimal invariance property is equiv-
alent to establishing that

ﬁX(@) = (iduX.O'y idMX-U>'
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In order to prove this, we propose to show that
d“X'o(OO) = id‘uXﬂ.
It is easy to show that d**“(c0) C id,x,. In fact, we can do better.

Lemma 16.1.2. For every closed type o and every n : w, the standard pre-
deflation d°(n) : 0 — o is

(1) below the identity id,, and
(2) idempotent.

Proof. By induction on the structure of o. The proof is fairly routine but the
reader may want to note how part (1) is established for the recursive types.
To do this, we have to prove by a further induction on n that

A" (n) Cid,x .-

(n = 0): This is trivial since d**7(0) = L C id.
(n+1): Abusing notations, one may proceed as follows:

d**7(n+1) = fold o Txre(d**7(n)) o unfold
fold o TXH; (id#X.g) o unfold
fold o id, x.» o unfold

= ld,uX.a

C
L

where the first C holds by induction hypothesis and the second C holds
because of Lemma 16.1.1. m

So in order to prove the operational minimal invariance property, it suf-
fices to show that
id,x., C d**(00).

Before we proceed to the next subsection, we establish the following result.

Lemma 16.1.3. Let X + o be a type-in-context. Then the semi-functor
Sgr, satisfies the following (contextual) inequality.:

Seo (A7 (00). ..., d™ (00)) T /¥ (00)
for any sequence of closed types T.

Proof. By induction on the structure of Xto. m
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In order that the proof strategy of Birkedal & Harper [9] works for our
language, we invoke the following conjecture.

Conjecture 16.1.4. For every type-in-context of the form X + o, it holds
that
d"%7 (00) o fold = fold o d7lrX-7/X1(0),

We have yet to establish this conjecture, though in many instances (e.g.
list-type) this conjecture holds trivially. Notice that if we can establish the
other inequality in Lemma 16.1.3, i.e.,

S (d7(00),...,d™(00)) T d°F/¥)(c0)

holds for any sequence of closed types 7, then Conjecture 16.1.4 follows.
However, a proof of the above inequality evades us at the time of writing.

In what follows, we show how an operational proof of Lemma 13.3.7 can
be obtained assuming this conjecture. This conjecture is invoked only once
and we indicate clearly where this takes place.

16.1.3 Compilation relation

One important tool which Birkedal & Harper use in their operational proof
of the ‘syntactic minimal invariance’ (Theorem 3.66 of [9]) is the compilation
relation =. In this section, we define and prove several elementary properties
regarding this relation.

The compilation relation on Exp,(I") is defined by induction on the deriva-
tion of I' =t : g, given by the axioms and rules in Figure 16.1.

The compilation relation = turns out to be a function.

Proposition 16.1.5. If ' -t : o, then ' -t : 0 = |t| for some unique
t| € Exp,(T).

Proof. By induction on the derivation of I' -t : 0. O
Lemma 16.1.6. [fT'Ft:0 = [t|, then I' - d7(c0)(|t]) =5 |t|-

Proof. By induction on the derivation of I' - ¢ : o = |t].

The cases for (= var), (= pair), (= inl), (= inr), (= abs), (= up) and (=
fold) rely on the idempotence of d(oo) (cf. Lemma 16.1.2 without having to
invoke the induction hypothesis. We show the case for (= var) here.

Given that I' - z : ¢ = |z|. By definition, |z| = d”7(c0)(z). We are to show
that T' - d?(c0)|z| = |z|. But this follows from the idempotence of d°(c0),
ie, ['Fd7(c0)|z| =, d°(d7(2)) = d7(x) = |x|.
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I'Fx:o= d(o0)(z)(if z € dom(I")) (= var)

'ks:o=|s| I'Ft:7= |t

I'F (s,t) 10 x71=d7""(c0)(|s], t]) (= pair)
F'kp:oxT=|p
I'F fst(p) : 0 = fst(|p|) (= fst)
F'kEp:oxT=|p
I' Fsnd(p) : 7 = snd(|p|) (= snd)
I'Fs:o=]s| (= inl)
I Finl(s): o+ 7= d”""(c0)(inl(|s]))
'Fs:T=|s (= inl)

