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In a Grade 5 class, the students are engaged in investigating the number of faces of a regular prism. The 

teacher has asked the following question: “If I know the name of a prism, can I deduce the number of its faces?” 

Addressing the class, Jim, one of the students, summarizes his findings and says: 

Jim: Uh, yes, we can deduce the number of faces if we know the name of the prism 

because, if we take the example of a hexagonal prism, its bases are hexagons as the name 

says … (he touches one of the bases of a plastic hexagonal prism that he is holding in his 

right hand; see Figure 1, Pic 1). 

Teacher: Excellent. 

Jim: … of the prism. So each edge (touching one of the edges; see Figure 1, Pic 2) has a 

face so a hexagon has 6 edges (touching with his hands several faces of the hexagon; see 

Figure 1, Pic 3). So there are 6 lateral faces, and if we count the bases (making a round 

gesture with the index of his right hand; see Figure 1, Pic 4), it’s 8 faces. 
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Figure 1. Pics 1-4, Jim touching the plastic hexagon and making gestures. 

There are several elements in this short passage that have become relevant in contemporary discussions of 

mathematics education. They deal with a clear understanding of the roles played by the material geometric artifact, 

the tactile movement of Jim’s hands around the physical geometric artifact and the linguistic activity that Jim 

deploys while touching it, and Jim’s perception and imagination in the course of his embodied meaning-making 

process. Attention to these elements points to the idea that mathematical meanings that arise in teaching and learning 

are of a multimodal nature. More broadly, attention to these elements comes from new conceptions about human 

cognition, marked in particular by new understandings of the role of the body, language, and material culture. In 

contradistinction to traditional approaches, these conceptions highlight the cognitive role of semiotics and 

embodiment in mathematics thinking, teaching, and learning. Within these new conceptions, gestures, body posture, 

kinesthetic actions, artifacts, and signs in general are considered as a fruitful array of resources to be taken into 

account in order to investigate how students learn and how teachers teach (e.g., Arzarello, 2006; Bautista & Roth, 

2012; Borba & Villareal, 2006; Edwards, Radford, & Arzarello, 2009; Forest & Mercier, 2012; Radford & D'Amore, 

2006; Radford, Schubring, & Seeger, 2008). These sensible and material resources are not considered as a mere 

epiphenomenon of teaching and learning: they are conceptualized as central elements of the students’ and teachers’ 

mathematical thinking.  

There are, however, a variety of interpretations of the role that our tactile-kinesthetic bodily experience of 

the world and our interaction with artifacts and material culture play in the way we think and come to know. These 

interpretations depend on conceptions of cognition. For instance, some approaches inspired by cognitive linguistics 

(e.g., Fauconnier and Turner, 2002; Friedrich, 1970) emphasize the metaphoric dimension of language and the 

integrative constitution of embodied mental spaces (see, e.g., Edwards, 2009; Lakoff & Núñez, 2000; Yoon, Thomas, 



& Dreyfus, 2011). Other approaches, inspired by research in phenomenology, emphasize the “fleshy” nature of 

thought (Bautista & Roth, 2012; Roth, 2010; Thom & Roth, 2011), while others stress the materiality of cognition 

and its cultural-historical dimensions (de Freitas & Sinclair, 2013; Malafouris, 2012; Radford, 2013). All in all, 

these approaches claim that meaning and cognition are deeply rooted in physical, embodied existence and try to 

offer an answer to the question of how meaning arises, and of how thought is related to action, emotion, and 

perception… 

 

 

Embodiment in Mathematics Education 

The Piagetian Legacy 

Piaget’s epistemology has had a significant impact on mathematics education, and has also influenced the 

conception of embodiment. The influence is particularly patent in the so-called “process-object” theories; that is, 

theories that conceive of thinking as moving from the learner’s actions to operation knowledge structures. Two 

examples are APOS theory (Dubinsky, 2002; Dubinsky & McDonald, 2001) and the “three worlds of mathematics” 

(Tall, 2013). APOS stands for actions, processes, objects, and schemas. The “three worlds of mathematics” refers to: 

(1) conceptual embodiment, which builds on perception and action to develop mental images that “become 

perfect mental entities” (2013, p. 16). For instance, “the number line develops in the embodied world from a 

physical line drawn with pencil and ruler to a ‘perfect’ platonic construction that has length but no thickness” (Tall, 

2008, p. 14); 

(2) operational symbolism, which “grows out” of physical action into more or less flexible mathematical 

procedures; and 

 (3) axiomatic formalism, which “builds formal knowledge in axiomatic systems specified by set-theoretic 

definition” (2013, p. 16). 

One of the differences between APOS and the “three worlds of mathematics” perspective is the following. 

