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Abstract

For a graph G, let P(G, 1) be its chromatic polynomial and let [G] be the set of graphs
having P(G, ) as their chromatic polynomial. We call [G] the chromatic equivalence class of
G. If [G]={G}, then G is said to be chromatically unique. In this paper, we first determine [G]
for each graph G whose complement G is of the form ak, UbK3UUJ, <<, P> where a,b are any
nonnegative integers and /; is even. By this result, we find that such a graph G is chromatically
unique iff ab =0 and /; #4 for all i. This settles the conjecture that the complement of P, is
chromatically unique for each even n with n# 4. We also determine [H] for each graph H whose
complement H is of the form aK3 U Ui<ics P YU <, Gy, where u; >3 and u; # 4 (mod 5)
for all i. We prove that such a graph A is chromatically unique if u; + 1 #v; for all i,j and u;
is even when u; = 6. (©) 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction

In this paper, all graphs considered are simple graphs. For a graph G, let G, V(G),
E(G), v(G), e(G), t(G), ¢(G), x(G), 6(G) and P(G, 1), respectively, be the com-
plement, vertex set, edge set, order, size, number of triangles, number of components,
chromatic number, minimum degree and chromatic polynomial of G. We will denote
by P, the path, C, the cycle, and K, the complete graph with n vertices.

A vpartition {4,4,,...,4r} of V(G), where k is a positive integer, is called a
k-independent partition of a graph G if each A4; is a nonempty independent set of
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G. Let o(G, k) denote the number of k-independent partitions of G. Then

v(G)

P(G,2) =Y oG, k) AN (1)

k=1

where (A)y=AA—1)---(A—k+1). (See [17].)

Two graphs G and H are said to be chromatically equivalent (or simply y-equivalent),
symbolically G~ H, if P(G,A)=P(H, ). It is clear that the relation ‘~’ is an equiv-
alence relation on the family of graphs. The chromatic equivalence class determined
by G under ~ is denoted by [G]. A graph G is said to be chromatically unique
(or simply y-unique) if H = G whenever H ~ G. Observe that G is y-unique iff [G]=
{G}. By (1), we have

Lemma 1.1. For any two graphs G and H, G~H iff v(G)=v(H) ando(G,k)=
a(H, k) for all k with 1 <k<uv(G).

It is an interesting problem to determine [G] for a given graph G. In this paper, we
shall study this problem for some dense graphs G such that the components of G are
isolated vertices, paths or cycles. We shall use the adjoint polynomial of a graph as a
tool for this study.

Let G be a graph with order n. If H is a spanning subgraph of G and each component
of H is complete, then H is called a clique cover (or an ideal subgraph) of G [4].
Two clique covers are considered to be different if they have different edge sets. For
k=1, let N(G,k) be the number of clique covers H in G with ¢(H)=k. It is clear
that N(G,n)=1 and N(G,k)=0 for k> n. Define

S N(G k) if n>1,
1

G, 1) = { P——— (2)

The polynomial 4(G, i) is called the adjoint polynomial of G. Observe that h(G, u) =
WG, u) if G=G'. Hence, h(G,pn) is a well-defined graph-function. The notion of
the adjoint polynomial of a graph was introduced by Liu [9]. Note that the adjoint
polynomial is a special case of an F-polynomial [4].

Two graphs G and H are said to be adjointly equivalent, symbolically G ~, H, if
WG, u)=h(H,p). Let (G, ={H|H ~,G}. A graph G is said to be adjointly unique
if [G],={G}. By (2), we have

Lemma 1.2. For any two graphs G and H, G ~, H iff v(G)=v(H) and N(G,k)=
N(H, k) for all k with 1<k<v(G).

Let G denote the complement of G, i.e., the graph with vertex set (G) and edge
set {xy|xy ¢ E(G),x,y€V(G)}. Note that

WG, k) =N(G,k), k=12,...,n. 3)

It follows from Lemmas 1.1 and 1.2 together with (3) that
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Theorem 1.1. (i) G~H iff G~ H;

(ii) [G]={H|H €[Gl}; )
(iii) G is chromatically unique iff G is adjointly unique.

Hence the goal of determining [G] for a given graph G can be realized by deter-
mining [G],. Thus, as has been observed in [13,16], if e(G) is very large, it may be
easier to study [G], rather than [G]. Another polynomial used to study the chromatic-
ity of dense graphs is the g-polynomial, which was introduced by Korthage [6]. The
a-polynomial of G is defined by

(G, 1) = (G, )/,

Although some researchers, such as Du [3] and Li and Whitehead [7], have used
o-polynomials to study the chromaticity of some dense graphs, one disadvantage is
that o(G, ) does not determine the order of G. This can be seen from the fact that
(G, n)=a(GUmK,,p) for any integer m>1, where GUmK, is the graph obtained
from G by adding m isolated vertices. The adjoint polynomial does not have this fault,
and it contains all the information that the o-polynomial has. Hence in this paper we
shall use adjoint polynomials rather than o-polynomials.