['Finr(s): o +7 = d”" (co)(inr(]s]))

Fks:o+r=s| Tyo:obti:p=|ta] T,y:7kEty:p= |t

I'F case(s) of inl(z).t; or inr(y).ts : p = case(|s|) of inl(z).|t1] or inr(y).|ts] (= case)

F'ks:o—71=|s] T'kt:o= |t (= app)
TFs(t): 7= [s|(f]) PP

Cz:obt:T=|t

D Ve e v T o v T R L)
FFt:o=t (= up)
TFup(t) : o = d° (oo)([t]) p

F'ks:op=|s| The:okt:p=|t
I' F case(s) of up(x).t: p = case(|s]) of up(x).|t|

(= case up)

Tht:pX.o= |t
I' F unfold(t) : o[uX.o/X] = unfold(|t])

(= unfold)

'Ft:ouX.o/X]= |t
T F fold(t) : pX.0 = d"*7(c0)(fold(|t]))

(= fold)

Figure 16.1: Definition of T' ¢ : 0 = [¢|
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The rest of the cases are fairly routine except for the case (= unfold) which
we now show.

Let I' - unfold(t) : o[uX.0/X]| = |unfold(t)| be given. We must show that
I+ 4709/ X] (00) [unfold ()| =gp.x.0/x) [unfold(t)].
The inference rule (= unfold)

I'Et:uX.o= |t
I' F unfold(t) : o[uX.0/X] = unfold(]¢])

guarantees that |unfold(¢)| = unfold(|¢]). The induction hypothesis asserts
that T+ d“*7(|t]) =,x |t|. Tt then follows that

e dg[ux.a/X](ooﬂunfOld(tN
dg[HX.U/X} (OO) (unfold(‘t’))

3 Sxto(d**7(c0)) o unfold(|t|) (Lemma 16.1.3)
— unfold o d***7 (co)(|t]) (def. of d*(>))
= unfold(|¢]) (Ind. hyp.)

= |unfold(?)].

But already, by Lemma 16.1.2, we always have d°V*/*](00)(Junfold(t)]) T
lunfold(t)| so that

A7BXo/ Xl (50) (Junfold(¢)]) = |unfold(t)].

Lemma 16.1.7. IfI'Ft:0 = |t|, then I' - |t| C, t.

Proof. By induction on I' ¢ : o = |t|, using the previous lemma. ]

16.1.4 Compilation of a context

One last technical gadget is to compile a context C[—,] € Ctx,.(I"). For
a given context C[—,] € Ctx,(I'), we define a compiled context |C|[—,] €
Ctx,(I") using the axioms and rules similar to those for defining I' -¢: 0 =
t|. The axioms and rules for defining |C] is given in Figure 16.2.

Lemma 16.1.8. [fT'Ft:0 = [t| and C[—,] € Ctx(T"), then
I'EICH] = [Cl[]]-
Proof. By induction on the structure of C[—,]. O
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Pk —p = d7(00)(~) (= par)
I'kFz:o= d(c0)(x)(if z € dom(T)) (= var)

'ES:o=|S| ET:7=|T| (= pair)
TF(S,T):0x1=d(c0)(|S],]T] P

'EP:ox71=|P]|

T F fst(P) : 0 = fst(]P]) (= fst)
'EP:ox71=|P| (= snd)
T'Fsnd(P) : 7 = snd(|P]) S
'ES:o=|9| (= inl)
L Finl(S): o+ 7= d’"(c0)(inl(|S]))
F'ES:7=|9] (= inl)

I Finr(S): o+ 7= d”""(co)(inr(|S]))

F'ES:o+7=|S| Tye:obTy:p=T"| T,y:7ETy:p= T4

' F case(S) of inl(z).Ty or inr(y).Ty : p = case(|S]) of inl(z).|Ty| or inr(y).|T3| (= case)

'ES:0c—=7=|S| I'FT:0=|T| (= app)
TFS(T):r=|S[(T] PP

Le:obT: 7= T

P'EXeT:0—7=d"""(c0)(Azx.|T) (= abs)
'ET:0=|T| (= up)
TFup(T) : o) = d°* (o0)(T]) P

