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Abstract. Using elementary techniques, we prove a general transformation

for theta series associated with the quadratic form x2 + ky2. The transforma-
tion is then applied to establish several infinite families of identities involving

theta series whose Fourier coefficients are interlinked.

1. Introduction

Let q = e2πiτ , where τ is any complex number in the upper half plane. We define
the Dedekind eta-function as

η(τ) = q1/24
∞∏
j=1

(1− qj).

Next we define a(n) and ã(n) as the Fourier coefficients of the following pair of
infinite products∑

n≥0

a(n)qn =
η(16τ)2η(32τ)3

η(8τ)
= q5 + q13 + q29 + · · · ,(1.1a)

∑
n≥0

ã(n)qn =
η(8τ)3η(16τ)2

η(32τ)
= q − 3q9 − 2q17 + · · · .(1.1b)

Hirschhorn [3] used elementary techniques to prove that the coefficients of a(n)
and ã(n) are interlinked in the following manner.∑

n≥0

a(5n)qn + 5
∑
n≥0

a(n)q5n =
∑
n≥0

ã(n)qn,(1.2a)

∑
n≥0

ã(5n)qn + 5
∑
n≥0

ã(n)q5n = 16
∑
n≥0

a(n)qn.(1.2b)

He remarked that a question worth investigating was whether this was an isolated
phenomenon or if there were more of such examples. One of the authors [5] showed
that in fact Hirschhorn’s identities were special cases of a more general phenomenon.
He used the theory of modular forms to generalize (1.2) from the case p = 5 to all
primes p ≡ 1 (mod 4).
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Theorem 1.1 (Theorem 2.1 of [5]). For any prime p ≡ 1 (mod 4), we have

∑
n≥0

a(pn)qn + p
∑
n≥0

a(n)qpn =


ã(p)

∑
n≥0

a(n)qn if p ≡ 1 (mod 8),

a(p)
∑
n≥0

ã(n)qn if p ≡ 5 (mod 8);
(1.3a)

∑
n≥0

ã(pn)qn + p
∑
n≥0

ã(n)qpn =


ã(p)

∑
n≥0

ã(n)qn if p ≡ 1 (mod 8),

16a(p)
∑
n≥0

a(n)qn if p ≡ 5 (mod 8).
(1.3b)

In addition, he found another pair of infinite products whose Fourier coefficients
satisfied analogous relations.

Theorem 1.2 (Theorem 2.3 of [5]). If∑
n≥0

b(n)qn =
η(8τ)3η(64τ)2

η(32τ)
= q5 − 3q13 + 5q29 + · · · ,(1.4a)

∑
n≥0

b̃(n)qn =
η(8τ)3η(32τ)5

η(16τ)2η(64τ)2
= q − 3q9 + 2q17 + · · · ,(1.4b)

then for any prime p ≡ 1 (mod 4), we have

∑
n≥0

b(pn)qn + p
∑
n≥0

b(n)qpn =


b̃(p)

∑
n≥0

b(n)qn if p ≡ 1 (mod 8),

b(p)
∑
n≥0

b̃(n)qn if p ≡ 5 (mod 8);
(1.5a)

∑
n≥0

b̃(pn)qn + p
∑
n≥0

b̃(n)qpn =


b̃(p)

∑
n≥0

b̃(n)qn if p ≡ 1 (mod 8),

4b(p)
∑
n≥0

b(n)qn if p ≡ 5 (mod 8).
(1.5b)

The Jacobi triple product identity [1, p. 10] allows us to write each of the four
infinite products from Theorems 1.1 and 1.2 as a theta series of the following form∑

x≡x0 (mod A)
y≡y0 (mod B)

f(x, y)qx
2+4y2 ,

for some function f(x, y). By Fermat’s theorem, every prime p ≡ 1 (mod 4), can
always be expressed as a sum of two squares. Since one of the two squares must be
even, we can write p = α2 + 4β2. Two questions arise naturally. Can Theorems 1.1
and 1.2 be proved using elementary methods? In other words, can they be proved
without appealing to the theory of modular forms? The second question is whether
there exist analogous identities associated to primes of the form p = α2 + kβ2 for
other values of k. In this article, we answer both questions by deriving a general
transformation associated with the quadratic form x2 + ky2. With the help of this
transformation, we can provide elementary proofs of Theorems 1.1 and 1.2 and
many other analogous infinite families of identities. In the following, we list some
of the more striking examples.
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Theorem 1.3. If

∑
n≥0

c(n)qn =
η(4τ)2η(24τ)5

η(8τ)η(48τ)2
= q − 2q5 + 2q17 + · · · ,(1.6a)

∑
n≥0

c̃(n)qn =
η(16τ)2η(24τ)5

η(8τ)η(12τ)2
= q5 + q13 + 2q17 + · · · ,(1.6b)

then for any prime p ≡ 1 (mod 12), we have

∑
n≥0

c(pn)qn + p
∑
n≥0

c(n)qpn =


c(p)

∑
n≥0

c(n)qn if p = α2 + 36β2,

16c̃(p)
∑
n≥0

c̃(n)qn if p = 9α2 + 4β2;
(1.7a)

∑
n≥0

c̃(pn)qn + p
∑
n≥0

c̃(n)qpn =


c(p)

∑
n≥0

c̃(n)qn if p = α2 + 36β2,

c̃(p)
∑
n≥0

c(n)qn if p = 9α2 + 4β2.
(1.7b)

Theorem 1.4. If

∑
n≥0

d1(n)qn =
η(8τ)η(12τ)2η(32τ)η(48τ)2

η(16τ)η(24τ)
,

∑
n≥0

d2(n)qn =
η(4τ)2η(48τ)13

η(8τ)η(24τ)5η(96τ)5
,

∑
n≥0

d3(n)qn =
η(8τ)η(24τ)5η(32τ)

η(12τ)2η(16τ)
,

∑
n≥0

d4(n)qn =
η(8τ)5η(48τ)13

η(4τ)2η(16τ)2η(24τ)5η(96τ)5
,

then for any prime p ≡ 1 (mod 12), we have

∑
n≥0

d1(pn)qn + (−1)
p−1
12 p

∑
n≥0

d1(n)qpn =



d4(p)
∑
n≥0

d1(n)qn if p = α2 + 36β2, β even,

d2(p)
∑
n≥0

d3(n)qn if p = α2 + 36β2, β odd,

d1(p)
∑
n≥0

d4(n)qn if p = 9α2 + 4β2, β even,

d3(p)
∑
n≥0

d2(n)qn if p = 9α2 + 4β2, β odd;