While APOS theory focuses on the investigation of schema organization and genesis (Arnon et al., 2014), the “three 

worlds of mathematics” approach emphasizes the role of symbols and investigates the symbolic compression of 

processes according to whether the learner’s attention is focused on objects, procedures, or symbols (Gray & Tall, 

1994; Tall et al., 2001). 



The “three worlds of mathematics” approach includes specific ideas about embodiment and mathematical 

thinking (de Lima & Tall, 2008; Tall, 2004, 2008, 2013; Tall & Mejia-Ramos, 2010; Watson & Tall, 2002). Thus, 

following a blend of the empiricist and rationalist philosophical traditions discussed in previous sections, Tall (2013) 

acknowledges that “Mathematical thinking begins in human sensorimotor perception and action and is developed 

through language and symbolism” (p. 11). The meaning of the term embodiment in the “three worlds of 

mathematics” approach is explained as something that is “consistent with the colloquial notion of ‘giving a body’ to 

an abstract idea” (Tall, 2004, p. 32). 

Notice that the notion that ideas exist in an abstract, non-embodied form that can be “expressed” or 

“receive a body”—in mental imagery (or another type of representation)—is consistent with dualistic theories that 

separate the realm of ideas from the realm of the material and the sensible. This theoretical commitment, that 

philosopher of mathematics David Bostock (2009, p. 232) calls “conceptualism,” has a clear implication for the 

manner in which methodological investigations are conducted. For instance, there is no need for an explicit analysis 

of the embodied cultural and conceptual sources of such things as symbols, mathematical definitions, or practices 

like proof. Instead, in the “three worlds of mathematics” approach these elements of thinking about and doing 

mathematics are analyzed from a taken-as-given world of mathematics and mathematicians. Real numbers, for 

example, are analyzed by contrasting their meaning and use within the three hierarchical worlds mentioned above: 

embodied, illustrated by a finger tracing “continuous motion” along a number line; symbolic, accompanied by 

“2=1.4142…”; and formal, with a definition of a complete ordered field. Tall (2008) explains the hierarchical 

relationship as follows:  

Physically the number line can be traced with a finger and, as the finger passes from 1 to 2, it feels as if it 

goes through all the points in between. But when this is represented as decimals, each decimal expansion is 

a different point (except for the difficult case of recurring nines) and so it does not seem possible to 

imagine running through all the points between 1 and 2 in a finite time . . . Formally, the real numbers ℝ is 

an ordered field satisfying the completeness axiom. This involves entering a completely different world 

where addition is no longer defined by the algorithms of counting or decimal addition, instead it is simply 

asserted that for each pair of real numbers a, b, there is a third real number call[ed] the sum of a and b and 

denoted by a+b. (pp. 14-15) 



To sum up, APOS theory offers a refined perspective to investigate the genesis of schemas, while the “three 

world of mathematics” approach offers a powerful framework to study the increasing transformation and 

compression of symbolism starting from an embodied level and moving towards flexible ways of using symbols and 

notations. Embodiment, nonetheless, remains a general category; the fate of embodied actions is to be superseded by 

flexible actions with symbols.   

Multimodality 

In other approaches, the variety of embodied modalities to which students and teachers resort comes to the 

forefront. In particular, there is generally a stronger commitment to the essential role of the body even in abstract 

thought. These approaches may be termed multimodal. The term “multimodality” entered the mathematics education 

field after being borrowed from external research domains, ranging from neuroscience (for example, see Gallese & 

Lakoff, 2005) to communication studies (Kress, 2001, 2010). As Edwards and Robutti note (2014, p. 7), the 

“meanings used in these different fields of study are not mutually exclusive but intersect and complement each 

other.” In mathematics education, the term multimodality is often used to underline both the relevance and mutual 

coexistence of a range of different cognitive, physical, and sensuous (e.g., perceptual, aural, tactile) modalities or 

resources playing a role in teaching-learning processes, and more broadly in the production of mathematical 

meanings: “These resources or modalities include both oral and written symbolic communication as well as drawing, 

gesture, the manipulation of physical and electronic artifacts, and various kinds of bodily motion” (Radford, 

Edwards, & Arzarello, 2009, pp. 91-92). 

 An example of a multimodal approach is provided by the work of Abrahamson (2014), in what he terms 

“embodied design.” This process involves the creation of physical tasks and computational environments that allow 

“proactive multimodal sensorimotor interaction” (Hutto, Kirchoff, & Abrahamson, 2015, p. 375). For example, the 

Mathematical Imagery Trainer (MIT) allows the learner to engage kinesthetically and perceptually with the idea of 

proportionality. The student can change the color of a computer screen only when he holds one of his hands twice as 

far from the table as his other, and maintains this ratio while moving his hands up or down. Thus, the introduction to 

proportionality is fully embodied in “non-symbolic perceptuomotor schemas” (Abrahamson, 2014, p. 1). Through 

the use of language, gesture, and, eventually, written inscriptions, the learner is assisted to reconcile his naïve, 

embodied, enacted experiences with more formal mathematical constructions. 