It is clear that N(G, k) is an invariant for adjointly equivalent graphs for each positive
integer k. Thus any expression in terms of N(G,1),N(G,2),...,N(G,n) is an invariant
for adjointly equivalent graphs. However we prefer invariants which have some useful
properties such as having constant upper bounds or lower bounds. One invariant that
has been used by several researchers [5,11-16], to determine adjoint equivalence classes
of graphs is R;(G). Given a polynomial f(x)=x" + byx"~! + byx""2 4 --. + b, let

b .
—(21>+b1 if n=1,

Ri(f)= 4)

by — <bzl>—|—b1 if n>2.

For any graph G, we define
Ri(G) = Ri(h(G, p)). )

It is clear that R;(G) is in fact an invariant for adjointly equivalent graphs. It is known
that this invariant is additive over the components of a graph. Specifically we have the
following lemma.

Lemma 1.3 (Liu [9]). For any graph G with components Gy, Gs,...,Gy
k
Ri(G)="Y_ Ri(G).
i=1

Liu [16] showed that R;(G)<1 for any connected graph G, and characterised the
connected graphs G with R(G)>=0. For positive integers k,s and ¢, let T, be
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Fig. 1.

the graph in Fig. 1(a). Let
T =A{Tksilk=s=1=>1}.
Let D, and F,, be the graphs shown in Fig. 1(b) and (c).
Theorem 1.2 (Liu and Zhao [16]). Let G be a connected graph. Then R{(G)<1 and
(1) Ri(G)=1iff Ge{K3}U{P,|n=2},

(i) Ri(G)=0 iff Ge{Ki}UT'U{C,,D, | n=4}, and
(ili) Ri(G)= —1 with e(G)=v(G)+ 1 iff GE{Ks — e} U{F,|n=6}.

A further result from [1] that is needed for the present paper is the following.

Theorem 1.3. For any connected graph G with G ¢ {K3,K4},

(1) if —1<Ri(G)<1, then R{(G)<v(G) — e(G) with equality if and only if
Ge{Ky— e} U{P,, Cpi1,Dpi2, Fria | n 22}

(1) if Ri(G)< —2, then Ri(G)<v(G) —e(G) — 1.

Note that e(K3) + Ri(K3)=v(K3) + 1 and e(Ks) + R(K4)=0(Ky), since
Ri(K4)=—2[1].

In [1] another invariant R,(G) is introduced. For any polynomial f(x)=x"+bx"~'+
box" 2 4. 4 b, let

ra(ry=ts= (4 ) == (0= (5 )) -0

where by =0 for k>n. For any graph G, define

Ry(G) =Ry (h(G, ).
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Since R,(G) is determined by /(G, 1), Ry(G) is indeed an invariant for adjointly equiv-
alent graphs. This invariant is also additive over the components of a graph (see [1]).
We shall use it in combination with R;(G) to determine the adjoint equivalence classes
of certain graphs and confirm a conjecture of Liu [13] that P, is adjointly unique for
each even n#4.

We shall need the following theorem from [1]. Here Y, denotes the graph T,_3
where n>4.

Theorem 1.4. (i) Ry(P1)=0, Ry(P;)=—1 and Ry(P,)=—2 for n=3;
(i) Ry(K3)= -2 and Ry(C,)=0 for n=4;
(iii) Ry(Ya)=—1 and Ry(Y,)=0 for n=5;
(iv) Ry(D4)=0 and Ry(D,)=1 for n=5;
(V) Ro(Fs)=5 and Ry(F,)=4 for n>7,
(Vi) Ro(Ky — €) =3 and Ry(Ks)=1.

We also need the following results from [2] on the zeros of the adjoint polynomials
of paths and cycles.

Theorem 1.5. For any positive integer n, the zeros of h(P,, 1) are:

28T

0,0,...,0, —2—2cos s
— — n+1
[1/2]

s=1,2,...,|n/2].