∑
n≥0

d2(pn)qn + (−1)
p−1
12 p

∑
n≥0

d2(n)qpn =



d2(p)
∑
n≥0

d2(n)qn if p = α2 + 36β2, β even,

−d4(p)
∑
n≥0

d4(n)qn if p = α2 + 36β2, β odd,

16d3(p)
∑
n≥0

d3(n)qn if p = 9α2 + 4β2, β even,

−16d1(p)
∑
n≥0

d1(n)qn if p = 9α2 + 4β2, β odd;
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∑
n≥0

d3(pn)qn + (−1)
p−1
12 p

∑
n≥0

d3(n)qpn =



d2(p)
∑
n≥0

d3(n)qn if p = α2 + 36β2, β even,

d4(p)
∑
n≥0

d1(n)qn if p = α2 + 36β2, β odd,

d3(p)
∑
n≥0

d2(n)qn if p = 9α2 + 4β2, β even,

d1(p)
∑
n≥0

d4(n)qn if p = 9α2 + 4β2, β odd;

∑
n≥0

d4(pn)qn + (−1)
p−1
12 p

∑
n≥0

d4(n)qpn =



d4(p)
∑
n≥0

d4(n)qn if p = α2 + 36β2, β even,

−d2(p)
∑
n≥0

d2(n)qn if p = α2 + 36β2, β odd,

16d1(p)
∑
n≥0

d1(n)qn if p = 9α2 + 4β2, β even,

−16d3(p)
∑
n≥0

d3(n)qn if p = 9α2 + 4β2, β odd.

Theorem 1.5. If

∑
n≥0

f(n)qn =
η(2τ)2η(24τ)5

η(4τ)η(48τ)2
= q − 2q3 + 2q9 − 2q19 − 5q25 + · · · ,(1.8a)

∑
n≥0

f̃(n)qn =
η(12τ)5η(16τ)2

η(6τ)2η(8τ)
= q3 + 2q9 + q11 + 2q17 + q27 + · · · ,(1.8b)

then for any prime p ≡ 1 or 3 (mod 8) and p 6= 3, we have

∑
n≥0

f(pn)qn +
(p

3

)
p
∑
n≥0

f(n)qpn =


f(p)

∑
n≥0

f(n)qn if p = α2 + 18β2,

−8f̃(p)
∑
n≥0

f̃(n)qn if p = 9α2 + 2β2;

(1.9a)

∑
n≥0

f̃(pn)qn +
(p

3

)
p
∑
n≥0

f̃(n)qpn =


f(p)

∑
n≥0

f̃(n)qn if p = α2 + 18β2,

f̃(p)
∑
n≥0

f(n)qn if p = 9α2 + 2β2.

(1.9b)

Theorem 1.6. If

∑
n≥0

g(n)qn =
η(3τ)2η(24τ)5

η(6τ)η(48τ)2
= q − 2q4 + 2q13 + · · · ,(1.10a)

∑
n≥0

g̃(n)qn =
η(6τ)5η(48τ)2

η(3τ)2η(24τ)
= q4 + 2q7 − 4q19 + · · · ,(1.10b)
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then for any prime p ≡ 1 (mod 3), we have

∑
n≥0

g(pn)qn + p
∑
n≥0

g(n)qpn =


g(p)

∑
n≥0

g(n)qn if p = α2 + 12β2,

4g̃(p)
∑
n≥0

g̃(n)qn if p = 4α2 + 3β2;
(1.11a)

∑
n≥0

g̃(pn)qn + p
∑
n≥0

g̃(n)qpn =


g(p)

∑
n≥0

g̃(n)qn if p = α2 + 12β2,

g̃(p)
∑
n≥0

g(n)qn if p = 4α2 + 3β2.
(1.11b)

Theorem 1.7. For a prime p ≡ 1 or 9 (mod 20), define

δ(p) =

{
0 if p = α2 + 45β2,

1 if p = 9α2 + 5β2.

If

∑
n≥0

h1(n)qn =
η(5τ)2η(24τ)5

η(10τ)η(48τ)2
,

∑
n≥0

h2(n)qn =
η(6τ)5η(80τ)2

η(3τ)2η(40τ)
,

∑
n≥0

h3(n)qn =
η(τ)2η(120τ)5

η(2τ)η(240τ)2
,

∑
n≥0

h4(n)qn =
η(16τ)2η(30τ)5

η(8τ)η(15τ)2
,

then for any prime p ≡ 1 or 9 (mod 20), we have

∑
n≥0

h1(pn)qn + (−1)δ(p)p
∑
n≥0

h1(n)qpn =



h1(p)
∑
n≥0

h1(n)qn if p = α2 + 45β2, β even,

4h2(p)
∑
n≥0

h2(n)qn if p = α2 + 45β2, β odd,

−20h4(p)
∑
n≥0

h4(n)qn if p = 9α2 + 5β2, β even,

−5h3(p)
∑
n≥0

h3(n)qn if p = 9α2 + 5β2, β odd;

∑
n≥0

h2(pn)qn + (−1)δ(p)p
∑
n≥0

h2(n)qpn =



h1(p)
∑
n≥0

h2(n)qn if p = α2 + 45β2, β even,

h2(p)
∑
n≥0

h1(n)qn if p = α2 + 45β2, β odd,

−5h4(p)
∑
n≥0

h3(n)qn if p = 9α2 + 5β2, β even,

−5h3(p)
∑
n≥0

h4(n)qn if p = 9α2 + 5β2, β odd;
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∑
n≥0

h3(pn)qn + (−1)δ(p)p
∑
n≥0

h3(n)qpn =



h1(p)
∑
n≥0

h3(n)qn if p = α2 + 45β2, β even,

4h2(p)
∑
n≥0

h4(n)qn if p = α2 + 45β2, β odd,

4h4(p)
∑
n≥0

h2(n)qn if p = 9α2 + 5β2, β even,

h3(p)
∑
n≥0

h1(n)qn if p = 9α2 + 5β2, β odd;

∑
n≥0

h4(pn)qn + (−1)δ(p)p
∑
n≥0

h4(n)qpn =



h1(p)
∑
n≥0

h4(n)qn if p = α2 + 45β2, β even,

h2(p)
∑
n≥0

h3(n)qn if p = α2 + 45β2, β odd,

h4(p)
∑
n≥0

h1(n)qn if p = 9α2 + 5β2, β even,

h3(p)
∑
n≥0

h2(n)qn if p = 9α2 + 5β2, β odd.