'ES:o,=|5 Lax:obT:p=|T|
' F case(S) of up(x).T : p = case(]S|) of up(x).|T|
F'ET:uX.o=|T|
I' F unfold(T) : o[uX.0/X]| = unfold(|T|)

(= case up)

(= unfold)

FET:opuX.o/X] =T
T F fold(T) : pX.o = d"*7(co)(fold(|T))

(= fold)

Figure 16.2: Definition of I' - C[—,] : 7 = |C|[—,]
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Lemma 16.1.9. Let C[—,] € Ctx,(I') and t € Exp,. Then
|ClJt] &+ CTE].

Proof. By induction on the structure of C[—,]. O

16.1.5 A crucial lemma

The following lemma relies on Conjecture 16.1.4.

Lemma 16.1.10. If Conjecture 16.1.4 holds, then
BFt:o=t|] Atdv) = OF [t| =, |v].

Note that only the case ({} unfold) uses Conjecture 16.1.4.
Proof. By induction on the derivation of ¢t |} v.
(1) ({} can): Trivial.

(2) ({ fst,snd):
Given that () F fst(p) : o = |fst(p)| and fst(p) § v. We must show that
0 I |fst(p)] = |v|. The premise of the only evaluation rule ({ fst) which
matches fst(p) | v consists of

p(st) s | v.

The induction hypothesis asserts that 0 = |p| =,«, |(s,¢)| and 0 +
|s| =5 |v|. Based on these, one deduces that

0+ |tst(p)] = fst(|p]) (def. of |fst(p)])
—, tst(l(s, ) (Ind. hyp)
=0 fst( 7(00)(Is]), d™(o0)([t]))  (def. of [(s,2)])
=o d7(00)([s]) (G-rule (7.11))
=, |s| (Lemma 16.1.6)
=, |vl. (Ind. hyp.)

The case for ({ snd) is similar.

(3) (4 app):
Given that 0 F s(t) = [s(t)| and s(¢) | v. We must show that () F
|s(t)] =+ |v|. The only derivation of s(t) | v is via an application of
the evaluation rule ({} app) whose premise is given by

s{ Az.r rit/x] | v.
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The induction hypothesis asserts that 0 - [s| =,_, [Ax.r| and 0 +
r[t/x] =, |v|. Then the desired result follows from:

OFfs)] = Is|(]t]) (def. of |s(2)])
= |[Az.r|(|t]) (Ind. hyp.)
= (d777(o0)(Ax.|r|))(Jt] (def. of |A\x.r|)
= (Az.d"(c0)o|r|od?(c0))(|t]) (def. of d77T)
=- (Az.d’(c0) o |r[)(d”(o0)(¢]))
=, (Az.d"(c0) o |r|)(|t]) (Lemma 16.1.6)
=- d"(co)(|r|[[¢]/«]) (f-rule 7.10)
=, d"(c0)(|r[t/x]]) (Lemma 16.1.8)
= d"(c0)(Jv]) (Ind. hyp.)
=, |vl. (Lemma 16.1.6)

(4) (U case):
Given that

0 I case(s) of inl(z).t; or inr(y).ty = |case(s) of inl(z).t; or inr(y).to
and case(s) of inl(x).t; or inr(y).ta |} v. We want to prove that
0+ |case(s) of inl(z).t; or inr(y).ta| =, |v|.

W.lo.g., let us assume that the following evaluation rule ({} case inl)
derives the given evaluation:

s inl(t) ti[t/z] v

case(s) of inl(x).t; or inr(y).ty | v

The induction hypothesis asserts that
D F|s| =5ur |inl(¢)] and O - |t1]t/z]| I v.

It then follows that

0 |case(s) of inl(z).t; or inr(y).ts

= case(|s|) of inl(x).|t1] or inr(y).|ts| (by def.)

=, case(inl(|t])) of inl(z).|t1| or inr(y).|ts| (Ind. hyp.)