Theorem 1.6. For any integer n=4, h(C,, u) has the following zeros:
2s — 1
0,0,...,0, —2—2cos E DT 1o 2l
——

n
[n/2]

For SCV(G), let G[S] denote the subgraph of G induced by S. For any two
graphs G and H, let GUH denote the graph whose vertex set can be partitioned into
sets V, and ¥, such that (GUH)[V1]= G and (GUH)[V,]= H, and whose edge set
is E(G)UE(H). We call GUH the union of G and H. For any positive integer k,
let kG denote the union of k& copies of G. Our main results determine [G] for any
graph G with G =aK, UbK; U U\ <i<; P1;» where a,b are any nonnegative integers and
I; is even, or G =aK3 U Uicics Pu U U1<j<zcvw where u; >3 and u; 4 (mod 5) for
all 7.

2. Chromatic equivalence classes of some dense graphs

Our aim is to determine the chromatic equivalence classes of some graphs G such
that the components of G are members of the set

{K1,Ds} U{Ps, Ciy1 |k =2},
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but we realize this aim by determining the adjoint equivalence classes of graphs whose
components belong to this set. We do not consider it necessary to translate the results on
adjoint equivalence classes and adjoint uniqueness into those on chromatic equivalence
classes and chromatic uniqueness.

We shall need the following reduction formula.

Theorem 2.1 (Liu [10]). If xy is an edge not in any triangle of a graph G then
WG, ) =G —xy, 1) + ph(G — {x, y}, ).
For any graph G, let 7(G) denote the minimum integer k£ such that N(G,k)>0.

Observe that 7(G)=y(G). Let 1(G)=N(G, 7(G)). By the definition of N(G,k), we
have

Lemma 2.1. Let Gy, G,,...,Gy be the components of G. Then

k

1G) =" UG, (6)
i=1
k

«(G) =[] «(G). (7)

i=1

Since v(G), e(G), Ri(G), R:(G), 7(G) and t(G) are determined by A(G, i), we
have

Lemma 2.2. For any graph G, the parameters v(G), e(G), R(G), R (G), j(G) and
©(G) are invariants for graphs in [G]p.

But the following lemma shows that the number of components of a graph is not
an invariant for adjointly equivalent graphs.

Lemma 2.3. (i) A(Py, n) =h(K; UK3, p);

(i1) A(Paps1, ) =h(Py U Cppy, 1) for any n=3;
(iii) A(Y, p) =h(K,UCy_y1, 1) for any n=5;
(iv) h(Cs, 1) = h(Ds, ).

Proof. (i) Observe that h(Py, 1) = p* + 3 + p? = ph(Cs, w).
(ii) By Theorem 2.1, for n=3,

h(Papy1, 1) = h(Py, Wh(Pyy1, 1) + wh(Py, w)h(Py—1, 1)

and

W(Cri1, 1) = h(Poi1s 1) + wh(Py—1, ).

The result then follows.
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(iii) By Theorem 2.1, for n=5,
h(Y, 1) = ph(Po_y, 1) + 1*h(Py_3, 1),
and
W(Cyr, 1) =h(Py—1, 1) + ph(Py—3, ).

The result follows.
(iv) Observe that A(Cy, ) =h(Ds, p) = p* + 4p3 +2u%. O

By Lemma 2.3, we have

Theorem 2.2. A graph is not adjointly unique if either one of its components or the
union of two of its components is included in the set

{P4> C4,D4} U {P2n+1, Yn+23Pn U Cn+laKl U Cn | 1’123}

In the following subsections, we shall focus on determining the adjoint equivalence
class of each graph in the sets .| and .%,, where

9 = {70K1UF1K3U U Pz[l.

I1<i<s

r(),}"1>0, SZO’ ll>l}a and

#=aksubDyU | P,U | Cylab=0, >3, u;#4(mod5), v;>4

1<i<s 1<j<t
2.1. The family %

There are some known results on the adjoint uniqueness of graphs in %, but the
problem of determining all adjointly unique graphs in .%] has not hitherto been settled.

Theorem 2.3 (Du [3]). The graph \J;_, P,, UICs, where each n; is even and n; #4
(mod 10), is adjointly unique.

By Theorem 2.2, P, is not adjointly unique for n=4 or odd n>7. Is P, adjointly
unique for any even n with n#4? Liu [13] proposed the following conjecture.

Conjecture. For each even number n#4, P, is adjointly unique.

Du’s result partially proved the above conjecture. In this section, we shall determine
[G]y for every G €%, and hence all adjointly unique graphs in &;. Consequently, we
prove the above conjecture.

We shall prove that 4(G,u)# h(H, ) for any graphs G€.%, and H ¢ . For this
purpose, we introduce the concept of being adjointly closed. A set . of graphs is said
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to be adjointly closed if [G], C.% for any graph G .. Thus, if .¥ is adjointly closed,
then % =J;co[Gli. In the following, we first prove the set .7 is adjointly closed,
then determine the adjoint equivalence class for each graph in %), and finally find all
adjointly unique graphs in 9.