Theorems 1.3 and 1.4 are both associated with the quadratic form x2+4y2 while
Theorems 1.5, 1.6 and 1.7 are related to the forms x2 + 2y2, x2 + 3y2 and x2 + 5y2

respectively. In the next section, we will derive the aforementioned transformation.
Details of the proofs of Theorems 1.1 and 1.6 are described in the subsequent
sections. The proofs of the remaining theorems can be obtained in an analogous
way and are hence omitted. In our final section, we state several generalizations of
recent results by Mahadeva Naika and Gireesh [4] which can be proved with our
transformation formula.

2. General Transformation

Theorem 2.1. Let k be a positive integer and p an odd prime (distinct from k)
that can be expressed as µ2 + kν2. Let A and B be positive integers such that
A | p2 − 1 and B | p2 − 1. Suppose there exist integers a > 0, b > 0, α, β such that
gcd(a, b) = gcd(α, β) = 1,

(2.1) p = a2α2 + kb2β2,

and

(2.2) EF = AB, E | p2 − 1, F | p2 − 1,

where

(2.3) E = gcd(Aa, kBb) and F = gcd(Ab,Ba).

Then the following transformation holds.∑
x≡x0 (mod A)
y≡y0 (mod B)

x2+ky2≡0 (mod p)

f(x, y)qx
2+ky2 = T1 + T2 − T3,(2.4)
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where

T1 =
∑

m≡p(aαx0−kbβy0) (mod E)
n≡p(bβx0+aαy0) (mod F )

f(aαm+ kbβn,−bβm+ aαn)qp(m
2+kn2);(2.5)

T2 =
∑

m≡p(aαx0+kbβy0) (mod E)
n≡p(bβx0−aαy0) (mod F )

f(aαm+ kbβn, bβm− aαn)qp(m
2+kn2);(2.6)

T3 =
∑

x≡x0 (mod A)
y≡y0 (mod B)
x≡y≡0 (mod p)

f(x, y)qx
2+ky2 .(2.7)

Proof. Let p be an odd prime that can be expressed as µ2 + kν2 for some positive
integer k. We rewrite µ = aα and ν = bβ, so that

(2.8) p = a2α2 + kb2β2,

for some integers a, b, α, β such that gcd(a, b) = gcd(α, β) = 1.
Since bβ is relatively prime to p, it has a multiplicative inverse modulo p. Hence

there exists s such that

(2.9) s2 ≡ −k (mod p).

We now fix a choice of a > 0, b > 0, α, β and s to satisfy

(2.10) aα ≡ −sbβ (mod p).

It is then straightforward to see that

(2.11) saα ≡ kbβ (mod p).

Now consider a binary quadratic form x2 + ky2, where x and y are of the form

(2.12) x = Ax1 + x0 and y = By1 + y0,

with the additional requirement that

(2.13) A | p2 − 1 and B | p2 − 1.

We wish to make a change of variables that holds whenever p divides any qua-
dratic form x2 + ky2 satisfying (2.12) and (2.13).

∑
x≡x0 (mod A)
y≡y0 (mod B)

x2+ky2≡0 (mod p)

f(x, y)qx
2+ky2 =

∑
x≡x0 (mod A)
y≡y0 (mod B)
x≡sy (mod p)

f(x, y)qx
2+ky2 +

∑
x≡x0 (mod A)
y≡y0 (mod B)
x≡−sy (mod p)

f(x, y)qx
2+ky2

(2.14)

−
∑

x≡x0 (mod A)
y≡y0 (mod B)
x≡y≡0 (mod p)

f(x, y)qx
2+ky2 ,

with the three sums corresponding to T1, T2 and T3 respectively in the statement
of the theorem. We next obtain the stated form for T1. From

(2.15) x ≡ sy (mod p),

we use (2.12) to obtain

(2.16) Ax1 − sBy1 ≡ −x0 + sy0 (mod p).
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Multiplying (2.16) by aα and bβ respectively and using (2.10), (2.11), we obtain

Aaαx1 − kBbβy1 ≡ aα(−x0 + sy0)

≡ −aαx0 + kbβy0 (mod p)(2.17)

and

Abβx1 +Baαy1 ≡ bβ(−x0 + sy0)

≡ −bβx0 − aαy0 (mod p).(2.18)

Dividing by E in (2.17) and F in (2.18), we have

Aaα

E
x1 −

kBbβ

E
y1 = pu+

1− p2

E
(−aαx0 + kbβy0),(2.19a)

Abβ

F
x1 +

Baα

F
y1 = pv +

1− p2

F
(−bβx0 − aαy0),(2.19b)

for some integers u, v. Solving this system, we obtain x1 and y1 which lead to the
following

x = Ax1 + x0 = Eaαu+ kFbβv + p2x0,(2.20a)

y = By1 + y0 = −Ebβu+ Faαv + p2y0.(2.20b)

Using the expressions above and (2.8), we can show that

(2.21) x2 + ky2 = p (Eu+ p(aαx0 − kbβy0))
2

+ kp (Fv + p(bβx0 + aαy0))
2
.

To reiterate, what we have done is to transform the quadratic form x2 +ky2 (which
are multiples of p) into an expression involving the variables,

(2.22) m = Eu+ p(aαx0 − kbβy0) and n = Fv + p(bβx0 + aαy0).

The expressions for x and y from (2.20) can also be rewritten in terms of these two
variables.

x = aαm+ kbβn(2.23a)

= aα (Eu+ p(aαx0 − kbβy0)) + kbβ (Fv + p(bβx0 + aαy0)) ,

y = −bβm− aαn(2.23b)

= −bβ (Eu+ p(aαx0 − kbβy0)) + aα (Fv + p(bβx0 + aαy0)) .

