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Abstract. In this paper, we study a class of partitions called unrestricted singular

overpartitions with parameters k and i, which is an overpartition such that no part

is divisible by k, and any single occurrence of a part congruent to ±i (mod k) may

be overlined. The number of all such overpartitions of n is denoted by Cuk,i(n).

Previous studies have established several congruence properties for Cu3,1(n) mod-

ulo 2 and 4, and Cu4,1(n) modulo 2, 4, and 8. We extend these results by deriving

new congruences for Cu6,1(n) modulo 36, 48, and 64. In addition, we establish con-

nections between unrestricted singular overpartitions and other partition families,
including (k, ℓ)-regular bipartitions and overpartitions with ℓ-regular nonoverlined

parts.
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1. INTRODUCTION

Overpartitions are one of the generalizations of classical integer partitions,
in which the first occurrence of each distinct part may be overlined [5]. In this
framework, parts may repeat as in ordinary partitions, while the overlining serves
as an additional structural feature that enriches both combinatorial and arithmetic
properties.

In 2015, Andrews [2] defined a specific type of overpartition called Andrews’
singular overpartition with parameters k and i, which is an overpartition where no
part is divisible by k and the first occurrence of any number that is congruent to
±i (mod k) may be overlined. For any natural number n, the number of all such
partitions is denoted by Ck,i (n). For example, the Andrews’ singular overpartitions
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of 5 with parameters k = 4 and i = 1 are as follows :

5, 5′, 3 + 2, 3′ + 2, 3 + 1 + 1, 3′ + 1 + 1, 3 + 1′ + 1, 3′ + 1′ + 1,

2 + 2 + 1, 2 + 2 + 1′, 2 + 1 + 1 + 1, 2 + 1′ + 1 + 1,

1 + 1 + 1 + 1 + 1, 1′ + 1 + 1 + 1 + 1.

From this example, we have C4,1 (5) = 14.

Inspired by Andrews’ singular overpartition and the idea to remove the res-
triction that only the first occurrence of a part may be overlined, the concept of
unrestricted singular overpartition with parameters k and i was introduced and
extensively studied in 2025 by Wijaya et al. [15]. This type of partition is defined
as one in which no part is divisible by k, and any single occurrence of a number
congruent to ±i (mod k) can be marked. The number of such partitions of n is
denoted by Cuk,i(n), while the set of all such partitions of n is denoted by Cuk,i [n].

For example, the elements of Cu4,1 [4] are as follows:

3 + 1, 3′ + 1, 3 + 1′, 3′ + 1′, 2 + 2, 2 + 1 + 1, 2 + 1′ + 1, 2 + 1 + 1′,

1 + 1 + 1 + 1, 1′ + 1 + 1 + 1, 1 + 1′ + 1 + 1, 1 + 1 + 1′ + 1, 1 + 1 + 1 + 1′.

Thus, Cu4,1(4) = 13.

Furthermore, Wijaya et al. [15] derived the generating function for Cuk,i(n)
under certain restrictions on the parameters k and i. However, within these con-
straints, the generating function for Cu2i,i(n) cannot be obtained. Motivated by
this limitation, the present paper establishes a more general and complete form of
the generating function, which is stated as follows:

Theorem 1.1. For any integers k ≥ 2 and 1 ≤ i ≤ k
2 , the generating function of

Cuk,i(n) is given by

∞∑
n=0

Cuk,i(n)q
n =

{
f2
2i

f1fi
, if i = k

2 ,
fk

f1(qi;qk)∞(qk−i;qk)∞
, if i ̸= k

2 ,
(1)

where (a; q)∞ =
∞∏
k=0

(
1− aqk

)
and fk = (qk; qk)∞.

Next, we would like to mention other kinds of partitions that can be connected
to unrestricted singular overpartitions. We begin with (k, ℓ)-regular bipartitions,
which are defined as bipartitions where the first partition contains no multiples of
k and the second partition contains no multiples of ℓ.

Let Bk,ℓ(n) denote the number of (k, ℓ)-regular bipartitions of n, while the set
of all such partitions is denoted by Bk,ℓ [n]. For example, the elements of B2,3 [4]
are as follows:

(−, 4) , (−, 2 + 2) , (−, 2 + 1 + 1) , (−, 1 + 1 + 1 + 1) , (1, 2 + 1) , (1, 1 + 1 + 1) ,

(1 + 1, 2) , (1 + 1, 1 + 1) , (3, 1) , (1 + 1 + 1, 1) , (3 + 1,−) , (1 + 1 + 1 + 1,−) .
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Thus, B2,3(4) = 12.