=, |ta|[|t|/=] (Kleene equivalence)
=, |ta[t/2]] (Lemma 16.1.8)

=, |v]. (Ind. hyp.)
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(5) (U case up):
Given that ) F case(s) of up(x).t = |case(s) of up(x).t| and
case(s) of up(z).t § v. We want to prove that

0+ |case(s) of up(z).t| =, |v|.

The premise of the evaluation rule which derives case(s) of up(x).t | v
consists of

s up(t') tlt'/x] | v.
The induction hypothesis asserts that
[s| =5, [up(t)] and [¢[t'/z]| =, [v].
The desired result then follows from

0+ |case(s) of up(x).t|

= case(|s|) of up(z).|¢| (def. of |case(s) of up(z).t])
—, case(|up(t)]) of up(z).[t| (Ind. hyp.)

—, case(up([t/)) of up(z)t] (def. of jup(t"))

=, [t|[|t'|/] (Kleene equivalence)

=, [t[t'/]| (Lemma 16.1.8)

=, |v]. (Ind. hyp.)

(6) ({ unfold):
Given that () F unfold(t) = |unfold(¢)| and unfold(¢) | v. We must
show that

0 Junfold(t)| =,ux.0/x] [V]-

The premise of the evaluation rule which derives unfold(¢) |} v consists
of
t | fold(s) s v.

The induction hypothesis asserts that

0 F |t| =ux.0 |fold(s)| and O F |s| =opux.0/x] |V]-
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The desired result follows from

0 F |unfold(t)|

unfold(|¢|)
olux.o/x] unfold(|fold(s)|) Ind. hyp.)

unfold(d**7 (c0)(fold(|s]))) def. of |fold(s)])

(def. of |unfold(t)|)
(
(
=slux.0/x] unfold o fold o d”[“X'”/X}(oo)(|s|) (Conjecture 16.1.4)
(
(
(

=slux.o/x] unfold(fold(|s|)) Lemma 16.1.6)
=ouX.o/x] || B-rule (7.15))
—o[pX.0/X] ”U| Ind. hyp)

16.1.6 Incomplete proof of functoriality

In this subsection, we present an operational proof of Lemma 13.3.7 assuming
that Conjecture 16.1.4 holds. Note that the only use of Conjecture 16.1.4
occurs in Lemma 16.1.10 above.

Lemma 16.1.11. Let f,g € Exp,x ,_.,x, be given. Suppose that for allt €
ExDPy(,x.0/x] and for all contexts of the form Cl—,x o .x.(fold(t))] € Ctxy
it holds that

C[f(fold(t))] Ex Clg(fold(t))].

Then f EuX.J—»MX.U g.

Proof. By the extensionality property (7.22), in order to prove that f C g,
it suffices to prove that for all s € Exp,y,, f(s) Euxo g(s) holds. Let
s € Exp,x, be given and suppose C[—,x.,] € Ctxy is such that C[f(s)] |} T.
Because of n-rule (7.27), it follows from the definition of C that

Clf(s)] § T < CJ[f(fold(unfold(s)))] { T.

Thus by assumption that C[f(fold(t))] Cx Clg(fold(¢))] for allt € Exp,,x.q/x],
it follows (by defining ¢ := unfold(s)) that C[g(fold(unfold(s)))] | T. Again
invoking n-rule (7.27) and the definition of C, we have that C[g(s)] |} T, as
required. ]

Lemma 16.1.12. If Conjecture 16.1.4 holds, then for any type-in-context of
the form X + o, we have

0 id,x, C d“*7(c0).

The conjecture is invoked via Lemma 16.1.10.
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Proof. By Lemma 16.1.11, it suffices to show that for any ¢ € Exp,(,x,/x
and for any context C[—,x.o—ux.o(fold(t))] € Ctxy, it holds that

Clid,x.o(fold(t))] Cx C[d** (c0)(fold(t))].

Let C[—,x.0—ux.o)(fold(t))] € Ctxy, be arbitrary. Since id, x ,(fold(?)) =,x.»
fold(¢) holds (an instance of Kleene equivalence), it suffices to prove that

C[fold(t)] Cx, C[d**7(c0)(fold(t))].
By Lemma 16.1.7, it suffices to show that
Clfold()] Css Cld*(o0)((fold (1))
But by Lemma 16.1.6, it suffices to show that
Clfold(t)] Cx, C|fold(t)]].