Replacing the variables x and y in the first sum of (2.14) completes the expression
for T1.

Likewise for T2, we begin with

(2.24) x ≡ −sy (mod p)

and multiply appropriate factors to get

Aaα

E
x1 −

kBbβ

E
y1 = pu+

1− p2

E
(−aαx0 − kbβy0),(2.25a)

Abβ

F
x1 +

Baα

F
y1 = pv +

1− p2

F
(−bβx0 + aαy0),(2.25b)

for some integers u, v. Solving this system for x1 and y1 allows us to compute

x = Ax1 + x0 = Eaαu+ kFbβv + p2x0,(2.26a)

y = By1 + y0 = Ebβu− Faαv + p2y0.(2.26b)
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and

(2.27) x2 + ky2 = p (Eu+ p(aαx0 + kbβy0))
2

+ kp (Fv + p(bβx0 − aαy0))
2
.

As before, we can rewrite

x = aαm+ kbβn(2.28a)

= aα (Eu+ p(aαx0 + kbβy0)) + kbβ (Fv + p(bβx0 − aαy0)) ,

y = bβm− aαn(2.28b)

= bβ (Eu+ p(aαx0 + kbβy0))− aα (Fv + p(bβx0 − aαy0)) .

The transformation in (2.4) is thus verified. �

3. Proof of Theorem 1.1

Having established the transformation in the previous section, we are now ready
to prove Theorem 1.1. We first note that the Jacobi triple product identity [1, p.
10] allows us to prove the following results.

Lemma 3.1. The following identities hold:

η(8τ)3 =
∑
n∈Z

(4n+ 1)q(4n+1)2 = −
∑
n∈Z

(4n+ 3)q(4n+3)2 ;(3.1a)

0 =
∑
n∈Z

(4n)q(4n)
2

=
∑
n∈Z

(4n+ 2)q(4n+2)2 ;(3.1b)

η(16τ)2

η(8τ)
=
∑
n∈Z

q(4n+1)2 =
∑
n∈Z

q(4n+3)2 ;(3.1c)

η(4τ)2

η(8τ)
=
∑
n∈Z

(−1)nq4n
2

=
∑
n∈Z

q(4n)
2

−
∑
n∈Z

q(4n+2)2 .(3.1d)

Moreover, these identities are invariant under the transformation n 7→ n + k for
any integer k.

Using (3.1a), (3.1c) and (3.1d), we can rewrite the infinite products in (1.1a)
and (1.1b) respectively as∑

n≥0

a(n)qn =
∑

x≡1 (mod 4)
y≡1 (mod 4)

yqx
2+4y2(3.2a)

and ∑
n≥0

ã(n)qn =
∑

x≡1 (mod 4)
y∈Z

(−1)yxqx
2+16y2 =

∑
x≡1 (mod 4)
y≡0 (mod 2)

(−1)y/2xqx
2+4y2 .(3.2b)

Let p be an odd prime satisfying p ≡ 1 (mod 4), thus

p = α2 + 4β2

for some unique α ≡ 1 (mod 4). As for β, if p ≡ 5 (mod 8) then β is odd and we
can pick β ≡ 1 (mod 4). With these choices of α and β, we can see from (3.2a)
that

(3.3) a(p) = β.
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However, if p ≡ 1 (mod 8), one can show that β is even. In this case, we choose
β > 0. Since there is no constraint on the sign of the variable y in the sum (3.2b),
we conclude that

(3.4) ã(p) = 2(−1)β/2α.

With these choices for α, β, we shall use Theorem 2.1 with k = 4, a = b = 1, and
A = B = 4 to obtain ∑

x≡y≡1 (mod 4)

x2+4y2≡0 (mod p)

yqx
2+4y2 = T1 + T2 − T3.(3.5)

To simplify T3, we can write x = pm and y = pn, which means

T3 =
∑

m≡n≡1 (mod 4)

pnq(pm)2+4(pn)2 = p
∑
n≥0

a(n)qp
2n.(3.6)

For the sum T1 in (3.5), we have x0 = y0 = 1, E = F = 4 and thus

T1 =
∑
u,v∈Z

−β(4u+ p(α− 4β))qp(4u+p(α−4β))
2+4p(4v+p(α+β))2

+
∑
u,v∈Z

α(4v + p(α+ β))qp(4u+p(α−4β))
2+4p(4v+p(α+β))2

= −β
∑
v∈Z

q4p(4v+p(α+β))
2

(∑
u∈Z

(4u+ p(α− 4β))qp(4u+p(α−4β))
2

)
(3.7)

+ α
∑
u∈Z

qp(4u+p(α−4β))
2

(∑
v∈Z

(4v + p(α+ β))q4p(4v+p(α+β))
2

)
.

Similarly,

T2 =
∑
u,v∈Z

β(4u+ p(α+ 4β))qp(4u+p(α+4β))2+4p(4v+p(β−α))2

−
∑
u,v∈Z

α(4v + p(β − α))qp(4u+p(α+4β))2+4p(4v+p(β−α))2

= β
∑
v∈Z

q4p(4v+p(β−α))
2

(∑
u∈Z

(4u+ p(α+ 4β))qp(4u+p(α+4β))2

)
(3.8)

− α
∑
u∈Z

qp(4u+p(α+4β))2

(∑
v∈Z

(4v + p(β − α))q4p(4v+p(β−α))
2

)
.