Lemma 2.4. For any connected graph Gwith v(G)=2, ift(G)=1, then 7(G)<
v(G)/2.

Proof. Let y(G)=k. If k=1, the result holds. Let k£>2. Since 1(G)=N(G,k)=1,
G has only one clique cover H with k& components, say H,,H,,...,H;. We shall
show that v(H;)=2 for all i=1,2,...,k. Suppose that V(H;)={x}. Let y€Ng(x),
say yE€V(H,), and let Hy=G[{x, y}]. If V(H;)={y}, then G has a clique cover H’
with £ — 1 components Hy, Hi,Hy,...,H;, which contradicts the fact that j(G)=k.
Otherwise, we have another clique cover with & components Hy, H, — y, H3, Hy, ..., Hy,
which contradicts the fact that ©(G)=1. Hence v(H;)>=2 for all i=1,2,...,k, which
implies that £ <v(G)/2. O

Lemma 2.5. For any connected graph G, if 1(G)=1, then

e(G) + Ri(G) + 27(G) < 20(G), (@)
where equality holds iff Ge{K1,K3} U{Py|i=1}.
Proof. Observe that the equality of (8) holds for any graph G in the set {K;, K3} U{P»;|
i>1}. Now let G be a connected graph and G ¢ {K|,K3}U{P» |i>1}. It remains to

show that the strict inequality holds for G.
If G =Kj4, then

e(G)+Ri(G)+2j7(G)=6 —2+2=6<20(G).
Now let GZ{K;,K3,K4} U{Py; |i>1}. By Theorem 1.3, we have
e(G) + Ri(G)<v(G).
Since ©(G)=1, by Lemma 2.4, 7(G)<v(G)/2. Thus
e(G) + Ri(G) + 27(G) < 2v(G).
Now suppose that the above equality holds. This occurs iff
e(G) + Ri(G) = v(G),
1(G)=0v(G)/2.
Since e(G) + R(G)=v(G), again by Theorem 1.3, Rj(G)> — 1. By Theorem 1.2,
Ge{P,,Cy, Dy, F,} U{Ky — e},

where n=0v(G). But 1(P,)>1 when n>3 and » is odd, 7(C,)>1 when n>4, either
©(D,)>1 (when n is even) or j(D,)<n/2 (when n is odd), 7(F,)<n/2 and (K4 —
e)>1, a contradiction. [
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By Lemma 2.5, we find a necessary and sufficient condition for a graph to be
in yl.

Theorem 2.4. For any graph G, Ge€ % iff ©((G)=1 and
e(G) + Ri(G) + 2j(G) =2v(G).

Proof. It is straightforward to check the necessity. Now let ©(G)=1 and e(G) +
Ri(G) 4+ 27(G)=2v(G). Let Gy,Gy,...,G; be the components of G. By Lemma 2.1,
o(G;)=1 for all j as ©(G)=1, and 7(G)= Y_;_, 7(G;). Thus by Lemma 2.5,

k k
e(G)+ Ri(G) +27(G) =D (e(G)) + Ri(G)) + 27(G)< Y 20(Gy) =2u(G).
j=1 j=1

Since e(G) + Ri1(G) + 27(G)=2v(G), we have e(G;) + Ri(G;) + 27(G;) =2v(G;) for
each j. By Lemma 2.5 again, we have G,€{K;,K3}U{Py;|i=>1} for all j. Hence
Geyry. O

By Lemma 2.2, ©(G), v(G), e(G), R(G) and j(G) are invariants for graphs in [G].
Thus by Theorem 2.4, we have [G], C ) if Ge€Y).

Theorem 2.5. The set &, is adjointly closed.

Since % is adjointly closed, we need only search graphs within % for determining
[G]y if GeFA.

Theorem 2.6. For any nonnegative integers s, ry, r1 and a;, i=1,...,s, if G=roK; U
r1K3 U U?:l a,'PQ,‘, then

[Glh=14 (ro —a)K 1 U(r1 —a)KzU(az + a)Py

U U a;iPyi| — aa<a<min{ry,r }

I<i<s
i#2

Proof. Let ¢ denote the set of graphs in the right-hand side of the theorem. Since

h(Ps, ) = ph(Ks, p) = h(Ky, p)h(Ks, p),
we have ¥ C[G];.
Observe that

(G, )=~ (h(Pa )Y ] ((Pair i)™
I1<i<s

i#2
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By Theorem 1.5, A(G, ) has exactly a; repeated zeros —2 — 2cos(27/(2i + 1)) for
1<i<s, i#2, and has r; + a, repeated zeros —2 — 2 cos 27/5.
Now let H be a graph in [G];. By Theorem 2.5, H €.%,. Thus

o0
Hgi"(/)Kl UV{Kj, U U a;PQi,
i=1
for some nonnegative integers rj, | and aj, i=1,2,..., where ) ., a; is finite.
By comparing the zeros of h(H,u) and A(G, u), we see that

ay=ay, ay+ri=ay+r, d=a; fori=3,4,...,s, and a,=0 for i>s+ 1.