By Lemma 16.1.10, C[fold(¢)] {} T implies that |C[fold(¢)]| = |T| =x T. It
then follows that

Clfold(t)] | T = |Clfold(¥)]| 4 T  (Lemma 16.1.10)
= |C|[|fold(¢)|] § T (Lemma 16.1.8)
= C[[fold(®)|] J T. (Lemma 16.1.9)

which is what we aim to show. O

This and Lemma 16.1.2 establish functoriality, assuming Conjecture 16.1.4.

16.2 SFP structure on FPC closed types

The careful reader would have noticed that the pre-deflationary structure is
not an SFP-structure in that the standard pre-deflations do not have finite
images modulo contextual equivalence. To see this, just take the case of
list-types, e.g. [7]. The pre-deflation at precision n is given by
Az zs) = (= - dg]_l(xs)).

Because 7 may have an infinite number of elements (mod contextual equiv-
alence), it is clear that d™ does not have a finite image modulo contextual
equivalence. The question is whether it is possible to derive an SFP-structure
on FPC closed types by defining families of SFP-deflations. At the time of
writing, it is not known whether FPC types are SFP.

231



One possible way is to replace in the definition of standard pre-deflations
the clause concerning recursive types by:

A% (n) :=if n > 0 then fold o d”¥*/*(n — 1) o unfold.

This is not a recursive definition of the form fix(¢) for some suitable term ¢

because it involves the type-index o[uX.o] in the right-hand term. However,

it can be shown, by finite number of unfoldings of uX.o, that d**“ can be

defined via a finite system of mutual recursions. We omit the details here.
Notice that for list-types, the program

A (n+1)(z : zs) = (d"(n)(z) : d"(n)(xs))

and thus d(n+ 1) has a finite image if d"(n) and d™(n) have finite images.
With this definition of d : @ — (¢ — o), one observes that Conjecture
16.1.4 holds by definition. So the good news is that we can prove opera-
tionally that
0= d"¥7(c0) Jid,x.s

using the method outlined in the previous section. But the bad news is that
one cannot use induction on types to establish that d,(n) is below id, and
idempotent for all n : @ because of the way d*** is defined.

16.3 Relational properties of recursive types

In Pitts [41], the relational properties of domains have been studied exten-
sively. One application of this is a new proof technique for establishing
computational adequacy. A natural question to ask is whether the present
work can be developed to give an relational interpretation of recursive types
in an operational setting. This question is answered by Birkedal & Harper [9]
for a fragment of ML with one top-level recursive type. In that reference,
the relational properties of types are exploited to prove correctness of CPS
transformations. However, the study of relational properties of types has not
been carried out for the language FPC. Though we are not sure of the impli-
cations of such a study, we believe that it should yield a better understanding
of recursive types.

16.4 Non-determinism and probability

One real challenge is to extend our work to cope with non-determinism and
probability. One possible direction is to work with the non-deterministic
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typed A-calculus considered by Hennessy & Ashcroft [26]. In this paper, the
authors added a non-deterministic control structure to a typed A-calculus
and defined a computationally adequate domain-theoretic model for the lan-
guage. Here we suggest two parts to this investigation: (1) To understand
the theory of powerdomains (cf. Plotkin [44] and Smyth [54]) directly in
terms of the operational semantics, and (2) to develop bisimulation and co-
inductive techniques for this non-deterministic language. To achieve these
goals, one should first understand the relational techniques extensively em-
ployed by S.B. Lassen in Part II of his Ph.D. dissertation [34] to study con-
textual equivalence (both the may and must modalities) of programs of a
non-deterministic functional language.
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Chapter 17

Summary of work done

Recall that this thesis consists of the following four parts:

I Background
IT Operational Toolkit
[T Operational Domain Theory for PCF

IV Operational Domain Theory for FPC

17.1 Operational domain theory for PCF

The operational domain theory and topology developed for the language
PCF reported in Part III of this thesis consists of joint work with Martin
Escardé [14].