At this point, we need to consider separately the cases p ≡ 1 (mod 8) and p ≡ 5
(mod 8). In the latter case, recall that α ≡ β ≡ 1 (mod 4). We can thus use both
(3.1a) and (3.1b) to simplify (3.7) and (3.8) to

T1 = −β

(∑
v∈Z

q4p(4v+2)2

)
η(8pτ)3 + 0,(3.9)

T2 = β

(∑
v∈Z

q4p(4v)
2

)
η(8pτ)3 + 0.(3.10)
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Consequently, the results in (3.9), (3.10), (3.6), (3.1d) and (3.3) imply

∑
n≥0

a(pn)qpn = T1 + T2 − T3

= −β

(∑
v∈Z

q4p(4v+2)2

)
η(8pτ)3 + β

(∑
v∈Z

q4p(4v)
2

)
η(8pτ)3

− p
∑
n≥0

a(n)qp
2n

= β

(
η(16pτ)2

η(32pτ)

)
η(8pτ)3 − p

∑
n≥0

a(n)qp
2n

= a(p)
∑
n≥0

ã(n)qpn − p
∑
n≥0

a(n)qp
2n.(3.11)

On the other hand, when p ≡ 1 (mod 8), we have α ≡ 1 (mod 4) and β is even.
Therefore, using (3.1a) again, we have

T1 = −β

(∑
v∈Z

q4p(4v+1)2

)
η(8pτ)3 + (−1)β/2α

(∑
u∈Z

qp(4u+1)2

)
η(32pτ)3,(3.12)

T2 = β

(∑
v∈Z

q4p(4v+1)2

)
η(8pτ)3 + (−1)β/2α

(∑
u∈Z

qp(4u+1)2

)
η(32pτ)3.(3.13)

By virtue of (3.12), (3.13), (3.6), (3.1c) and (3.4), we obtain

∑
n≥0

a(pn)qpn = −β

(∑
v∈Z

q4p(4v+1)2

)
η(8pτ)3 + (−1)β/2α

(∑
u∈Z

qp(4u+1)2

)
η(32pτ)3

+ β

(∑
v∈Z

q4p(4v+1)2

)
η(8pτ)3 + (−1)β/2α

(∑
u∈Z

qp(4u+1)2

)
η(32pτ)3

− p
∑
n≥0

a(n)qp
2n

= 2(−1)β/2α

(
η(16pτ)2

η(8pτ)

)
η(32pτ)3 − p

∑
n≥0

a(n)qp
2n

= ã(p)
∑
n≥0

a(n)qpn − p
∑
n≥0

a(n)qp
2n.(3.14)

Finally, replacing qpn by qn in both (3.11) and (3.14) proves (1.3a).
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We now devote our attention to (1.3b). As before, we extract only the terms in
(3.2b) where the power of q is divisible by p

∑
x≡1 (mod 4)
y≡0 (mod 2)

x2+4y2≡0 (mod p)

(−1)y/2xqx
2+4y2 =

∑
x≡1 (mod 4)
y≡0 (mod 2)
x≡sy (mod p)

(−1)y/2xqx
2+4y2 +

∑
x≡1 (mod 4)
y≡0 (mod 2)

x≡−sy (mod p)

(−1)y/2xqx
2+4y2

(3.15)

−
∑

x≡1 (mod 4)
y≡0 (mod 2)

x≡y≡0 (mod p)

(−1)y/2xqx
2+4y2

= 2T1 − T3.
The transformation y 7→ −y shows that the first and second sums on the right-hand
side of (3.15) are equal.

Similar to (3.6), one can show that

(3.16) T3 = p
∑
n≥0

ã(n)qp
2n.

For the sum T1, we use the parameters A = 4, B = 2, x0 = 1, y0 = 0, E = 4
and F = 2 in Theorem 2.1

T1 =
∑
u,v∈Z

(−1)vα(4u+ pα)qp(4u+pα)
2+4p(2v+pβ)2(3.17)

+
∑
u,v∈Z

4(−1)vβ(2v + pβ)qp(4u+pα)
2+4p(2v+pβ)2 .

As before, when p ≡ 5 (mod 8), we have α ≡ β ≡ 1 (mod 4). Using (3.1a) and
(3.1c), we simplify (3.17) to

T1 = αη(8pτ)3

(∑
v∈Z

(−1)vq4p(2v+pβ)
2

)(3.18)

+ 4β

(
η(16pτ)2

η(8pτ)

)(∑
v∈Z

(−1)v(2v + pβ)q4p(2v+pβ)
2

)

= 0 + 4β

(
η(16pτ)2

η(8pτ)

)(∑
v∈Z

(4v + pβ)q4p(4v+pβ)
2

−
∑
v∈Z

(4v + 2 + pβ)q4p(4v+2+pβ)2

)

= 8β

(
η(16pτ)2η(32pτ)3

η(8pτ)

)
.

The results in (3.18), (3.16) and (3.3) give us∑
n≥0

ã(pn)qpn = 2T1 − T3

= 16β

(
η(16pτ)2η(32pτ)3

η(8pτ)

)
− p

∑
n≥0

ã(n)qp
2n

= 16a(p)
∑
n≥0

a(n)qpn − p
∑
n≥0

ã(n)qp
2n.(3.19)
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In the case p ≡ 1 (mod 8), we have α ≡ 1 (mod 4) and β is even. We can use
(3.1a), (3.1b) and (3.1d) to write T1 in (3.17) as

T1 = (−1)β/2αη(8pτ)3

(∑
v∈Z

(−1)v+β/2q4p(2v+pβ)
2

)
+ 0

= (−1)β/2αη(8pτ)3
(
η(16pτ)2

η(32pτ)

)
.(3.20)

Altogether, (3.20), (3.16) and (3.4) give us∑
n≥0

ã(pn)qpn = ã(p)

(
η(8pτ)3η(16pτ)2

η(32pτ)

)
− p

∑
n≥0

ã(n)qp
2n

= ã(p)
∑
n≥0

ã(n)qpn − p
∑
n≥0

ã(n)qp
2n.(3.21)

We can now replace qp by q in both (3.19) and (3.21) to complete the proof of
(1.3b).

4. Proof of Theorem 1.6

In this section, we provide the details of the proof of Theorem 1.6.

Lemma 4.1. The following identities hold:

η(24τ)5

η(48τ)2
=
∑
n∈Z

(6n+ 1)q(6n+1)2 ;(4.1a)

η(3τ)2

η(6τ)
=
∑
n∈Z

(−1)nq3n
2

;(4.1b)

η(6τ)5

η(3τ)2
=
∑
n∈Z

(−1)n(3n+ 1)q(3n+1)2 ;(4.1c)

η(16τ)2

η(8τ)
=
∑
n∈Z

q(4n+1)2 =
∑
n∈Z

q(4n+3)2 =
1

2

∑
n∈Z

q(2n+1)2 .(4.1d)

Moreover, these identities are invariant under the transformation n 7→ n + k for
any integer k.