Let a=r —r{. Then a5 =a, + a and r; =r, — a. By considering the order of H, we
have

N s
ro+3r + Z 2ia; = r(’) + 3r{ + Z 2ial'-,
i=1 i=1
which implies that rj, =ry — a. Since ab,r| and r{, are nonnegative, we have —a, <a<
min{ro, 7 }. Thus H €9 and therefore [G], C¥9. O

Theorem 2.7. For nonnegative integers ro,r1,s,a1,ay,...,ds, the graph

s
I"()Kl UF1K3 U U a,'PQi
i=1

is adjointly unique iff rory + a; =0.

Proof. Let G=ryK; Ur Kz U Ule a;P,;. Recall that G is adjointly unique iff [G], =
{G}. By Theorem 2.6, [G],={G} iff a =0 and ryr; =0.

As a consequence of Theorem 2.7, we now know which paths are adjointly unique.
In fact, a more general result is obtained.

Theorem 2.8. For any integers n and r with n=1 and r>=0, rK; UP, is adjointly
unique iff n€{1,2,3,5}U{l>6|1 is even} and r =0 when n=>5.

Proof. It is easy to verify that #K; U P, is adjointly unique when 1<n<3. By Theorem
2.2, rKy UP, is not adjointly unique for n =4 or odd n>7. By Theorem 2.7, rK; UP,
is adjointly unique for even n>6. It remains to show that »K; U Ps is adjointly unique
iff r=0.

If »>1, we have

h(l"K] UPS)ZI’!((I"— l)K] UTL],] UPz)

Thus rK; U Ps is not adjointly unique if »>1.
Let G be a graph with A(G, i) =h(Ps, pt). Then R (G)=1 by Lemma 2.2 and The-
orem 1.2. By Lemma 1.3 and Theorem 1.2, G has a component, say Gy, such that
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R(Gy)=1. Again by Theorem 1.2, either Gy = K3 or Gy =2 P, for some 2 <t<5. Since
h(Go, ) is a factor of A(G, u)=h(Ps, i), by Theorem 1.5, either Gy = P, or Gy = Ps.
If Gy = Ps, then G =2 Ps. Now suppose that Gy = P,. Observe that

h(Ps, )= + 4u* + 317 = (1 + 3p?)(p? + ) = (1 + 3> h(Pa, ).
Let G; be the graph G[V(G) — V(Gy)]. We have

WG, p) = (Go, Wh(G1, ).

Thus
h(Gy, 1) = + 3%,

Therefore the graph G is of order 3 and size 3, which implies that G; = K3. But
h(Ks, p)=p® + 3u* + i,

a contradiction. Hence G = Ps and Ps is adjointly unique. [J

Thus, the graph rK; UPs is not adjointly unique when r>1. The following result
gives its adjoint equivalence class.

Theorem 2.9. For any positive integer r, the adjoint equivalence class of rKy U Ps is
{I”K] UP5,(I" - l)Kl UT]j]j] UPz}

Proof. We have verify that (r — 1)Ky UTy,1,1 UP, ~,7K; UPs. Let G be a graph with
G ~, Ky U Ps. Tt suffices to show that GE{}"Kl UPs,(r — HK; U Ti1.1 UP2}.

Observe that R(G)=R;(rK; UPs)=1 by Lemmas 2.2 and 1.3. Thus by Lemma 1.3
and Theorem 1.2, G has a component, say Gy, such that R;(Gy)=1. Again by The-
orem 1.2, either Gy = K3 or Gy =P, for some 2<¢<5. Since h(Gy, ) is a factor of
h(G, u)=h(rK, UPs, 1), by Theorem 1.5, either Gy = P, or Gy = Ps. If Gy=Ps, then
we have G =rK; UPs. Now assume that Gy = P,. Let G; =G[V(G) — V(Gy)]. Then
G, is a graph of size 3. Thus

Gl :I"()KlUV]P2UI”2P3UI"3P4UI"4K3 Urs Tl,l,l

for some non-negative integers rg,r,72,73,74,75. Since Rj(G1)=R(G) — R(Gy)=0,
we have

0=Ri(G)=r1+r+r;+r,
implying that »,=0 for i=1,2,3,4. Hence G;=roK;UrsTy ;. Since G; is of

size 3 and order r 4+ 3, we have rs=1 and ro=r — 1. Therefore G=(r — 1)K, U
T1,1,1UP2. [l
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2.2. The family 9>

We need two results before we can prove that .%5 is adjointly closed. For any graph
G, let ¢3(G) be the number of components of G which are isomorphic to Kj.