Furthermore, the generating function of Bk,ℓ(n) is as follows :

Theorem 1.2. [14] For any integers k, ℓ ≥ 2, the generating function of Bk,ℓ(n)
is given by

∞∑
n=0

Bk,ℓ (n) q
n =

fkfℓ
f2
1

. (2)

There has been substantial recent interest in the study of congruences satisfied
by Bk,ℓ(n). For examples where k = ℓ, we can refer to Cui and Gu [6], and Lin
[11, 12]. For examples where k and ℓ are distinct odd primes, we can refer to Wang
[14], Dou [7] and Kathiravan [10].

Recently, Alanazi et al. [1] studied a class of overpartitions in which the
nonoverlined parts are required to be ℓ-regular, meaning that they are not divisible
by a fixed integer ℓ. The number of such overpartitions of n is denoted by R∗

ℓ (n),

and the set of all such overpartitions is written as R∗
ℓ [n].

For instance, the set R∗
3[4] consists of the following overpartitions:

4, 4, 3 + 1, 3 + 1, 2 + 2, 2 + 2, 2 + 1 + 1,

2 + 1 + 1, 2 + 1 + 1, 2 + 1 + 1, 1 + 1 + 1 + 1, 1 + 1 + 1 + 1.

Hence, R∗
3(4) = 12.

The generating function of R∗
ℓ (n) can then be expressed as follows.

Theorem 1.3. [1] For any integers ℓ ≥ 2, the generating function of R∗
ℓ (n) is

given by
∞∑

n=0

R∗
ℓ (n) q

n =
f2fℓ
f2
1

. (3)

Sellers [13] extended the earlier results by employing elementary generating
function techniques to derive infinite families of congruences for such partitions. His
work provides deeper insight into the arithmetic structure of overpartition functions
with ℓ-regular nonoverlined parts.

By comparing the generating functions in (1), (2), and (3), we obtain explicit
connections between unrestricted singular overpartitions Cuk,i(n), (k, ℓ)-regular

bipartitions Bk,ℓ(n), and overpartitions with ℓ-regular nonoverlined parts R∗
ℓ (n).

Theorem 1.4. For every integer n ≥ 0,

Cu2,1 (n) = B2,2 (n) = R∗
2 (n) , (4)

Cu3,1 (n) = B3,3 (n) , (5)

Cu4,1 (n) = B2,4 (n) = R∗
4 (n) , (6)

Cu6,1 (n) = B2,3 (n) = R∗
3 (n) . (7)
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Although Theorem 1.4 can be established directly using generating func-
tion manipulations, we will present alternative proofs based on explicit bijections
between the corresponding partition families. These bijective arguments provide
natural combinatorial interpretations of the identities.

A central objective of this paper is to investigate congruence properties of
Cu6,1(n). Several congruences have already been obtained in [1], [13], and [14]. In
particular, the following results are relevant to our study.

Theorem 1.5. [1] For every integer n ≥ 0,

Cu6,1 (9n+ r) = R∗
3 (9n+ r) ≡ 0 (mod 3), r = 4, 7.

Theorem 1.6. [13] For every integer n ≥ 0,

Cu6,1 (3n+ 2) = R∗
3(3n+ 2) ≡ 0 (mod 4);

Cu6,1 (9n+ r) = R∗
3 (9n+ r) ≡ 0 (mod 4), r = 4, 7.

Theorem 1.7. [14, Theorem 1.1(1)] For every integer m ≥ 1, we have

∞∑
n=0

B3,m (n) q24n+m+1 ≡
∞∑

i,j=−∞
(−1)

i+j
(3i+ 1) q(6i+1)2+m(6j+1)2 (mod 9).

In this paper, we further strengthen these results by establishing new con-
gruences for Cu6,1(n).

Theorem 1.8. For every integer n ≥ 0,

Cu6,1 (9n+ 7) ≡ 0 (mod 48), (8)

Cu6,1 (27n+ 19) ≡ 0 (mod 64). (9)

Furthermore, we can prove the following family of congruences for Cu6,1(n).

Theorem 1.9. Let p ≥ 5 be a prime such that
(

−2
p

)
= −1. Let 0 ≤ np ≤ p − 1

and 0 ≤ rp ≤ p− 1 such that p | 8np + 1 and rp ≡ np(8np+1)
p (mod p). Then,

Cu6,1

(
p2n+ pr + np

)
≡ 0 (mod 36), (10)

for all 0 ≤ r ≤ p− 1, except possibly when r = rp.