Identities (4.1a) and (4.1c) are consequences of the quintuple product identity.
An informative discussion on these two identities can be found in [2, Section 9.1].
The other two identities appeared in Lemma 3.1 and are re-stated here for the
convenience of the reader.

Using Lemma 4.1, we can rewrite the infinite products in (1.10) as

(4.2a)
∑
n≥0

g(n)qn =
∑

x≡1 (mod 6)
y∈Z

(−1)yxqx
2+3y2

and

(4.2b)
∑
n≥0

g̃(n)qn =
∑

x≡1 (mod 3)
y≡1 (mod 4)

(−1)(x−1)/3xqx
2+3y2 .
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Any prime p ≡ 1 (mod 3) can be written in the form

p = µ2 + 3ν2.

Furthermore, exactly one of µ or ν is even. In the latter case, we rewrite p =
α2 + 12β2, and it can be seen that α is odd and 3 - α. Hence, we can fix α ≡ 1
(mod 6). Since there is no constraint on the variable y in the sum (4.2a), we observe
that the coefficient of qp is

(4.3) g(p) = g(α2 + 3(2β)2) = 2(−1)2βα = 2α.

On the other hand, if µ is even, we have p = 4α2+3β2, with β odd and 3 - α. We
can then choose α and β such that α ≡ 2 (mod 3) and β ≡ 1 (mod 4). It follows
that the coefficient of qp in the sum (4.2b) is

(4.4) g̃(p) = g̃((2α)2 + 3β2) = (−1)(2α−1)/32α = −2α.

We shall first prove identity (1.11a). For a fixed prime p ≡ 1 (mod 3), which is
either of the form p = α2 + 12β2 or p = 4α2 + 3β2, we extract the terms in (4.2a)
where the power of q is a multiple of p.

∑
x≡1 (mod 6)

y∈Z
x2+3y2≡0 (mod p)

(−1)yxqx
2+3y2 =

∑
x≡1 (mod 6)

y∈Z
x≡sy (mod p)

(−1)yxqx
2+3y2 +

∑
x≡1 (mod 6)

y∈Z
x≡−sy (mod p)

(−1)yxqx
2+3y2

(4.5)

−
∑

x≡1 (mod 6)
y∈Z

x≡y≡0 (mod p)

(−1)yxqx
2+3y2

= 2T1 − T3.(4.6)

In the above, the first sum is equal to the second sum via the transformation
y 7→ −y. T3 can be simplified by writing x = pm, y = pn. Since x ≡ 1 (mod 6) and
y ∈ Z, we have m ≡ 1 (mod 6) and n ∈ Z. Thus

T3 =
∑

m≡1 (mod 6)
n∈Z

(−1)pnpmqp
2(m2+3n2) = p

∑
n≥0

g(n)qp
2n.(4.7)

To calculate T1 for p = α2 + 12β2, we set k = 3, a = 1, b = 2, A = 6, B = 1,
x0 = 1, y0 = 0, E = 6, F = 1 in Theorem 2.1. In addition, since pα ≡ 1 (mod 6)
and α is odd, we thus have

T1 =
∑
u,v∈Z

(−1)−12βu+αv(α(6u+ pα) + 6β(v + 2pβ))qp(6u+pα)
2+3p(v+2pβ)2

= α
∑
u∈Z

(6u+ pα)qp(6u+pα)
2 ∑
v∈Z

(−1)vq3p(v+2pβ)2

+ 6β
∑
v∈Z

(−1)v(v + 2pβ)q3p(v+2pβ)2
∑
u∈Z

qp(6u+pα)
2

= α
∑
u∈Z

(6u+ 1)qp(6u+1)2
∑
v∈Z

(−1)vq3pv
2

+ 6β
∑
v∈Z

(−1)vvq3pv
2 ∑
u∈Z

qp(6u+1)2(4.8)

= α
η(24pτ)5η(3pτ)2

η(48pτ)2η(6pτ)
,(4.9)
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where Lemma 4.1 is used and the sum over v in the second term of (4.8) is 0.
Combining the results in (4.6), (4.7), (4.9) and (4.3), we obtain that for p =

α2 + 12β2, ∑
n≥0

g(pn)qpn = g(p)
η(3pτ)2η(24pτ)5

η(6pτ)η(48pτ)2
− p

∑
n≥0

g(n)qp
2n,

proving the first assertion of (1.11a) when qp is replaced by q.
We now consider the second assertion of (1.11a) for p = 4α2 + 3β2. In this case,

to calculate T1, we substitute a = 2, b = 1, A = 6, B = 1, x0 = 1, y0 = 0, E = 3,
F = 2 in Theorem 2.1. Recall that we chose α such that α ≡ 2 (mod 3) which
means 2pα ≡ 1 (mod 3). We have

T1 =
∑
u,v∈Z

(−1)−3βu+4αv(2α(3u+ 2pα) + 3β(2v + pβ))qp(3u+2pα)2+3p(2v+pβ)2

= 2α
∑
u∈Z

(−1)u(3u+ 2pα)qp(3u+2pα)2
∑
v∈Z

q3p(2v+pβ)
2

+ 3β
∑
v∈Z

(2v + pβ)q3p(2v+pβ)
2 ∑
u∈Z

(−1)uqp(3u+2pα)2

= (−1)(2pα−1)/32α
∑
u∈Z

(−1)u(3u+ 1)qp(3u+1)2
∑
v∈Z

q3p(2v+1)2(4.10)

+ 3β
∑
v∈Z

(2v + 1)q3p(2v+1)2
∑
u∈Z

(−1)uqp(3u+1)2

= g̃(p)
η(6pτ)5

η(3pτ)2
· 2η(48pτ)2

η(24pτ)
,(4.11)

where Lemma 4.1 is used and the sum over v in the second term of (4.10) reduces
to 0. In addition, the coefficient in (4.11) is due to (4.4).