17.1.1 Rational completeness

In Chapter 6 of Part II, we identify rational-chain completeness as the salient
completeness condition in the study of the contextual preorder of PCF terms.
Note that we have to work with rational-chain completeness because Dag
Normann [39] exhibited an example of an w-chain with no least upper bound
in the contextual order. We characterise these rational chains as programs
defined on a “vertical natural numbers” type w. Note that a proof of rational-
completeness for FPC has been provided in Section 7.6 of Part IV. In the
development of operational domain theory, we take the crucial step of re-
placing the directed sets by rational chains. In Part III, we demonstrate
how, with this modification, many of classical definitions and theorems go

234



through. For instance, in Chapter 9 of Part III we show that programs of
functional type preserve suprema of rational chains.

17.1.2 Operational topology

In Chapters 9 and 11 of Part III, we build upon two main ideas of Escardé’s
work [13]: (1) Open sets are defined via “Sierpinski-valued” programs. (2)
Compact sets are defined via “Sierpinski-valued” universal quantification pro-
grams. We show how these notions, together with rational-chain complete-
ness, gives rise to many familiar topological properties. In particular, we
prove in Chapter 9 of Part III that (1) the open sets of any type are closed
under the formation of finite intersections and rational unions, (2) open sets
are rationally Scott open and in Chapter 11 of Part III that (3) compact
sets satisfy the rational Heine-Borel property. In Chapter 11 of Part 111, we
introduce an operational notion of saturated set and well-filtered subspace.
Also we study the properties of compact saturated sets and their relation-
ship with finiteness and well-filteredness. We continue to show that familiar
topological notions continue to hold the operational setting. For instance,
(1) a set is compact iff its saturation is, and (2) every Hausdorff subspace
is well-filtered. In particular, we produce uniform-continuity principles with
which to reason about PCF programs.

17.1.3 Operational finiteness

In Chapter 10 of Part III, we define an operational notion of finiteness and
establish an SFP-style characterisation of finiteness using rational chains of
deflations. In passing, we established that (1) every element (closed term)
of any type is the supremum of a rational chain of finite elements, and (2)
two programs of functional type are contextually equivalent iff they produce
a contextually equivalent result for every finite input. Another contribution
in Chapter 10 of Part III is a topological characterisation of finiteness. In
Chapter 10, we also formulate a number of continuity principles based on fi-
nite elements. Additionally, we see how the standard SFP-deflations give rise
to an ultrametric on PCF. With respect to this metric, every operationally
open set is metrically open. In Chapter 10, we also study dense subsets in
connection with finiteness and obtain a Kleene-Kreisel density theorem for
total elements. In Chapter 11 of Part III, we study the properties of compact
saturated sets in connection with finiteness. In particular, we establish that
every compact saturated set is the intersection of upper parts of finite sets
of finite elements.
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17.1.4 Data language

In order to be able to formulate certain specifications of higher-type pro-
grams without invoking a denotational semantics, we work, in Chapter 12 of
Part 111, with a “data language” for our programming language PCF, which
consists of the latter extended with first-order “oracles” (Escardé [13]). The
idea is to have a more powerful environment in order to get stronger program
specifications. In particular, we establish some folkloric results in an oper-
ational setting. For instance, we prove, using standard SFP-deflations, that
program equivalence defined by ground data contexts coincides with program
equivalence defined by ground program contexts.

17.1.5 Program correctness

In Chapter 12 of Part III, we illustrate the versatility of the operational
domain theory we developed to prove the correctness of non-trivial programs
that manipulate infinite data. One such example is taken from Simpson [52].
We show that the given specification and proof in the Scott model can be
directly understood in our operational setting.

17.2 Operational domain theory for FPC

Part of the operational domain theory developed for the language FPC re-
ported in Part IV consists of work that appeared in Ho [28], and is my own
work.