As a result of Theorem 1.9, we can establish the following congruences for
Cu6,1(n).

Corollary 1.10. For every integer n ≥ 0,

Cu6,1(25n+ r) ≡ 0 (mod 36), r = 8, 13, 18, 23; (11)

Cu6,1(49n+ r) ≡ 0 (mod 36), r = 13, 20, 27, 34, 41, 48. (12)

In the second section we will touch upon some lemmas that will be used in the
subsequent sections, in which we establish the generating function in Theorem 1.1,
prove the new congruences stated in Theorem 1.8, prove the family of congruences
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stated in Theorem 1.9, and develop explicit bijections between selected pairs of
Cuk,i(n) and Bk,ℓ(n).

2. PRELIMINARY RESULTS

In this section, we review some properties that will serve as tools for proving
the theorems in the next section. We begin with the following 3-dissection which
can be found in Berndt [4, p. 49, Corollary of Entry 31, (ii)].

Lemma 2.1. We have the following equality:

f2
2

f1
=

f6f
2
9

f3f18
+ q

f2
18

f9
. (13)

Next, the following 3-dissection has been proven by Hirschhorn and Sellers
[9].

Lemma 2.2. We have the following equality:

f2
f2
1

=
f4
6 f

6
9

f8
3 f

3
18

+ 2q
f3
6 f

3
9

f7
3

+ 4q2
f2
6 f

3
18

f6
3

. (14)

Additionally, we also have the following 2-dissection which can be found in
Hirschhorn [8, p. 196, (22.7.5)].

Lemma 2.3. We have the following equality:

f3
3

f1
=

f3
4 f

2
6

f2
2 f12

+ q
f3
12

f4
. (15)

By using the binomial theorem, we have the following property.

Lemma 2.4. For any natural number k and any prime number p, we have

fp
k ≡ fpk (mod p). (16)

Next, we have the classical theta function φ(q) which satisfy the following
identity [3, p.11].

Lemma 2.5. The theta function φ(q) can be represented as an infinite product

φ (q) =
(
−q; q2

)2
∞

(
q2; q2

)
∞,

in other words
∞∑

n=−∞
qn

2

=
f5
2

f2
1 f

2
4

. (17)

Lastly, we have the identity known as Euler’s pentagonal number theorem [3,
p.12].

Lemma 2.6. The infinite product f1 can be represented as an infinite sum

f1 =

∞∏
k=1

(
1− qk

)
=

∞∑
n=−∞

(−1)nq
n(3n+1)

2 . (18)
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3. PROOF OF THEOREM 1.1

First, consider the case where i ̸= k
2 . We observe that for any integer k ≥ 2 and

1 ≤ i ≤ k
2 , then i ̸= k

2 ⇔ k ≥ 3 and 1 ≤ i <
⌈
k
2

⌉
. Thus, from [15]1, we already

know that

∞∑
n=0

Cuk,i(n)q
n =

fk
f1(qi; qk)∞(qk−i; qk)∞

, if i ̸= k

2
. (19)

Next, consider the case where i = k
2 , or equivalently, k = 2i. In this case,

Cuk,i(n) = Cu2i,i(n), which counts the partitions of n where no part is divisible
by 2i, and any occurrence of a number congruent to ±i (mod 2i) may be marked.
Therefore, if p ≡ i (mod k), a partition can contain a occurrences of p, where we
have a+ 1 choices: either to mark none or to mark one from the a occurrences of
p. Thus, the generating function is given by:

∞∑
n=0

Cu2i,i(n)q
n =

∏
p̸≡0,i (mod 2i)

( ∞∑
r=0

qpr

) ∏
p≡i (mod 2i)

( ∞∑
r=0

(1 + r)qpr

)

=
∏

p̸≡0,i (mod 2i)

( ∞∑
r=0

qpr

) ∏
p≡i (mod 2i)

( ∞∑
r=0

qpr

)2

=

∞∏
p=1

(
∑∞

r=0 q
pr)
(∑∞

r=0 q
(2pi−i)r

)∑∞
r=0 q

2pir

=

∞∏
p=1

(1− q2pi)2

(1− qp)(1− qpi)

=
f2
2i

f1fi
.