 How is embodiment understood here? What is the role of the students’ gestures? Embodiment appears as a 

faculty of the body that has a constructive function in that it helps the creation of mathematical constructs in the 

course of learning (Alibali & Nathan, 2012; McNeill, 2000, 2005). 

Semiotic Bundles  

Another example of the multimodal approach has been developed by Arzarello and collaborators. Drawing 

on Vygotsky’s work and neuroscience research, they stress the importance of the multimodal character of the 

students’ semiotic activity in teaching and learning contexts. Here, the emphasis is not on schemas, as is the case of 

the Piagetian influenced process-object theories mentioned before, but on the evolution of signs (Arzarello, 2006). In 

accordance with Vygotsky’s early concept of sign, Arzarello refers to signs as mediating entities of thinking, much 

as tools are conceived of as mediating entities of labor. Within this context, gestures and other embodied resources 

to which students and teachers resort become considered as signs, even if they do not present relatively formal rules 

of production as do language and algebraic and Cartesian graphic symbolism, through explicit grammatical or 

syntactic rules. In Arzarello’s approach multimodality occurs through relationships between sets of signs (e.g., the 

set of speech language, the set of gestures, the set of algebraic symbols, etc.), produced and transformed according 

to their (formal or informal) nature and constituting a “semiotic bundle.” A semiotic bundle is precisely formed by: 

“i) A collection of semiotic sets. Ii) A set of relationships between the signs” (Arzarello, 2006, p. 281).  

As we can see, the semiotic bundle considers the semiotic resources in a unifying manner allowing for the 

description of learning through the evolution of signs as they are produced in the classroom by all participants. 

Arzarello, Paola, Robutti, and Sabena (2009) explain: 

Typically, a semiotic bundle is made of the signs that are produced by a student or by a group of students 

while solving a problem and/or discussing a mathematical question. Possibly the teacher too participates to 

this production and so the semiotic bundle may include also the signs produced by the teacher. (p. 100)  

Due to the very general nature of the sign that is considered, the semiotic bundle includes the classical 

systems of signs (Ernest, 2006) or registers of representation (Duval, 2006) as particular cases, but also gestures and 

embodied signs. Using the semiotic bundle, two kinds of interrelated analysis can be done: (1) a synchronic analysis, 

which focuses on the relationships between different signs in a certain moment; and (2) a diachronic analysis, which 

focuses on the evolution of signs (and the evolutions of the relationships between signs). While synchronic analysis 



allows for taking a kind of “picture” of the students’ and teacher’s mathematical activity from a semiotic point of 

view, diachronic analysis allows for obtaining a sort of multimodal semiotic “movie” of such an activity.  

An example of a phenomenon detected with the synchronic view is the gesture-speech relationship in Jim’s 

activity as described in the initial vignette. In this brief example, gestures and words cannot be considered separate 

from each other because the meaning of one set completes the meaning of the other one (McNeill, 2000). As pointed 

out above, we can see for instance in line 3 of the transcript that gestures are co-timed with speech and the sensuous 

aspects (touching, gazes) are deeply intermingled with speech to jointly express a reasoning: they co-live in the 

semiotic bundle. 

  The diachronic analysis is at the heart of the analysis carried out within the semiotic bundle perspective 

because it allows the researcher to determine whether and how an evolution of meanings occurred during the 

students’ activity. For instance, going on with the discussion with the teacher and his mates, Jim draws on a sheet of 

paper a representation of a prism with a pentagonal base and says (Figure 2, Pic 1): 

Jim: An edge, uh, um, every edge (he slips his finger on the edge drawn on the sheet) is a side face (Figure 

2, pic2) so it has five lateral faces. 

So, Jim produces a written diagram, in which we recognize (a variation of) the artifact he had interacted 

with, performs (a variation of) the gesture he had produced, and produces (a variation of) the reasoning he had done 

before. The variation consists both in the number of edges (5 for a pentagon and no longer 6 for a hexagon), and in 

the signs with which he interacts (a drawing and not the plastic artifact): the semiotic bundle has evolved. The 

changes are a possible hint of the generality with which Jim is reasoning which, in turn, is embodied in the semiotic 

bundle relationships and evolution. 

 

                                  Pic 1             Pic 2 

Figure 2. Example of diachronic analysis: diagram and gesture produced later by Jim. 