Lemma 2.6. For any graph G,
e(G) + Ri(G)<v(G) + ¢3(G),

where equality holds iff G;in {Ks — e, Ka} U{P,, Coy1, Dysi2, Fpya |n =22} for each com-
ponent G; of G.

Proof. Let H be a connected graph. By Theorems 1.2 and 1.3, we have e(H) + R|(H)
<v(H)+ 1, and further

() e(H)+ Ri(H)=v(H)+ 1 iff H=Kj;
(ii) e(H) + Ry(H)=v(H) iff

He {K4 - e:K4} U {})m Cn+2a D11+27F;1+4 | n 22}

Let Gy,G,...,G; be the components of G. Since e(G):Zf;l e(Gy), Ri(G)=
ZLRI(G,-) and v(G) = Zle v(G;), the result then follows. [

Lemma 2.7. If e(G) + R(G)=0v(G) + ¢3(G), then
2R1(G) + R2(G) =0,
where equality holds iff G;e{Ds}U{P,,C,|n=3} for each component G; of G.

Proof. Let G; be any component of G. Since e(G) + R(G)=v(G) + c3(G), by
Lemma 2.6,

Gi€{Ks — e,Ks} U{P,y, Cpy1,Dpyr, Fypa | n =2}
By Theorem 1.2 and Lemma 1.4 and the fact that R(Ky)= -2,
=0 if Ge{Ds}U{P,,C,|n=3},
2R1(Gi) + Ra(Gi) =1 if Gie{P,,K4 —e}U{D, |n=5},
>1 if G;e{K4}U{F,|n=6}.

Thus, 2R (G) + R2(G) =0, where equality implies that G; € {D4} U{P,,C, |n=>3} for
each component G; of G. [J

Now we can prove that .%; is adjointly closed. In fact, the set ., can be partitioned
into smaller adjointly closed sets. For any nonnegative integer a, let

Sr(a)={GE S |c3(G)=al}.
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Observe that
$= | %la).

az=0

Theorem 2.10. For any nonnegative integer a, $»(a) is adjointly closed.

Proof. Let Ge %(a), i.e.,
G=ak;ubD,U | ) P,U ) G,
1<i<s 1<j<t

for nonnegative integers a, b, u; and v; with u; >3, u; 74 (mod 5) and v;>4. Let H
be any graph such that A(H,u)=h(G, ). It suffices to show that H € 9,(a). Since
WK, 1) =h(Py, )/ if u#0, by Theorem 1.5, —2 — 2 cos4n/5 is a zero of (K3, u).
But it is not a zero of A(P,, 1) when u; Z4(mod5) by Theorem 1.5, and it is also
not a zero of A(C,,pu) by Theorem 1.6. As A(Ds,u)=h(Cs, pu) by Lemma 2.3(iv),
—2 —2cos4n/5 is not a zero of A(Dy, 1t). Hence the zero —2 — 2 cos4n/5 of h(G, u)
is of multiplicity a, which implies that c3(H)<a. Now let

H=dK;UH',
where o’ <a and c3(H')=0. Then h(H',u)=h(G’, 1), where

G'=(a-d)k;ubDu | P,U | G

1<i<s 1<j<r
Observe that e(G’) + R1(G')=v(G') + a — a’ by Lemma 2.6. Thus, we have
e(HY+R(H)=e(GY+R(G)=v(G)+a—d =v(H)+a—d.
Further,
e(H) + Ri(H) =d'(e(K3) + Ri(K3)) + (e(H") + Ri(H"))
=4d +vH'Y+a—d =v(H')+a+3d
=v(H)+azv(H)+a =v(H)+ c;(H).

By Lemma 2.6, we have e(H) + R{(H)<v(H) + c3(H). Hence, a=d' and e(H) +
Ri(H)=uv(H)+ c3(H).
Observe that 2R(G) + R,(G)=0 by Lemmas 2.6 and 2.7. Thus

2R\(H) + Ry(H)=2R1(G) + R2(G) =0.

By Lemma 2.7, each component of H is a graph in the set
(Ds} U{P,.Cy | n=3).