In other words,

∞∑
n=0

Cuk,i(n)q
n =

f2
2i

f1fi
, if i =

k

2
. (20)

By combining Equations (19) and (20), we obtain Equation (1). □

1In this paper there is a typographical error in Theorem 1.1, it was written that 1 ≤ i <
⌊
k
2

⌋
,

where it should have been 1 ≤ i <
⌈
k
2

⌉
.
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4. PROOF OF THEOREM 1.8

By substituting (k, i) := (6, 1) into Equation (1), we have

∞∑
n=0

Cu6,1 (n) q
n =

f6
f1 (q; q6)∞(q5; q6)∞

=
f6
f1

(
q3; q6

)
∞

1

(q; q2)∞

=
f6
f1

f3
f6

f2
f1

=
f2f3
f2
1

. (21)

Next, applying Equation (14) into Equation (21) yields

∞∑
n=0

Cu6,1 (n) q
n = f3

f2
f2
1

= f3

(
f4
6 f

6
9

f8
3 f

3
18

+ 2q
f3
6 f

3
9

f7
3

+ 4q2
f2
6 f

3
18

f6
3

)
=

f4
6 f

6
9

f7
3 f

3
18

+ 2q
f3
6 f

3
9

f6
3

+ 4q2
f2
6 f

3
18

f5
3

.

By separating q based on the residue modulo 3 of its power and simplifying the
results, we get

∞∑
n=0

Cu6,1 (3n) q
n =

f4
2 f

6
3

f7
1 f

3
6

, (22)

∞∑
n=0

Cu6,1 (3n+ 1) qn = 2
f3
2 f

3
3

f6
1

, (23)

∞∑
n=0

Cu6,1 (3n+ 2) qn = 4
f2
2 f

3
6

f5
1

. (24)

From Equations (23) and (24), we conclude

Cu6,1 (3n+ 1) ≡ 0 (mod 2),

Cu6,1 (3n+ 2) ≡ 0 (mod 4). (25)

Furthermore, applying Equation (14) into Equation (23) yields
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∞∑
n=0

Cu6,1 (3n+ 1) qn = 2
f3
2 f

3
3

f6
1

= 2f3
3

(
f2
f2
1

)3

= 2f3
3

(
f4
6 f

6
9

f8
3 f

3
18

+ 2q
f3
6 f

3
9

f7
3

+ 4q2
f2
6 f

3
18

f6
3

)3

= 2f3
3

(
f12
6 f18

9

f24
3 f9

18

+ 6q
f11
6 f15

9

f23
3 f6

18

+ 24q2
f10
6 f12

9

f22
3 f3

18

+ 56q3
f9
6 f

9
9

f21
3

+96q4
f8
6 f

6
9 f

3
18

f20
3

+ 96q5
f7
6 f

3
9 f

6
18

f19
3

+ 64q6
f6
6 f

9
18

f18
3

)
,

in other words,

∞∑
n=0

Cu6,1 (3n+ 1) qn = 2

(
f12
6 f18

9

f21
3 f9

18

+ 56q3
f9
6 f

9
9

f18
3

+ 64q6
f6
6 f

9
18

f15
3

)
+ 12q

(
f11
6 f15

9

f20
3 f6

18

+ 16q3
f8
6 f

6
9 f

3
18

f17
3

)
+ 48q2

(
f10
6 f12

9

f19
3 f3

18

+ 4q3
f7
6 f

3
9 f

6
18

f16
3

)
.

By separating q based on the residue modulo 3 of its power and simplifying the
results, we get

∞∑
n=0

Cu6,1 (9n+ 1) qn = 2

(
f12
2 f18

3

f21
1 f9

6

+ 56q
f9
2 f

9
3

f18
1

+ 64q2
f6
2 f

9
6

f15
1

)
, (26)

∞∑
n=0

Cu6,1 (9n+ 4) qn = 12

(
f11
2 f15

3

f20
1 f6

6

+ 16q
f8
2 f

6
3 f

3
6

f17
1

)
, (27)

∞∑
n=0

Cu6,1 (9n+ 7) qn = 48

(
f10
2 f12

3

f19
1 f3

6

+ 4q
f7
2 f

3
3 f

6
6

f16
1

)
. (28)

From Equations (27) and (28), we conclude

Cu6,1 (9n+ 4) ≡ 0 (mod 12), (29)

Cu6,1 (9n+ 7) ≡ 0 (mod 48).

This proves Equation (8).

Putting Equation (26) under modulo 64, we will have
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∞∑
n=0

Cu6,1 (9n+ 1) qn ≡ 2
f12
2 f18

3

f21
1 f9

6

− 16q
f9
2 f

9
3

f18
1

(mod 64). (30)

By applying Equations (14) and (13) into Equation (30), we have

∞∑
n=0

Cu6,1 (9n+ 1) qn

≡ 2

(
f2
f2
1

)10
f2
2

f1

f18
3

f9
6

− 16q

(
f2
f2
1

)9

f9
3

≡ 2

(
f4
6 f

6
9

f8
3 f

3
18

+ 2q
f3
6 f

3
9

f7
3

+ 4q2
f2
6 f

3
18

f6
3

)10(
f6f

2
9

f3f18
+ q

f2
18

f9

)
f18
3

f9
6

− 16q

(
f4
6 f

6
9

f8
3 f

3
18

+ 2q
f3
6 f

3
9

f7
3

+ 4q2
f2
6 f

3
18

f6
3

)9

f9
3 (mod 64).