As a result of (4.5), (4.7) and (4.11), we have for p = 4α2 + 3β2,∑
n≥0

g(pn)qpn = 4g̃(p)
η(6pτ)5η(48pτ)2

η(3pτ)2η(24pτ)
− p

∑
n≥0

g(n)qp
2n,

proving the second assertion of (1.11a).
We now turn to identity (1.11b). Similar to (4.5), we can write∑

x≡1 (mod 3)
y≡1 (mod 4)

x2+3y2≡0 (mod p)

(−1)(x−1)/3xqx
2+3y2

=
∑

x≡1 (mod 3)
y≡1 (mod 4)
x≡sy (mod p)

(−1)(x−1)/3xqx
2+3y2 +

∑
x≡1 (mod 3)
y≡1 (mod 4)

x≡−sy (mod p)

(−1)(x−1)/3xqx
2+3y2

(4.12)

−
∑

x≡1 (mod 3)
y≡1 (mod 4)

x≡y≡0 (mod p)

(−1)(x−1)/3xqx
2+3y2

= T1 + T2 − T3.(4.13)
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As before, since p ≡ 1 (mod 6), we can simplify T3 as follows

T3 =
∑

pm≡1 (mod 3)
pn≡1 (mod 4)

(−1)(pm−1)/3pmqp
2(m2+3n2) = p

∑
n≥0

g̃(n)qp
2n.(4.14)

We now calculate T1 for p = α2 + 12β2, where a = 1 and b = 2. In order to
proceed to utilize Theorem 2.1, we rewrite T1 as two sums. The transformation for
each of the two sum uses parameters a = 1, b = 2, A = 6, B = 4, y0 = 1, E = 6,
F = 4 but the former requires x0 = 1 while the latter x0 = 4. We have

T1 =
∑

x≡1 (mod 6)
y≡1 (mod 4)
x≡sy (mod p)

(−1)(x−1)/3xqx
2+3y2 +

∑
x≡4 (mod 6)
y≡1 (mod 4)
x≡sy (mod p)

(−1)(x−1)/3xqx
2+3y2

= α
∑
u∈Z

(6u+ p(α− 6β))qp(6u+p(α−6β))
2 ∑
v∈Z

q3p(4v+p(2β+α))
2

(4.15)

+ 6β
∑
v∈Z

(4v + p(2β + α))q3p(4v+p(2β+α))
2 ∑
u∈Z

qp(6u+p(α−6β))
2

− α
∑
u∈Z

(6u+ p(4α− 6β))qp(6u+p(4α−6β))
2 ∑
v∈Z

q3p(4v+p(8β+α))
2

− 6β
∑
v∈Z

(4v + p(8β + α))q3p(4v+p(8β+α))
2 ∑
u∈Z

qp(6u+p(4α−6β))
2

.

Repeating this process for T2, we obtain

T2 =
∑

x≡1 (mod 6)
y≡1 (mod 4)

x≡−sy (mod p)

(−1)(x−1)/3xqx
2+3y2 +

∑
x≡4 (mod 6)
y≡1 (mod 4)

x≡−sy (mod p)

(−1)(x−1)/3xqx
2+3y2

= α
∑
u∈Z

(6u+ p(α+ 6β))qp(6u+p(α+6β))2
∑
v∈Z

q3p(4v+p(2β−α))
2

(4.16)

+ 6β
∑
v∈Z

(4v + p(2β − α))q3p(4v+p(2β−α))
2 ∑
u∈Z

qp(6u+p(α+6β))2

− α
∑
u∈Z

(6u+ p(4α+ 6β))qp(6u+p(4α+6β))2
∑
v∈Z

q3p(4v+p(8β−α))
2

− 6β
∑
v∈Z

(4v + p(8β − α))q3p(4v+p(8β−α))
2 ∑
u∈Z

qp(6u+p(4α+6β))2 .

For p = α2 + 12β2, recall that we fixed α ≡ 1 (mod 6). In addition with
p(2β + α) ≡ −p(2β − α) (mod 4), one can show that

T1 + T2 = 2α
∑
u∈Z

(6u+ 1)qp(6u+1)2
∑
v∈Z

q3p(4v+1)2 − 2α
∑
u∈Z

(6u+ 4)qp(6u+4)2
∑
v∈Z

q3p(4v+1)2

= 2α
∑
u∈Z

(−1)u(3u+ 1)qp(3u+1)2
∑
v∈Z

q3p(4v+1)2

= g(p)
η(6pτ)5η(48pτ)2

η(3pτ)2η(24pτ)
,

(4.17)

where the coefficient in (4.17) is due to (4.3).



A GENERAL TRANSFORMATION 17

Consequently, (4.13), (4.14) and (4.17) give us

∑
n≥0

g̃(pn)qpn = g(p)
η(6pτ)5η(48pτ)2

η(3pτ)2η(24pτ)
− p

∑
n≥0

g̃(n)qp
2n,(4.18)

proving the first assertion of (1.11b).
Finally, we shall prove the second assertion of (1.11b) where p = 4α2 + 3β2.

Similar to (4.15), we rewrite T1 as two sums and apply Theorem 2.1. This time,
the parameters involved are a = 2, b = 1, A = 6, B = 4, y0 = 1, E = 12, F = 2 and
the former sum requires x0 = 1 while the latter x0 = 4. We then have

T1 =
∑

x≡1 (mod 6)
y≡1 (mod 4)
x≡sy (mod p)

(−1)(x−1)/3xqx
2+3y2 +

∑
x≡4 (mod 6)
y≡1 (mod 4)
x≡sy (mod p)

(−1)(x−1)/3xqx
2+3y2

= 2α
∑
u∈Z

(12u+ p(2α− 3β))qp(12u+p(2α−3β))
2 ∑
v∈Z

q3p(2v+p(β+2α))2(4.19)

+ 3β
∑
v∈Z

(2v + p(β + 2α))q3p(2v+p(β+α))
2 ∑
u∈Z

qp(12u+p(2α−3β))
2

− 2α
∑
u∈Z

(12u+ p(8α− 3β))qp(12u+p(8α−3β))
2 ∑
v∈Z

q3p(2v+p(4β+2α))2

− 3β
∑
v∈Z

(2v + p(4β + 2α))q3p(2v+p(4β+2α))2
∑
u∈Z

qp(12u+p(8α−3β))
2

.