Assume that

H=aKsub'D,u | ) P,u | Cy>»

1<i<s’ <<t
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where u;>3 and v;>4. If u;=4(mod5) for some i, then by Theorem 1.5,
—2 —2cos4n/5 is a zero of h(P,, ), which implies that the zero —2 — 2cos4n/S
of A(H,u) is of multiplicity more than a, a contradiction. Hence u;#4 (mod5) for
i=1,2,...,5". Therefore, He %(a). [

Corollary. The set 9, is adjointly closed.

Now we are ready to determine the adjoint equivalence class of each graph G € %3,
and all adjointly unique graphs in .%,. For this purpose, we need the following two
results. Let

S =< ak3 U U P, U U Cy, |a=0,v;=>4,u;>2,u; is even if u;>6

1<i<s 1<j<t
Lemma 2.8. Let G,H € %5. If h(G, u)=h(H, 1), then G=H.

Proof. Suppose that the result is not true. Then there exists a counterexample. Let
G,H € %5, where

G =ak; U U P, U U Cys

1<i<s 1<j<t
H=dK:u () pPyu |J Cu
1<i<s’ 1<j<t

Suppose that A(G, u)=h(H, 1), but G2 H. We may also assume that the result holds
for graphs G',H' € %5 if v(G')<v(G). Without loss of generality, let

U SUp < -0 Sy
uy <uhy < - <ull,
VIS - KUy,

v <vh< - <ol

We shall show that a=d' =s=s"=t=1¢'=0.

Claim 1. ad’ =0, {uy,uz,...,u}N{u)ub,... .0} =0, and {vi,v,...,0.} N{v},vh,

L} =0.

Claim 1 is equivalent to saying that G and A do not contain any isomorphic com-
ponents. For example, assume that both G and H have components isomorphic to K.
Let G’ be the graph obtained from G by deleting a component isomorphic to K3, and
let H' be the graph obtained from H by deleting a component isomorphic to K3. Ob-
serve that G',H' € %3 and h(G',u)=h(H', ). Since v(G')<v(G), we have G' = H’
by assumption, which implies that G = H, a contradiction.

Claim 2. a=d =0.
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By Lemma 2.6, a=c3(G)=¢(G) + R\(G) — v(G) and d' =e(H) + R\(H) — v(H).
By Lemma 2.2, we have a=da’. Since aa’ =0, the claim holds.

Claim 3. t=¢=0.

Suppose that the claim is not true. Then without loss of generality, we may assume
that 7>1 and v, >, if ¥/ > 1. By Theorem 1.6, A(G, ) has a zero:

o= —2 —2cosn/v,.

Since v; <v, for 1<i<t, by Theorem 1.6, « is not a zero of A(Cy,u). Since u; is
even when u;>6, by Theorem 1.5, o is not a zero of A(P,, ). Hence o is not a zero
of h(H, u), a contradiction. Thus, the claim holds.

Claim 4. s=s"=0.

By Claim 2, we have s=R;(G)=R(H)=s'. Suppose that s=s">0 and u;>u..
By Theorem 1.5, 4(G, i) contains the following zero:

= —2—2cos(2n/(us + 1)).

Since u; <u, for i=1,2,...,s', by Theorem 1.5, § is not a zero of i(P,/,u). Thus f
is not a zero of hA(H, u), a contradiction.

For any graph G €.%,, we construct a graph G from G by the following operations
until none of the components is isomorphic to P,y (n=3) or Dy:

(i) Replace each component P,,., where n>3, by two components P, and C,;
(i1) Replace each component D4 by Cs.

Lemma 2.9. For any graph G & %, we have

(i) (G, p)=h(G,p); and
(i) Ge SN

Proof. Since A(Ps,.1, 1) =h(P, UCyp1,p) for n23 by Lemma 2.3(ii) and A(Da4, p) =
h(Cy, p), we have h(G, )= h(G, 1) by the definition of G.

It is clear that Geyg To show that Ge%, it suffices to prove that G does not
contain any component P, with n=2 or n=4(mod5). By definition, G contains a
component P iff G does. Notice that if =4 (mod 5), then 2n+ 1 =4 (mod 5). By the

definition of G G does not contain any such component P, since G€.%,. [

Now we give a necessary and sufficient condition for two graphs G,H €.%, to be
adjointly equivalent.

Theorem 2.11. For any graphs G,H € %5, h(G, ) =h(H,u) iff G=H.
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Proof. By Lemma 2.9, the sufﬁ(:lency holds. Now let A(G, 1) = h(H, jt). By Lemma 2.9,
G,He 5 and h(G,u)=h(H, ). Then by Lemma 2.8, G~H. O

Corollary. For any graph G € 93,
[Glh={He% |H=G}.

