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Bounds for mean colour numbers of graphs
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Abstract

Let mðGÞ denote the mean colour number of a graph G: Mosca discovered some

counterexamples which disproved a conjecture proposed by Bartels and Welsh that if H is a

subgraph of G; then mðHÞpmðGÞ: In this paper, we show that this conjecture holds under the

condition that either G is a chordal graph or H is a graph which can be obtained from a tree by

replacing a vertex by a clique. This result gives a method to find upper bounds and lower

bounds for the mean colour number of any graph. We also prove that mðGÞomðG,K1Þ for an
arbitrary graph G:
r 2002 Elsevier Science (USA). All rights reserved.
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1. Introduction

In this paper, we just consider simple graphs. For a graph G; let VðGÞ; EðGÞ; vðGÞ
and PðG; lÞ denote the vertex set, edge set, order and chromatic polynomial of G;
respectively. For any positive integer k; let aðG; kÞ denote the number of partitions of
VðGÞ into exactly k non-empty independent sets. Then

PðG; lÞ ¼
Xn

k¼1

aðG; kÞðlÞk; ð1Þ

where ðlÞk ¼ lðl� 1Þyðl� k þ 1Þ and n ¼ vðGÞ:
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Let G be a graph with vðGÞ ¼ n: It is clear that there exist n-colourings
of G: For any n-colouring G of G; let lðGÞ denote the actual number of colours used.
The mean colour number mðGÞ of G; defined by Bartels and Welsh [1], is the
average of lðGÞ’s over all n-colourings G: The number of n-colourings G of G with
lðGÞ ¼ k is

aðG; kÞðnÞk: ð2Þ

Hence by the definition of mðGÞ; we have

mðGÞ ¼
Pn

k¼1 kðnÞkaðG; kÞPn
k¼1 ðnÞkaðG; kÞ : ð3Þ

An expression of mðGÞ in terms of the chromatic polynomials was obtained by
Bartels and Welsh [1].

Theorem 1.1 (Bartels and Welsh [1]). If vðGÞ ¼ n; then

mðGÞ ¼ n 1� PðG; n � 1Þ
PðG; nÞ

� �
: ð4Þ

Theorem 1.1 shows that mðGÞpn where equality holds iff G is complete. For the
empty graph On on n vertices, we have

mðOnÞ ¼ n 1� 1� 1

n

� �n� �
:

Bartels and Welsh conjectured that mðOnÞ is a lower bound of mðGÞ for any
graph G on n vertices, and their conjecture was proved by Dong [3]. They
also proposed a more general conjecture that if H is a spanning subgraph of G;
then mðGÞXmðHÞ: This conjecture is equivalent to another conjecture that
mðGÞXmðG � xyÞ for any graph G and any edge xy in G; where G � xy is the
graph obtained from G by deleting an edge xy: But counterexamples have been
found by Mosca [6].

For distinct vertices x and y in G; if xyeEðGÞ; let G þ xy be the graph obtained
from G by adding a new edge xy; otherwise, let G þ xy ¼ G:

Theorem 1.2 (Mosca [6]). Let G be the graph obtained from the complete

graph K2m by adding two new vertices u and v and adding new edges joining u to any

m vertices in K2m and joining v to the other m vertices in K2m: If mX2; then

mðGÞ4mðG þ uvÞ:

Hence in general the following inequality is not true:

mðGÞXmðHÞ; ð5Þ

where H is a subgraph of G: But it is true for some special cases. It is obvious that (5)
holds if G is complete. The results in [3] also showed that (5) holds if H is a spanning
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subgraph of G and H is either a tree or an empty graph. In this paper, some more
general results regarding inequality (5) are obtained.

A cycle C in a graph G is called a chordless cycle if C is of length at least 4 and
there are no edges joining two non-consecutive vertices on C: G is called a chordal

graph if G contains no chordless cycles. A special family O of chordal graphs is
defined below:

(a) KnAO for all n; and
(b) HAO if there is a vertex w of degree 1 in H such that H � wAO; where H � w is

the graph obtained from H by deleting the vertex w:

In Sections 2 and 3 we prove that mðHÞpmðGÞ if G is a chordal graph and H is a
subgraph of G; and the equality holds iff HDG: By this result, an upper bound for
mðHÞ in terms of vðHÞ and its tree width twðHÞ is given. In Section 4, we prove that
mðHÞpmðGÞ if H is a subgraph of G and HAO; where the equality holds iff HDG:
Motivated by the results in this paper, we propose some problems on mean colour
numbers in Section 5.

For two disjoint graphs G and H; let G,H denote the graph with vertex set
VðGÞ,VðHÞ and edge set EðGÞ,VðHÞ: For any graph H and positive integer m;
let H,mK1 denote the graph obtained from H by adding m new vertices and no new
edges.

2. Upper bounds

From Theorem 1.1, we observe that for graphs G and H with n vertices,
mðGÞXmðHÞ iff

PðG; nÞ=PðG; n � 1ÞXPðH; nÞ=PðH; n � 1Þ ð6Þ
or equivalently

PðG; nÞPðH; n � 1ÞXPðG; n � 1ÞPðH; nÞ: ð7Þ
For graphs G; H and real number l; define

tðG;H; lÞ ¼ PðG; lÞPðH; l� 1Þ � PðG; l� 1ÞPðH; lÞ: ð8Þ

Lemma 2.1. For any graphs G and H with vðGÞ ¼ vðHÞ ¼ n; the inequality

mðGÞXmðHÞ is equivalent to tðG;H; nÞX0:

In this section, we first prove that tðG;H; lÞX0 for lXvðGÞ if H is any subgraph
of a chordal graph G: Then by Lemma 2.1, it follows that mðHÞpmðGÞ if G is a
chordal graph and H is a spanning subgraph of G:

We need to introduce some other results on chordal graphs. For any edge e ¼ xy

in G; let G � e (or G � xy) denote the graph obtained from G by contracting x and y

and replacing multi-edges by single ones. The next result follows directly from the
definition of a chordal graph.
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Lemma 2.2. If G is a chordal graph and e is any edge in G; then G � e is also a chordal

graph.