 Looking at the evolution of the students’ signs, the teacher can gain clues with respect to the students’ 

understanding: the multimodal aspects of the activity can therefore help her decide whether or not to intervene in 

order to support the students. A didactic phenomenon reported in the literature is the so-called “semiotic game” 

(Arzarello et al., 2009), which happens when the teacher attunes to a certain semiotic set employed by the students 

(typically imitating a certain gesture) and couples it with another set (typically speech words or written 

mathematical symbols) in order to build a connection between personal and shared mathematical meanings. 

Therefore, semiotic games constitute an important strategy in the process of the appropriation of the culturally 

shared meaning of signs… 

 

 

Phenomenological Approaches 

Drawing on experimental and developmental psychology, cognitive science, and neuroscience, Nemirovsky 

and colleagues propose, like enactivism, a nondualistic embodied perspective on mathematical thinking and learning. 

One of the particularities of their approach is its phenomenological orientation and the important role ascribed to 

imagination and perceptuomotor integration in the learner’s experience (Nemirovsky & Ferrara, 2009; Nemirovsky, 

Kelton, & Rhodehamel, 2013; Nemirovsky, Rasmussen, Sweeney, & Wawro, 2012). Perceptuomotor integration 

consists of a deep intertwining of perceptual and motor aspects of tool use or body movements. In particular, 

Nemirovsky et al. (2013) take a phenomenological perspective based on Husserl’s work (1991) to advocate that “(a) 

mathematical thinking is constituted by bodily activity at varying degrees of overt and covert expression, and (b) 

mathematical learning consists of transformations in learners’ lived bodily engagement in mathematical practices” (p. 

376). This approach seeks to overcome not only dualistic views on mind and body, but also some dialectical 

perspectives on the role of tools in psychology and mathematics education (e.g., Verillon & Rabardel, 1995 and the 

instrumental approach or Vygotsky’s [1978] early theory of mediation). From Nemirovsky's perspective, dialectical 

approaches are too often inclined to privilege mental structures over bodily experiences. The chosen methodology is 

based on microethnographic studies, in which the multimodal aspects of the activities are analyzed in great detail 

over short periods of time (the order of seconds or minutes), taking into account multiple aspects of the situated 

context. Although perceptuomotor integration includes sociocultural factors, the cultural and material plane remains 



in the background and is not yet fully integrated in the overall picture provided by this emerging framework (for a 

similar remark, see Stevens, 2012). 

A Materialist Phenomenology 

Roth and colleagues adopt also a phenomenological approach (Bautista & Roth, 2012; Hwang & Roth, 

2011; Roth, 2012; Thom & Roth, 2011) that they term “materialist phenomenology.” They draw on the work of 

Merleau-Ponty (1962), Maine de Biran (1859), and a new French generation of phenomenologists, such as Marion 

(2002) and Nancy (2006). Their departure point is a critique of rationalist versions of embodiment and the 

development of a radical embodied material phenomenology. Indeed, they disagree with some views of embodiment 

in which gestures and other bodily resources are understood as supplying with theoretical content the words that the 

students may still be lacking in their conceptual development. The question at stake is that such rationalist 

understanding of embodiment presupposes, at least to some extent, that the student already has the required 

conceptualizations and intentions, without being able to express them in a coherent verbal manner (for a similar 

critique, see Sheets-Johnstone, 2009, pp. 213-216). Instead, “A materialist phenomenological approach theorizes 

knowing beginning with primitive forms of experiences that precede mind and intention” (Roth, 2010, p. 9). At the 

root of the primitive forms of experience is not the body; it is the flesh:  

I suggest taking the flesh rather than the body as the ground of all knowing: knowledge as incarnated, 

enfleshed. Because it is enfleshed, mathematical knowledge also is embodied. It is the flesh where we find 

tact (touch), contact, and contingency, and therefore, the ground of knowledge so that the sense of the body 

comes to be the body of sense. (Roth, 2010, p. 9) 

While in other phenomenological approaches (e.g., those drawing on Husserl’s work) the primacy of senses 

is attributed to perception, in the radical embodied material phenomenology that Roth et al. propose, touch is the 

main sense. It is around touch that the sensations from the eyes and the other organs are coordinated, “especially 

with touch from the hands” (Roth, 2010, p. 11). 