Repeating this process with Theorem 2.1, we arrive at

T2 =
∑

x≡1 (mod 6)
y≡1 (mod 4)

x≡−sy (mod p)

(−1)(x−1)/3xqx
2+3y2 +

∑
x≡4 (mod 6)
y≡1 (mod 4)

x≡−sy (mod p)

(−1)(x−1)/3xqx
2+3y2

= 2α
∑
u∈Z

(12u+ p(2α+ 3β))qp(12u+p(2α+3β))2
∑
v∈Z

q3p(2v+p(β−2α))
2

(4.20)

+ 3β
∑
v∈Z

(2v + p(β − 2α))q3p(2v+p(β−2α))
2 ∑
u∈Z

qp(12u+p(2α+3β))2

− 2α
∑
u∈Z

(12u+ p(8α+ 3β))qp(12u+p(8α+3β))2
∑
v∈Z

q3p(2v+p(4β−2α))
2

− 3β
∑
v∈Z

(2v + p(4β − 2α))q3p(2v+p(4β−2α))
2 ∑
u∈Z

qp(12u+p(8α+3β))2 .

It can be observed that the second and the last term in each of (4.19) and (4.20)
reduces to 0. In addition, recall that for p = 4α2 + 3β2, we have fixed α, β such
that α ≡ 2 (mod 3) and β ≡ 1 (mod 4). One can then use elementary methods to
show that

(i) if p(2α− 3β) ≡ 1 (mod 12), then p(2α+ 3β) ≡ 7 (mod 12); and
(ii) if p(2α− 3β) ≡ 7 (mod 12), then p(2α+ 3β) ≡ 1 (mod 12).
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Moreover, we can also prove that p(8α − 3β) ≡ 7 (mod 12) and p(8α + 3β) ≡ 1
(mod 12). These results are useful in adding (4.19) and (4.20) as follows

T1 + T2 = 2α
∑
u∈Z

(
(12u+ 1)qp(12u+1)2 + (12u+ 7)qp(12u+7)2

)∑
v∈Z

(
q3p(2v+1)2 − q3p(2v)

2
)

= −2α
∑
u∈Z

(6u+ 1)qp(6u+1)2
∑
v∈Z

(−1)vq3v
2

= g̃(p)
η(24pτ)5η(3pτ)2

η(48pτ)2η(6pτ)
,

(4.21)

where the coefficient in (4.21) comes from (4.4).
With (4.13), (4.14) and (4.21), we obtain that for p = 4α2 + 3β2,∑

n≥0

g(pn)qpn = g̃(p)
η(24pτ)5η(3pτ)2

η(48pτ)2η(6pτ)
− p

∑
n≥0

g(n)qp
2n,(4.22)

proving the second assertion of (1.11b).

5. Concluding Remarks

In this article, we derived a general transformation for theta series associated
with the quadratic form x2+ky2 and used this transformation to provide elementary
proofs of many striking identities that interlinked coefficients of such theta series.
It appears that there are many such identities that can be proved using our method
and thus we did not attempt to be exhaustive and only presented five new infinite
families of identities. Much more can be done. For example, in a recent paper
by Mahadeva Naika and Gireesh [4], four identities analogous to (1.2) were proved.
Using our general transformation, it is fairly straight forward to prove the following
generalization.

Theorem 5.1. Let j be a positive integer such that p = 2j + 1 is prime. If∑
n≥0

sj(n)qn =
∑

x≡1 (mod 4)
y≡1 (mod 4)

qx
2+2jy2 =

η(16τ)2η(32jτ)2

η(8τ)η(16jτ)
,(5.1a)

∑
n≥0

tj(n)qn =
∑

x≡1 (mod 4)
y≡0 (mod 2)

qx
2+2jy2 =

η(16τ)2η(16jτ)5

η(8τ)η(8jτ)2η(32jτ)2
,(5.1b)

then ∑
n≥0

sj(pn)qn +
∑
n≥0

sj(n)qpn =
∑
n≥0

tj(n)qn;(5.2a)

∑
n≥0

tj(pn)qn +
∑
n≥0

tj(n)qpn = 4
∑
n≥0

sj(n)qn.(5.2b)

Identity (5.2a) is equivalent to [4, Equation (1.1)] while identity (5.2b) is a
generalization of [4, Equations (1.2) to (1.4)] which were stated and proved only for
the cases j = 1, 2 and 3, corresponding to the primes p = 3, 5 and 7. Furthermore,
if we keep j fixed, our technique allows us to generalize each case from the prime
p = 2j + 1 to all primes that can be represented as p = α2 + 2jβ2. We illustrate
this for the cases of j = 1, 2 and 3.
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Theorem 5.2. For any prime p ≡ 1 or 3 (mod 8), we have

∑
n≥0

s1(pn)qn +
∑
n≥0

s1(n)qpn =


t1(p)

∑
n≥0

s1(n)qn if p ≡ 1 (mod 8),

s1(p)
∑
n≥0

t1(n)qn if p ≡ 3 (mod 8);
(5.3a)

∑
n≥0

t1(pn)qn +
∑
n≥0

t1(n)qpn =


t1(p)

∑
n≥0

t1(n)qn if p ≡ 1 (mod 8),

4s1(p)
∑
n≥0

s1(n)qn if p ≡ 3 (mod 8).
(5.3b)

For any prime p ≡ 1 (mod 4), we have

∑
n≥0

s2(pn)qn +
∑
n≥0

s2(n)qpn =


t2(p)

∑
n≥0

s2(n)qn if p ≡ 1 (mod 8),

s2(p)
∑
n≥0

t2(n)qn if p ≡ 5 (mod 8);
(5.4a)

∑
n≥0

t2(pn)qn +
∑
n≥0

t2(n)qpn =


t2(p)

∑
n≥0

t2(n)qn if p ≡ 1 (mod 8),

4s2(p)
∑
n≥0

s2(n)qn if p ≡ 5 (mod 8).
(5.4b)

For any prime p ≡ 1 or 7 (mod 24), we have

∑
n≥0

s3(pn)qn +
∑
n≥0

s3(n)qpn =


t3(p)

∑
n≥0

s3(n)qn if p ≡ 1 (mod 24),

s3(p)
∑
n≥0

t3(n)qn if p ≡ 7 (mod 24);
(5.5a)

∑
n≥0

t3(pn)qn +
∑
n≥0

t3(n)qpn =


t3(p)

∑
n≥0

t3(n)qn if p ≡ 1 (mod 24),

4s3(p)
∑
n≥0

s3(n)qn if p ≡ 7 (mod 24).
(5.5b)
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