By calculating the above equation and simplifying the result, we get

∞∑
n=0

Cu6,1 (9n+ 1) qn ≡ 2

(
f32
6 f62

9

f63
3 f31

18

+ 12q3
f29
6 f53

9

f60
3 f22

18

)
+ 6q

(
7
f31
6 f59

9

f62
3 f28

18

+ 8
f36
6 f54

9

f63
3 f27

18

)
+ 32q2

(
f30
6 f56

9

f61
3 f25

18

+
f35
6 f51

9

f62
3 f24

18

+ q3
f27
6 f47

9

f58
3 f16

18

)
(mod 64).

By separating q based on the residue modulo 3 of its power and simplifying the
results, we get

∞∑
n=0

Cu6,1 (27n+ 1) qn ≡ 2

(
f32
2 f62

3

f63
1 f31

6

+ 12q
f29
2 f53

3

f60
1 f22

6

)
(mod 64), (31)

∞∑
n=0

Cu6,1 (27n+ 10) qn ≡ 6

(
7
f31
2 f59

3

f62
1 f28

6

+ 8
f36
2 f54

3

f63
1 f27

6

)
(mod 64), (32)

∞∑
n=0

Cu6,1 (27n+ 19) qn ≡ 32

(
f30
2 f56

3

f61
1 f25

6

+
f35
2 f51

3

f62
1 f24

6

+ q
f27
2 f47

3

f58
1 f16

6

)
(mod 64). (33)

By using Lemma 2.4 and Equation (15), we know that



10

f30
2 f56

3

f61
1 f25

6

+
f35
2 f51

3

f62
1 f24

6

+ q
f27
2 f47

3

f58
1 f16

6

≡ f6
3

f1
+ f4

2 f
3
3 + q

f3
3 f

6
6

f2
2

≡ f3
3

(
f3
3

f1
+ f4

2 + q
f6
6

f2
2

)
≡ f3

3

(
f3
4 f

2
6

f2
2 f12

+ q
f3
12

f4
+ f4

2 + q
f6
6

f2
2

)
≡ f3

3

(
f4
2 + q

f6
6

f2
2

+ f4
2 + q

f6
6

f2
2

)
≡ 2f3

3

(
f4
2 + q

f6
6

f2
2

)
≡ 0 (mod 2). (34)

By combining Equations (33) and (34), we have

∞∑
n=0

Cu6,1 (27n+ 19) qn ≡ 0 (mod 64). (35)

From Equation (35), we conclude

Cu6,1 (27n+ 19) ≡ 0 (mod 64).

This proves Equation (9), and thus the proof of Theorem 1.8 is complete. □

Additionally, due to the fact that Cu6,1 (n) = R∗
3 (n), the process of reaching Equa-

tions (25), (29), and (8) can be viewed as an alternative way to prove Theorem 1.5
and Theorem 1.6.

5. PROOF OF THEOREM 1.9

Suppose that we can represent the generating function of f(n) as
∞∑

n=0

f (n) qn =

∞∑
x,y=−∞

a (x, y) q
x2+2y2−3

24 , (36)

where a (x, y) are coefficients.

The value of f (pm+ np) is given by the sum of the coefficients a (x, y) that satisfies

x2 + 2y2 − 3

24
= pm+ np,

or in other words

x2 + 2y2 = 3p

(
8m+

8np + 1

p

)
.

The above means that p | x2 + 2y2, thus x2yp−3 ≡ −2yp−1 (mod p).
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If p ∤ x, then p ∤ y. Using Fermat’s little theorem we have
(
xy

p−3
2

)2
≡ −2 (mod p),

however this contradicts the fact that
(

−2
p

)
= −1.

Hence p | x, thus p | 2y2, and since p ≥ 5 is prime, then p | y. Furthermore
p2 | x2 + 2y2 and therefore

3p

(
8m+

8np + 1

p

)
≡ 0 (mod p2)

⇒ 3

(
8m+

8np + 1

p

)
≡ 0 (mod p)

⇒ 8m+
8np + 1

p
≡ 0 (mod p).