Roth discusses the example of Chris, a Grade 2 student, comparing a material cube and a pizza box. The 

teacher asks what the pizza box would have to have to make it a cube. Prompted by the question, Chris moves his 

hand along two edges of the pizza box. He utters the word “square” while pointing to the two sides again. Roth 

(2010) explains: 



with the movements and coordination of movements of eyes and hands, the world begins to emerge from 

touch. Chris’s present experience is based on the coordination of hands with eyes, so that seeing the pizza 

box and moving the hand along one edge, then another edge, is but a realization of the coordination of 

hands and eyes and the concrete realization of the ability of moving them. (p. 11) 

There are certain converging points between the radical embodied materialist phenomenology that Roth 

advocates and the enactivist approach previously described, but they do not coincide. A central difference is the 

immanent viewpoint that the materialist epistemology adopts: the existence of an original passivity that living 

organisms enjoy and which provides them with the possibility to affect something and to be simultaneously 

affected—in the pizza box example, this immanence expresses itself in the pre-conceptual and pre-intentional 

movement of Chris’ hand along the edge of the pizza box and, later on, a material cube: “It is the flesh, with its 

capacity of tact (i.e., sense of touch), contact (i.e.,  touched and being touched), and contingency that is the ground 

of all senses, sense-making efforts, and, therefore, knowledge” (Roth, 2010, p. 13) 

But there is more to the difference between the radical embodied materialist phenomenology and 

enactivism. Roth (2010) expresses it as follows: 

Varela et al. (1991) propose to look for knowledge at the “interface between body, society, and culture” (p. 

179). In the position articulated here there is no interface: mind is in society and culture as much as society 

and culture are in the mind. Similar positions can be found in activity theory from L. S. Vygotsky via A. N. 

Leont’ev to the present day. Maturana and Varela (1980) take societies to be ‘systems of coupled human 

beings’ (p. 118), whereas the position here is the converse: the specifically human being is a result of 

society rather than preceding coupling or, in activity theoretic terms, there is mind because there is society. 

(p. 16; emphases in the original). 

Inclusive Materialism 

De Freitas and Sinclair (2014) draw on the work of Barad (2007), Châtelet (2000), and Deleuze (1994) to 

articulate an approach that they term inclusive materialism. Noting that theories of embodiment often remain 

focused on the individual learner and conceive of mathematical concepts as passive entities, they argue for a 

reconceptualization of the body that stretches conventional concepts. They suggest conceiving of the body as an 

assemblage “of human and non-human components” (2014, p. 25)—a heterogeneous assemblage of organic matter, 

concepts, tools, signs, diagrams, and objects (2014, p. 225). 



This materialist ontological stance opens a space to talk of the human body as something that is more than 

what goes under the skin. It also makes room to talk of the body of mathematics and the body of the tools one uses in 

mathematical activity. “The new materialism we propose,” they say, “aims to embrace the ‘body’ of mathematics as 

that which forms an assemblage with the body of the mathematician, as well as the body of her 

tools/symbols/diagrams” (2013, p. 454).  

The idea of the body that de Freitas and Sinclair propose moves the discussion away from intentionality as 

one of the chief characteristics of individuals’ actions and focuses on the field of agents and agency. As they note, 

“our aim here is to focus less on human intention and more on distributed agency. We want to problematize some of 

the ontological tenets underpinning particular conceptions of the human body as the principal administrator of its 

own participation” (2014, p. 19) 

While to be an agent and to be endowed with agency have usually been considered attributes of humans, in 

inclusive materialism, these attributes are not restricted to humans only. In this perspective, it makes sense to talk 

about matter as agentic entities. Thus, referring to Roth’s (2010) analysis of the cube discussed above, they contend 

that “The matter of the cube and the matter of the mathematical concepts are also agents” (de Freitas & Sinclair, 

2014, p. 24).  

Inclusive materialism stretches hence not only the concept of the body but also the concept of agency. The 

concept of agency must be rethought, because inclusive materialism 

problematizes the premise that any one part of the assemblage is the source of action, intention or will. 

Such problematizing will mean revising notions such as student agency, as well as advocacy or 

interventions for improving or supporting student agency. We will need to reconceive agency as operating 

within the relations of an ever-changing assemblage (de Freitas & Sinclair, 2014, p. 33) 

And this is precisely what Roth’s (2010) analysis of the cube discussed above does not address adequately. 

Indeed, de Freitas and Sinclair (2014) argue that Roth’s analysis fails to notice that the cube is not an inert object but 

rather an animated entity in “intra-action” with the student and the mathematical concept in a process of becoming: 

While Roth’s cube example sheds light on the role of the body in learning, the analysis fails to do justice to 

the materiality of either the cube or the mathematics; that is to say, it fails to reckon with the way in which 

the cube is itself becoming-cube through its encounter with the child, shifting its own boundaries in this 

process of becoming. Roth treats the nonhuman material in this encounter as passive and inert . . .  