17.2.1 Type expressions as functors

In Chapter 13 of Part IV, we show how FPC types-in-context can be viewed
as n-ary functors. We work with a syntactic category - the diagonal cate-
gory, FPC/°, i.c., the full subcategory of FPC, where FPC, is the category
of closed FPC types and strict programs. In this categorical setting, we de-
fine the class of realisable functors and showed how FPC types-in-context
can be defined as realisable functors. Because the object part of a realisable
functor is realised by a type-in-context and the morphism part by terms-
in-contexts, any realisable functor is monotone and locally continuous. In
order to establish the functoriality of type expressions, we prove operational
analogues of useful domain-theoretic results such as the Plotkin’s uniformity
principle and the minimal invariance property. We employ a computation-
ally adequate domain-theoretic model to establish the operational minimal
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invariance property. Although we do not have a purely operational proof of
this result, we outline in Chapter 16 a possible proof strategy.

17.2.2 Operational algebraic compactness

In Chapter 14, we show how the notion of algebraic completeness and com-
pactness can be understood directly in an operational setting. We make use
of the functorial status of type-in-contexts (established in Chapter 13 to pro-
vides a sound basis for the definitions of operational algebraic completeness
and compactness). We also introduce parametrised algebraic completeness
and compactness to cope with n-ary realisable functors. In the same chapter,
we prove that the diagonal category is parametrised algebraically compact.
We also consider an alternative choice of syntactic category, i.e., the product
category FPC, and show that this category is also parametrised algebraically
compact. We briefly discuss the relationship between these categories.

17.2.3 Generic approximation lemma

In Chapter 15 of Part IV, we derive a pre-deflationary structure on the
closed FPC types. This gives rise to a powerful proof technique for estab-
lishing program equivalence in FPC. This proof technique, known as the
“Generic Approximation Lemma”, was first developed by Hutton & Gib-
bons [31], via denotational semantics, for polynomial types (i.e., types built
only from unit, sums and products). They suggested it would be possible to
generalise the lemma “to mutually recursive, parametrised, exponential and
nested datatypes” (cf. p.4 of Hutton & Gibbons [31]). In Chapter 15, we
confirm this by using the operational domain theory developed in Chapter
13. Additionally, we use some running examples taken from [41] and [20] to
demonstrate the power of the “Generic Approximation Lemma” as a tech-
nique for proving program equivalence by simple inductions, where previously
various other more complex methods had been employed.
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Appendix A

Improvements to Ho [28]

Since the publication of Ho [28], materials contained therein have been im-
proved on and included in the various chapters of Part IV of this thesis. In
addition, mistakes in the same reference have also been rectified. The various
improvements are listed below:

(1)

(2)

Materials on operational algebraic completeness and compactness of
the diagonal category FPC,° have been re-organised in the form of
Theorems 14.1.1, 14.1.2 and 14.1.3.

Materials on operational algebraic completeness and compactness of
the product category FPC, are new (see Theorems 14.2.4, 14.1 and
14.2.6).

In Ho [28], it has been thought that the syntax somehow forbids us from
using the product category FPC, as a categorical framework for our
theory. We show, in this thesis, that this is not the case. In particular,
we demonstrate how an operational domain theory for FPC can be
worked out based on the category FPC,. In addition, we compare
the two approaches, i.c., the diagonal category FPC,° and the product
category FPC,. These are presented in Sections 14.2 and 14.3.

The following rectifications have been made:

(1)

(2)

In Chapter 15, a pre-deflationary structure is derived on the closed
types. This rectifies the mistake in Ho [28] that these standard “defla-
tions” have finite images.

The typographical error in the definition of ¢/(z) in the proof of the
Map-Iterate property in Ho [28] has been corrected. See Proposition
15.3.2.