There is a numerical method to judge whether G ~;, H for two graphs G and H
in %. For a graph G€.%,, there are nonnegative integers a,b,n;,m;, with n; =0 if
i=4(mod5) and ), 5 (n; +m;yy) finite such that

G=aK3 UbD4U U I’l,’P,‘U U m,-Ci.

i3 i>4
Then by the definition of G, we have
Lemma 2.10. G=d'K3 U Uiz s niPiUU;s4 miCi, where ' =a and
ni=0, ie{4}uU{7,9,11,...},

=Y mugin-1» i€{3,5}U{6,8,10,...},
k=0

!/ .
m; =m; + E Mokj_1, 125,
k=1

m2:b+ my + E Nok+2_1.
k=1

Given two graphs G and H in %, it is easy to check by Lemma 2.10 whether
G=H, and then answer immediately the question whether G ~, H. However it is not
easy to list all graphs in [G];.

Now we are in a position to find the adjointly unique graphs in .%;. Let G €%,
where

G=ak;ubD,U | J P,U |J G,

I1<i<s 1<j<t
By Theorem 2.2, G is not adjointly unique if

(i) b=1; or

(ii) v;=4 for some j; or
(iii)) w; =7 and u; is odd for some i; or
(iv) vj=u; + 1 for some i and j.

We shall show that G is adjointly unique otherwise.
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Theorem 2.12. Let G€ %»(a), ie.,

G =aK; UbD,U U P, U U Cy,,
1<i<s 1<j<t

Jor nonnegative integers a,b,u; and v; with u; >3, u; Z4(mod5) and v;=4. Then G
is adjointly unique iff b=0, v; =5, u; is even when u; =6 and

{ur+ Luy+1,...,us + 1} {or,..., 0} =0.

Proof. The necessity is clearly true. We prove just the sufficiency. Let H be a graph
with A(H, u)=h(G, 1). By Theorem 2.10, H € %(a). By Theorem 2.11, H=~G. By
definition, we have G =G, which implies that H>~G.

If H contains a component C4 or Dy, then A contains a component C; by the
definition of H, a contradiction. Assume that H contains a component Py, |, where
n>=3. From the definition of H, we see that A and hence G contains a pair of
components P, and C,., contradicting the condition that G satisfies. Hence H does
not contain any P,,,; as a component, where n3>3. Therefore H = H, which implies
that H=G. O

In particular, we have

Corollary 1. Any graph in the following set is adjointly unique:
{ U cule=1 vi=30r v,—)S}.
1<i<t
Corollary 2. Any graph in the following set is adjointly unique:
{aKgu U P, |s=20, u;=3,u; Z4(mod 5) and u; is even when ui>6}.
1<i<s

Du [3] also obtained the result of Corollary 1. Liu and Bao [14] showed that
Ui <i</ Cu is adjointly unique for v; >5.

2.3. Open problems

Let

S=aKsUbDyU | ) P,U | ) C,la.b>0, u;>3, v;>4

1<i<s 1<j<t

Observe that %, is a proper subset of . Is %, adjointly closed? It is clear that while
Pye Sy, KIUK; ¢ 9, but K UK3 ~;, P4 by Lemma 2.3(i). Thus % is not adjointly
closed. Then a problem arises.



320 F.M. Dong et al. | Discrete Mathematics 258 (2002) 303-321

For a set ¥ of graphs, let
miny ()= | J [Gli

Gey
Observe that min, (%) is adjointly closed and . C min,(%’). The set ¥ is adjointly
closed iff . = min,(.¥). Moreover, for any set 4 of graphs, if ¥ C % and ¥ is adjointly
closed, then min, (%) C %. Hence, min,(.%¥) is called the adjoint closure of .

Problem. Determine min,(%%).

Since K| UKj3 ~y, P4 by Lemma 2.3(i), we have

min,(%) 2§ rKyUaks UbDsU | ) P,U | G,

1<i<s 1<j<t
|r,a,b,s,t >0, r<a, u;>3, v;>4

Since K1 UC,_| ~,Y, for n=5 by Lemma 2.3(iii), we have

min, () 2 § rKyUaksubDsu | ) v, | PU U G,

1<i<m 1<i<s 1<j<t

|r,a,b,s,t,m=>0, m+r<a, r; =5, u; =3, v;=4 . 9)

Conjecture 1. The set equality (9) holds.

Let

Ss=rKiU | Cylrt=0, 1;>4

1<j<t

Since Dy~ Cq and K1 UC,_1 ~ Y, for n=5 by Lemma 2.3, we have

min,(¥5) 2 rKyUbDsU |,

I1<i<m

u J Cylrnbmi=0, r=5 1,45, (10)

1<j<t

Conjecture 2. The set equality (10) holds.
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