Moreover, the mathematical concept of cube remains untouched and untroubled by the encounter, as 

though it were indeed an immaterial and inflexible concept that happens to be somehow manifest in this 

particular instance. (pp. 23-24) 

In general, what de Freitas and Sinclair do not see in the current literature on the material aspects of mathematics “is 

to show how mathematical concepts partake of the material in operative, agential ways” (p. 40). 

They locate the “forceful, animate, mobile, alive and material” (de Freitas & Sinclair, 2014, p. 226) nature 

of mathematical concepts in a conceptual category called the virtual. To understand the meaning of the virtual and 

virtuality, we need to go back to Deleuze’s concept of the virtual. Deleuze (1994, p. 209) contended that “the virtual 

must be defined as strictly a part of the real object—as though the object had one part of itself in the virtual into 

which it is plunged as though into an objective dimension.” This is why “Every object is double without it being the 

case that the two halves resemble one another, one being a virtual image and the other an actual image” (p. 209). 

Inclusive materialism expands this idea to mathematical objects as well. As a result, “mathematics cannot be 

divorced from ‘sensible matter’, and it is the virtual dimension of this matter that animates the mathematical concept. 

Mathematical entities are thus material objects with virtual and actual dimensions” (pp. 201-202; emphasis in the 

original).  

An object (mathematical or other) is hence a double object, made up of an actual image and a virtual one, 

and it is in the virtual one that we find the mobility of the concept. Considered from this post-humanist account, 

traditional teaching of mathematics does not attend to the virtual; it focuses on the logical. Now, the virtual, as 

considered in this approach, can be summoned or invoked. The virtual is something that can be “provoked,” 

“recovered,” “unleashed,” and “conjured,” but also "massacred" (de Freitas & Sinclair, 2014, p. 213). Gestures, 

diagrams, and mathematical notations are considered as “invoking a dynamic process of excavation that conjures the 

virtual in sensible matter” (2014, p. 67)…. 

 

 

 

 

Cognitive Linguistics 



The discipline of cognitive linguistics is based on the theory of embodied cognition, which, like enactivism, 

holds that the shared experience of existing as biological organisms who are born and grow up in a specific physical 

(and cultural) world provides the foundation for human language, thought, and meaning (Gibbs, 2006; Johnson, 

1987, 2007; Lakoff & Johnson, 1999; Varela et al., 1991). More specifically, cognitive linguistics proposes that the 

relationship between elements of language and their referents is, in general, not formal and arbitrary, but rather that 

there is a close linkage between action in the world, language, thought, and meaning (Fauconnier, 1997; Fauconnier 

& Lakoff, 2009; Fauconnier & Sweetser, 1996; Fauconnier & Turner, 2002; Lakoff, 1987; Lakoff & Johnson, 1980, 

1999). For example, if we look back at the opening vignette, our fifth-grade student, Jim, uses a combination of 

spoken words and gestures to justify his claim that “we can deduce the number of faces if we know the name of the 

prism.” According to a cognitive linguistic framework, neither Jim’s language nor his bodily actions are unrelated to 

the way he thinks about the situation. When he refers to the “faces” of the prism, he is using a term that did not 

develop arbitrarily within the mathematical community, but rather because of its association with the human face, a 

somewhat planar feature that we present and respond to in the social world. Thus, our physical form serves as a 

source for naming a mathematical entity, in a non-arbitrary way.  

 Similarly, the circular gesture Jim uses to physically encompass all the faces of the prism is related to what 

cognitive linguistics calls the image schema of containment (Johnson, 1987; Lakoff, 1987; Lakoff & Núñez, 2000; 

Talmy, 2000). Image schemas are “recurrent, stable patterns of sensorimotor experience...[that] preserve the 

topological structure of the perceptual whole …having internal structures that give rise to constrained inferences” 

(Johnson, 2007, p. 144). The CONTAINMENT image schema arises from the child’s physical experience of filling 

and emptying containers, experience which builds the notions of “inside,” “outside,” and “edge” or “boundary.” 

This image schema allows Jim to think about the faces of the prism as members of a collection that can be counted, 

and his circular gesture indicates the boundary of the collection. The CONTAINMENT image schema provides the 

foundation for many later understandings, both within and outside of mathematics, including set membership, the 

domain and range of a function, and bounded regions (Lakoff & Núñez, 2000; Núñez, 2000).  

Image schemas can help account for the fact that many mathematical expressions and some symbols evoke 

space and spatial relationships, even when the subject is not geometry (e.g., “limit,” “field,” “onto,” ). When we 

talk about “balancing” an equation, or “supporting” an argument, from the perspective of cognitive linguistics, this 



is comprehensible because of our shared experience of balancing and supporting our bodies (as well as building 

blocks, bicycles, and so on). 