If we set m = pk + r where 0 ≤ r ≤ p − 1 and using the fact that p | 8np + 1, we
have

8m+
8np + 1

p
≡ 8r − 8np

8np + 1

p
≡ 8 (r − rp) ≡ 0 (mod p).

Since p is an odd prime, then for all values of r except r = rp, the above congruence
does not hold and thus no such values of x and y exist. Hence, for all 0 ≤ r ≤ p−1
except possibly when r = rp, we have

f (pm+ np) = f
(
p2k + pr + np

)
= 0.

However, from Theorem 1.7 it is known that
∞∑

n=0

B3,2 (n) q
24n+3 ≡

∞∑
i,j=0

(−1)
i+j

(3i+ 1) q(6i+1)2+2(6j+1)2 (mod 9),

or in other words
∞∑

n=0

Cu6,1 (n) q
n ≡

∞∑
i,j=0

(−1)
i+j

(3i+ 1) q
(6i+1)2+2(6i+1)2−3

24 (mod 9)

We can see that the generating function of Cu6,1 (n) can be represented as in
Equation (36), and thus for all 0 ≤ r ≤ p− 1 except possibly when r = rp, we have

Cu6,1

(
p2k + pr + np

)
≡ 0 (mod 9). (37)

The above result is essentially Theorem 1.2(2) of Wang [14].

Analogously, suppose that we can represent the generating function of g(n) as
∞∑

n=0

g (n) qn =

∞∑
x,y=−∞

b (x, y) q
x2+2y2−1

8 , (38)

where b (x, y) are coefficients. Using a similar method as before, we can conclude
that for all 0 ≤ r ≤ p− 1 except possibly when r = rp, we have

g (pm+ np) = g
(
p2k + pr + np

)
= 0.
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Since
(
1− q2n

)4 ≡
(
1− q4n

)2
(mod 4), we have

f4
2 ≡ f2

4 (mod 4). (39)

By substituting Equations (17), (18), and (39) on Equation (21), we get

∞∑
n=0

Cu6,1 (n) q
n = f3

f2
f2
1

≡ f3
f5
2

f2
1 f

2
4

=

( ∞∑
i=0

(−1)
i
q

3i(3i+1)
2

) ∞∑
j=0

qj
2


=

∞∑
i,j=0

(−1)
i
q

(6i+1)2+2(2j)2−1
8 (mod 4).

We can see that the generating function of Cu6,1 (n) can be represented as in
Equation (38), and thus for all 0 ≤ r ≤ p− 1 except possibly when r = rp, we have

Cu6,1

(
p2k + pr + np

)
≡ 0 (mod 4). (40)

Combining the congruences from Equation (37) and Equation (40) will complete
our proof.

□

6. BIJECTIVE PROOF OF THEOREM 1.4

We will first start by providing a bijection between Cu6,1 [n] and B2,3 [n]. To help
illustrate the idea, first we observe the following procedure.

(1) For any overpartition in Cu6,1 [n], we first recall that no part is a multiple
of 6. First color all the parts that is even in red, and the rest in black.
Then, if a summand has one of its appearance marked, we color it and its
subsequent appearance in red.

(2) After the coloring is done, we remove all marks and separate the black
colored parts and the red colored parts into two separate partitions with
black in the front and red in the back.

(3) Thus we get a bipartition. Additionally, since all even summands are red,
then no even parts will appear in the first partition which means it is 2-
regular. On the other hand, since there are no summands that are multiples
of 6 and only summands that are equivalent to 1 or 5 (mod 6) may be
marked, then each summand that is a multiple of 3 will always be black,
thus no multiple of 3 will appear in the second partition which means it is
3-regular. Thus the resulting bipartition is in B2,3 [n].
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Example :

9 + 8 + 7 + 7 + 5′ + 5 + 4 + 4 + 3 + 3 + 2 + 2 + 1 + 1 + 1′

↕
(9 + 7 + 7 + 3 + 3 + 1 + 1, 8 + 5 + 5 + 4 + 4 + 2 + 2 + 1)

It turns out that the above procedure is a bijection. We now proceed to prove it
formally.

To simplify, we denote cu =

u times︷ ︸︸ ︷
c+ · · ·+ c and cu,v =

u times︷ ︸︸ ︷
c+ · · ·+ c+

v times︷ ︸︸ ︷
c′ + · · ·+ c. For

example, we may denote the unrestricted overpartition 7′+5+5′+2+2+1+1′+1+1
as 70,1 + 51,1 + 22,0 + 11,3 and the bipartition (5 + 2 + 2 + 1, 7 + 5 + 1 + 1 + 1) as(
51 + 22 + 11, 71 + 51 + 13

)
.