238



(3) The proof of the Filter-Map property in Ho [28] is incomplete and in
this thesis, we provide a complete proof. See Proposition 15.3.9.
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application, 28

basic

functor, 165

type expressions, 165
bisimilarity

FPC, 75

open, 65, 79

PCF, 63
bisimulation

FPC, 75

PCF, 63
bottom, 11, 31
bound

greatest lower, 11

least upper, 11

lower, 11

upper, 11

canonical value, 31, 41
category
diagonal, 19, 171
involutory, 18
locally involutory, 17
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rational, 69, 75
coalgebra, 16
final, 16
cofinal, 83
compact, 57
programmably, 152
sets of opens, 59
compilation relation, 224

computationally adequate, 47

congruence, 38, 94
context

PCF, 34
contexts

evaluation of, 84
contextual

equivalence

FPC, 45
PCF, 36
order
FPC, 45
PCF, 36
preorder
FPC, 45
PCF, 36
continuity
uniform, 150
continuous, 50
relative, 53

data, 153
data language, 153
dcpo, 11
continuous, 13
pointed, 11
deflation, 127
dense, 140
diagram, 15
colimit of, 15
limit of, 15
directed, 11
discrete, 55

domain, 13
algebraic, 14
basis of, 13

recursive equations, 20

e-p pair, 20
evaluation, 30

of contexts, 84
existential quantifier, 33
extensional, 38

extensionality properties, 72

finite, 14
rationally, 125
fixed-point, 12
post-, 12
FPC, 39



bisimilarity, 75
bisimulation, 75
congruence relation, 94
contexts, 44
precongruence relation, 94
similarity, 75
simulation, 75

fully abstract, 33

function
characteristic, 51
continuous, 50

functional, 172

functor
basic, 165
diagonal, 15
locally continuous, 20
realisable, 172
symmetric, 19
syntactic, 186

functors
semi-, 222
fusion, 206

Generic Approximation Lemma, 202

ideal, 11

infimum, 11

invariant
minimal, 22

Kleene
equivalence, 66, 80
preorder, 66, 80
Kleene-Kreisel density theorem, 140

language
data, 32, 153
programming, 32
sequential, 156
typed, 27
lexicographic order, 157
list-bisimulation, 210
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monotone, 172
lower, 11
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big, 151
small, 151

monotone, 11, 38
locally, 172

object
symmetric, 18
open
collection of opens, 57
metrically, 139
programmably, 152
relative, 53
set, H1
open extension, 65, 79
operational
algebraic compactness, 182, 193
algebraic completeness, 181, 187
minimal invariance
basic functors, 170
realisable functors, 178, 179
parametrised algebraic compact-
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oracle, 32
order
continuous, 11
specialisation, 10

parallel-or, 32
weak, 33
parameter, 34, 44
parametrised
algebraically
compact, 25
complete, 25
PCF, 27
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bisimulation, 63
context, 34
similarity, 63
simulation, 63
PCF*, 32
PCF*t, 33
PCFS™, 34
PCFq, 32
Plotkin’s axiom, 12
poset, 10
directed complete, 11
pre-deflation, 202
precongruence, 94
preorder, 10
Product Theorem, 180
program fusion, 206
programs, 30, 153

rational
chain, 69, 75
chain completeness, 75
continuity, 75
Heine-Borel property, 143

pre-deflationary structure, 202

SFP structure, 128
topology, 123
rationally
algebraic, 126
continuous, 123
filtered, 147
finite, 125
Scott-open, 124
SFP, 128
realisable
functor, 172

saturated, 144
saturation, 144
semi-functors, 222
set

closed, 51
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dense, 140

open, 51

saturated, 144
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structure, 128
similarity

FPC, 75

open, 65, 79

PCF, 63
simulation

FPC, 75

PCF, 63
sound, 47
space

Toy-, 10

Baire, 53

Cantor, 53

of natural numbers, 53
strict, 11
subspace, 53

Hausdorff, 55

supremum, 11

term
closed FPC, 40
closed PCF, 30
context, 40
FPC, 39
open FPC, 40
open PCF, 30
PCF, 28
topology
rational, 123
relative, 53
Scott, 11
synthetic, 50
total, 135
type
assignment, 28
Baire, 53



closed, 39
context, 39
expressions, 39
basic, 165
ground, 28
lazy list, 204
lazy natural numbers, 43
ordinal, 27, 43
polynomial, 202
Sierpinski, 27
unit, 43
variables, 39
void, 43

uniform continuity, 150
modulus of, 151
universal
cone, 15
upper, 11

value context, 84
variables
type, 39

way-below, 12
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