 An image schema can serve as the source domain for a powerful mechanism in cognitive linguistics, 

conceptual metaphor. Conceptual metaphors are unconscious mappings between two conceptual domains, in which 

the inferential structure of the first domain is mapped onto the second (Johnson, 1987; Lakoff, 1987, 1992; Lakoff & 

Johnson, 1980, 1999). As an example, a common image structure, SOURCE-PATH-GOAL, is based on our physical 

experience of traveling from one location (the SOURCE) to another (the GOAL), along a given PATH (Johnson, 

1987). This image schema can be found in multiple areas of mathematics, from addition using the number line 

(Lakoff & Núñez, 2000) to functions and graphing (Bazzini, 2001; Ferrara, 2003, 2014; Font, Bolite, & Acevedo, 

2010) to continuity (Núñez, Edwards, & Matos, 1999). It can even provide the source domain for understanding 

proof, a concept with no obvious relationship to movement through space. Figure 6 illustrates the metaphorical 

mapping from the internal structure of the SOURCE-PATH-GOAL schema to the explicit form of a mathematical 

proof (Edwards, 2010).  

 

Figure 6. Conceptual metaphor A PROOF IS A JOURNEY. 

Empirical support for this metaphor can be found in both the speech and gestures of a doctoral student talking about 

mathematical proof, shown in Figure 7 (Edwards, 2010):  

Student: ’cause you start figuring out, I’m starting at point a and ending up at point b. There’s gonna be 

some road//where does it go through? And can I show that I can get through there? (bold indicates 

speech coordinated with gestures) 

Premises 
Conclusion 
A sequence of logically linked statements 
from premises to conclusion 
Process of generating the correct 
sequence of statements 
Generating a statement not relevant to 
the desired sequence  
 

Starting location of journey (Source) 
Destination (Goal) 
A Path that physically leads from 
starting location to destination 
Process of finding the correct path 
Moving along a sub-path that does 
not lead to the destination or the 
correct path ("dead-end") 
 

Source Domain: Journey        Target Domain: Proof 



 

Figure 7. Gesture indicating the SOURCE-PATH-GOAL image schema.  

 The source domain for a conceptual metaphor can be drawn from experience in the physical world (in 

which case it is called a grounding metaphor), or it can be drawn from an existing conceptualization (creating a 

linking metaphor, which can yield more abstract concepts—connecting, for example, subdomains within 

mathematics; Lakoff & Núñez, 2000; Núñez, 2008). An example of conceptual metaphor at a more sophisticated 

level of mathematics can be found in an analysis of undergraduate students’ metaphors for limits. Oehrtman (2009) 

used interviews and written assignments to ask students in an introductory calculus class about limits. He identified 

five clusters of metaphors for limits used consistently by his students: “(a) a collapse in dimension, (b) 

approximation and error analyses, (c) proximity in a space of point-locations, (d) a small physical scale beyond 

which nothing exists, and (e) the treatment of infinity as a number” (p. 396). For example, students who were asked 

about the Taylor series for sin x used the “proximity” or “physical closeness” metaphor, in statements such as: “the 

closer the polynomials will wrap themselves around the original function” and “the polynomial becomes more and 

more loosely fitted around the curve” (italics added; p. 417).  

The examples above illustrate the use of the theory of conceptual metaphor to analyze specific 

mathematical topics and concepts; however, there is a more fundamental metaphor underlying mathematical 

discourse, one which may have contributed to perennial arguments over the ontological status of mathematics. This 

is the metaphor we use when we talk about mathematical entities as if they had a physical existence, i.e., as objects 

(Font, Godino, Planas, & Acevedo, 2009; Lakoff & Núñez, 2000). This metaphor is evident when we talk about 

“manipulating” an equation, or ask “how many fives in twenty?” Lakoff and Núñez (2000) spelled out this use of 

language in what they call the ontological metaphor, which takes physical objects as the source domain for 

conceptualizing mathematical entities; however, this phenomenon was noted earlier by Pimm (1987) and Sfard 

(1994). Sfard (1994) noted, “The fact that we use the word ‘existence’ with reference to abstract objects (as in 

existence theorems) reflects in the most persuasive way the metaphorical nature of the world of abstract ideas” (p. 



48). The objectual metaphor, as it is termed by Font and colleagues (Font et al., 2009), offers great advantages—it 

allows someone carrying out mathematical work to treat symbols as well as abstract ideas as objects, “moving” and 

“transforming” them, thus radically reducing the cognitive load that would be required if every mathematical sign 

had to be grounded in its logical mathematical definition.  