Also, since c0 = c+ · · ·+ c︸ ︷︷ ︸
0 times

and c0,0 = c+ · · ·+ c︸ ︷︷ ︸
0 times

+ c′ + · · ·+ c︸ ︷︷ ︸
0 times

, they denote nothing

and can be erased.

We will now find a mapping α : Cu6,1 [n] → B2,3 [n] such that α is a bijection.
First, we know that

cu1,v1
1 + cu2,v2

2 + · · · ∈ Cu6,1 [n] ⇒
{

ci ̸≡ 0 (mod 6), and
If ci ≡ 2, 3, 4 (mod 6), then vi = 0.

Now, for any cu1,v1
1 + cu2,v2

2 + · · · ∈ Cu6,1 [n] we define

α (cu1,v1
1 + cu2,v2

2 + · · ·) =
(
ca1
1 + ca2

2 + · · · , cb11 + cb22 + · · ·
)
,

where

(ai, bi) =

{
(ui, vi) ; if ci ≡ 1, 3, 5 (mod 6),
(vi, ui) ; if ci ≡ 2, 4 (mod 6).

Since ci ̸≡ 0 (mod 6) and if ci ≡ 2, 4 (mod 6) ⇒ cai
i = cvii = c0i , then ca1

1 + ca2
2 + · · ·

will not contain any even summands, which means it is 2-regular.

Likewise, since ci ̸≡ 0 (mod 6) and if ci ≡ 3 (mod 6) ⇒ cbii = cvii = c0i , then

cb11 + cb22 + · · · will not contain any multiple of 3, which means it is 3-regular.

Hence
(
ca1
1 + ca2

2 + · · · , cb11 + cb22 + · · ·
)
∈ B2,3 [n], thus α : Cu6,1 [n] → B2,3 [n] is

a function.

Next we show that α is invertible, let
(
ca1
1 + ca2

2 + · · · , db11 + db22 + · · ·
)
∈ B2,3 [n],

thus ci ̸≡ 0 (mod 2) and di ̸≡ 0 (mod 3) for any i.

Let {e1, e2, · · ·} = {c1, c2, · · ·}∪{d1, d2, · · ·}, such that e1 > e2 > · · ·. Thus we have
ei ̸≡ 0 (mod 6).
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We will also have that(
ca1
1 + ca2

2 + · · · , db11 + db22 + · · ·
)
=
(
ef11 + ef22 + · · · , eg11 + eg22 + · · ·

)
,

where

fi =

{
aj ; if ei ∈ {c1, c2, · · ·} and ei = cj ,

0; if ei /∈ {c1, c2, · · ·} ,

gi =

{
bj ; if ei ∈ {d1, d2, · · ·} and ei = dj ,

0; if ei /∈ {d1, d2, · · ·} .
We define

α′
(
ca1
1 + ca2

2 + · · · , db11 + db22 + · · ·
)
= eu1,v1

1 + eu2,v2
2 + · · ·

where

(ui, vi) =

{
(fi, gi) ; if ei ≡ 1, 3, 5 (mod 6),
(gi, fi) ; if ei ≡ 2, 4 (mod 6).

Now we observe that if ei ≡ 2, 4 (mod 6), then ei ≡ 0 (mod 2), hence ei /∈
{c1, c2, · · ·}, which implies fi = 0, and since (ui, vi) = (gi, fi), then vi = 0.

On the other hand, if ei ≡ 3 (mod 6), then ei ≡ 0 (mod 3), hence ei /∈ {d1, d2, · · ·},
which implies gi = 0, and since (ui, vi) = (fi, gi), then vi = 0.

Thus, the overpartition eu1,v1
1 + eu2,v2

2 + · · · satisfies that ei ̸≡ 0 (mod 6) for any i,

and if ei ̸≡ ±1 (mod 6), then vi = 0. Therefore, eu1,v1
1 + eu2,v2

2 + · · · ∈ Cu6,1 [n].

Thus α′ : B2,3 [n] → Cu6,1 [n] is a function.

Moreover, we observe that

α
(
α′
(
ca1
1 + ca2

2 + · · · , db11 + db22 + · · ·
))

= α (eu1,v1
1 + eu2,v2

2 + · · ·)

=
(
e
a′
1

1 + e
a′
2

2 + · · · , eb
′
1

1 + e
b′2
2 + · · ·

)
,

where

(a′i, b
′
i) =

{
(ui, vi) ; if ci ≡ 1, 3, 5 (mod 6),
(vi, ui) ; if ci ≡ 2, 4 (mod 6).