 The construct of conceptual integration emerged within cognitive linguistics at about the same time as 

conceptual metaphor; however, where metaphor comprises a unidirectional mapping from exactly one source 

domain to exactly one target domain, conceptual integration can involve multiple input spaces (Fauconnier & Lakoff, 

2009). Conceptual integration, also known as conceptual blending, “connects input spaces, projects selectively to a 

blended space, and develops emergent structure” (Fauconnier & Turner, 2002, p. 89).  

 Conceptual integration often builds on existing blends, in a manner similar to linking metaphors (Lakoff & 

Núñez, 2000). For example, the conceptual mapping for the complex numbers relies on the existence of the blend 

for the number line as well as the blend for the Cartesian coordinate plane, each of which are blends themselves 

(Fauconnier & Turner, 2002; Lakoff & Núñez, 2000). The first input space for the “complex numbers” blend 

consists of the oriented coordinate plane with vector arithmetic. For the second input space, the blend draws on 

positive and negative real numbers and their associated operations and properties. The blended space yields the 

complex numbers in the complex plane, in which each element is simultaneously a number and a vector, an 

emergent quality that was not present in either of the input spaces. The blend creates other new, emergent structures; 

for example, the blend of the coordinate axes with the positive and negative numbers yields a complex number made 

up of a real part, displayed on the x axis, and a complex part on the y axis. In addition, “running the blend” (working 

out its entailments through a mechanism called “elaboration”) allows addition and multiplication to be redefined to 

work consistently and coherently in the new space (Fauconnier & Turner, 2002). Fauconnier and Turner (2002) 

point out that the generic space for this blend (that is, the elements that the two spaces share in common) is made up 

of two operations with a specific set of properties, namely, associativity, commutativity, identities, inverses, and 

distributivity of one operation over the other. This combination of operations and properties has come to be seen, 

and labeled, as a mathematical entity in itself, the commutative ring.  

 Another example of conceptual integration is drawn from the work of Zandieh, Roh, and Knapp (2014), 

who analyzed the logical frameworks that a group of students used in working together to create a proof. The task 

set for the students was to create a proof showing that one conditional statement implied a second conditional 



statement, specifically, that “either Euclid’s Fifth Postulate (EFP) implies Playfair’s Parallel Postulate (PPP) or PPP 

implies EFP” (p. 213). The researchers noted two different conceptual blends for the logical framing of their proof: 

“a simple proving frame” (which was inadequate for this particular task) and a “conditional implies conditional 

proving frame” (p. 214). The researchers also analyzed the ways in which the students utilized the visual 

information associated with each postulate, and proposed that the mechanism of conceptual integration allowed the 

students to merge this information to find the key idea needed for their proof. They also note that conceptual 

blending does not always lead to correct thinking, offering an example in which three students “condense the 

premise and conclusion of EFP in a way that loses the implication structure” (p. 228).  

 The research of Yoon et al. (2011) provides another example of how the analysis of gesture has been 

integrated into cognitive linguistics. They have investigated what they refer to as “virtual mathematical constructs – 

constructs that are created via sensuous cognition in a mathematical gesture space through the multimodal use of 

gestures, speech and other linked semiotic systems” (p. 893). That is, they point out that a student or teacher can 

utilize the affordances offered by the body, specifically the hand and arm, to establish mathematical meanings 

through linked gesture and speech (McNeill, 2000, 2005), giving the example of a student using a straight hand held 

at a (varying) angle to represent the changing gradient of an antiderivative graph. This is possible because elements 

of the physical world (in this case the hand and arm) can be recruited to serve as one input space for a conceptual 

blend, a particular type of input called Real Space (Liddell, 1998). The (student’s understanding of the) 

mathematical domain is the second input space. In the blend, the student’s flat or angled palm and fingers are 

mapped to the gradient of the tangent line, and the hand’s motion and location to movement along the antiderivative 

graph (Yoon et al., 2011). Via conceptual integration, physical action becomes an important resource for the 

students in constructing an understanding of the mathematical content.  

 The field of cognitive linguistics offers a powerful theoretical framework and a set of productive tools for 

understanding mathematics that can be applied equally well to a child’s earliest construction of number sense or a 

mathematician’s elaboration of abstract structures. The theory of cognitive linguistics is conceptually coherent, 

supported empirically via multiple methodologies, and connects with other advances in cognitive science, including 

neurological research (e.g., Fields, 2013; Guhe et al., 2011; Winter, Marghetis, & Matlock, 2015). One of the 

principles of embodied cognition is that of cognitive continuity (Johnson, 2007), under which mathematics is not 

ontologically different from other realms of cognition and action. Instead, the cognitive mechanisms that allowed 



humans to survive and thrive over millennia have also supported the development of mathematical thought and other 

conceptual domains. 
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