However, since

(ui, vi) =

{
(fi, gi) ; if ei ≡ 1, 3, 5 (mod 6),
(gi, fi) ; if ei ≡ 2, 4 (mod 6),

then

α
(
α′
(
ca1
1 + ca2

2 + · · · , db11 + db22 + · · ·
))

=
(
ef11 + ef22 + · · · , eg11 + eg22 + · · ·

)
.

And also, since

fi =

{
aj ; if ei ∈ {c1, c2, · · ·} and ei = cj ,

0; if ei /∈ {c1, c2, · · ·} ,
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gi =

{
bj ; if ei ∈ {d1, d2, · · ·} and ei = dj ,

0; if ei /∈ {d1, d2, · · ·} ,
then

α
(
α′
(
ca1
1 + ca2

2 + · · · , db11 + db22 + · · ·
))

=
(
ca1
1 + ca2

2 + · · · , db11 + db22 + · · ·
)
.

Thus, α is invertible with α′ as its inverse.

In conclusion, α : Cu6,1 [n] → B2,3 [n] is a bijection.

□
To illustrate, below is an example of how the mapping works.

α (9 + 8 + 7 + 7 + 5′ + 5 + 4 + 4 + 3 + 3 + 2 + 2 + 1 + 1 + 1′)

= α
(
91,0 + 81,0 + 72,0 + 50,2 + 42,0 + 32,0 + 22,0 + 12,1

)
=
(
91 + 80 + 72 + 50 + 40 + 32 + 20 + 12, 90 + 81 + 70 + 52 + 42 + 30 + 22 + 11

)
= (9 + 7 + 7 + 3 + 3 + 1 + 1, 8 + 5 + 5 + 4 + 4 + 2 + 2 + 1) .

We can see that the mapping α is essentially the same as the coloring procedure
we mentioned at the start of this section.

For a further example, here is a table that shows the bijection between the elements
of Cu6,1 [5] and B2,3 [5].

p ∈ Cu6,1(5) α (p) ∈ B2,3(5) p ∈ Cu6,1(5) α (p) ∈ B2,3(5)

5 (5,−) 5′ (−, 5)
4 + 1 (1, 4) 4 + 1′ (−, 4 + 1)
3 + 2 (3, 2) 3 + 1 + 1 (3 + 1 + 1,−)

3 + 1′ + 1 (3, 1 + 1) 3 + 1 + 1′ (3 + 1, 1)
2 + 2 + 1 (1, 2 + 2) 2 + 2 + 1′ (−, 2 + 2 + 1)

2 + 1 + 1 + 1 (1 + 1 + 1, 2) 2 + 1′ + 1 + 1 (−, 2 + 1 + 1 + 1)
2 + 1 + 1′ + 1 (1, 2 + 1 + 1) 2 + 1 + 1 + 1′ (1 + 1, 2 + 1)

1 + 1 + 1 + 1 + 1 (1 + 1 + 1 + 1 + 1,−) 1′ + 1 + 1 + 1 + 1 (−, 1 + 1 + 1 + 1 + 1)
1 + 1′ + 1 + 1 + 1 (1, 1 + 1 + 1 + 1) 1 + 1 + 1′ + 1 + 1 (1 + 1, 1 + 1 + 1)
1 + 1 + 1 + 1′ + 1 (1 + 1 + 1, 1 + 1) 1 + 1 + 1 + 1 + 1′ (1 + 1 + 1 + 1, 1)

Analogously, we can also provide bijections between the other three pairs of Cuk,i [n]
and Bk,ℓ [n] mentioned in Theorem 1.4. Those bijections are:

(1) β : Cu2,1 [n] → B2,2 [n], where

β (cu1,v1

1 + cu2,v2

2 + · · ·) = (cu1
1 + cu2

2 + · · · , cv11 + cv22 + · · ·) .

(2) γ : Cu3,1 [n] → B3,3 [n], where

γ (cu1,v1

1 + cu2,v2
2 + · · ·) = (cu1

1 + cu2
2 + · · · , cv11 + cv22 + · · ·) .
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(3) δ : Cu4,1 [n] → B2,4 [n], where

δ (cu1,v1
1 + cu2,v2

2 + · · ·) =
(
ca1
1 + ca2

2 + · · · , cb11 + cb22 + · · ·
)
,

(ai, bi) =

{
(ui, vi) ; if ci ≡ 1, 3 (mod 4),
(vi, ui) ; if ci ≡ 2 (mod 4).
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