For any vertex x in G; let NGðxÞ (or simply NðxÞ) denote the set of vertices in G

which are adjacent to x; and let dGðxÞ (or simply dðxÞ) denote the degree of x in G;
i.e., dGðxÞ ¼ jNGðxÞj: The vertex x is called a simplicial vertex of G if either dðxÞ ¼ 0
or G½NðxÞ	 is a clique, where G½S	 denotes the subgraph of G induced by S for any
subset S of VðGÞ: If x is a simplicial vertex of G; then

PðG; lÞ ¼ ðl� dðxÞÞPðG � x; lÞ: ð9Þ

Note that any chordal graph contains a simplicial vertex (in fact, any non-complete
chordal graph contains two non-adjacent simplicial vertices) and any subgraph of a
chordal graph obtained by deleting a vertex is still a chordal graph. Hence the
chromatic polynomial of a chordal graph contains only non-negative integral roots
which are less than the order of the graph.

Lemma 2.3. Let G be a non-empty chordal graph and e be any edge in G: Assume that

PðG � e; lÞ ¼
Yn�1

i¼1

ðl� biÞ; ð10Þ

where n ¼ vðGÞ and bi is a non-negative integer. Then the chromatic polynomial of G

can be expressed as

PðG; lÞ ¼ l
Yn�1

i¼1

ðl� aiÞ; ð11Þ

where aiAfbi; bi þ 1g for i ¼ 1; 2;y; n � 1:

Proof. The result is obvious if G is a complete graph. Thus it holds for n ¼ 2: Now
assume that nX3 and that the result is true for all chordal graphs with order less than
n:

Let G be a non-empty chordal graph of order n and e be any edge in G. Just
consider the case that G is not complete. Then G contains two non-adjacent
simplicial vertices. So G has a simplicial vertex, denoted by u; such that uefx; yg;
where x and y are the end-vertices of e:

It is clear that u is a simplicial vertex of G � e too. Then dG�eðuÞ ¼ dGðuÞ � 1 if
x; yANGðuÞ and dG�eðuÞ ¼ dGðuÞ otherwise. By (9),

PðG; lÞ ¼ ðl� dGðuÞÞPðG � u; lÞ

and

PðG � e; lÞ ¼ ðl� dG�eðuÞÞPðG � e � u; lÞ:

Observe that G � e � u ¼ ðG � uÞ � e and e is an edge in the chordal graph G � u: By
inductive assumption, the lemma holds for G � u: Hence the lemma holds for G: &
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Lemma 2.4. Let G be a non-empty chordal graph and e be any edge in G: Then

tðG;G � e; lÞ40 for lXn; where n ¼ vðGÞ:

Proof. We always assume that lXnX2: Let

PðG � e; lÞ ¼
Yn�1

i¼1

ðl� biÞ;

where bi is an integer with 0pbipn � 2: By Lemma 2.2,

tðG;G � e; lÞ ¼ l
Yn�1

i¼1

ðl� aiÞðl� bi � 1Þ � ðl� 1Þ
Yn�1

i¼1

ðl� ai � 1Þðl� biÞ;

where aiAfbi; bi þ 1g for i ¼ 1; 2;y; n � 1: Since bipn � 2 and bipaipbi þ 1; we
have

ðl� aiÞðl� bi � 1ÞXðl� ai � 1Þðl� biÞX0;

implying that tðG;G � e; lÞX0: SinceX
1pipn�1

ðai � biÞ ¼ jEðGÞj � jEðHÞj40;

we have ai4bi for some i; implying that

ðl� aiÞðl� bi � 1Þ � ðl� ai � 1Þðl� biÞ ¼ ai � bi40:

Further we notice that ðl� aiÞðl� bi � 1Þ40 for i ¼ 1; 2;y; n � 1: Hence
tðG;G � e; lÞ40: &

Lemma 2.5 (Read and Tutte [7]). For any graph G; if lXvðGÞ � 1; then PðG; lÞX0
where equality holds iff G is complete and l ¼ vðGÞ � 1:

Lemma 2.5 also follows from Lemma 4.4.

Lemma 2.6. Let Gi be any graph for i ¼ 1; 2; 3 and lX max
1pip3

vðGiÞ: If tðG1;G2; lÞX0

and tðG2;G3; lÞX0; then

(i) tðG1;G3; lÞX0; and

(ii) tðG1;G3; lÞ ¼ 0 implies that tðGi;Giþ1; lÞ ¼ 0 for i ¼ 1; 2:

Proof. We always assume that lX max
1pip3

vðGiÞ and tðGi;Giþ1; lÞX0 for i ¼ 1; 2: By

Lemma 2.5, PðGi; lÞ40 and PðGi; l� 1ÞX0 for i ¼ 1; 2; 3: By definition, for
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1piojp3;

tðGi;Gj; lÞ ¼ PðGi; lÞPðGj ; l� 1Þ � PðGi; l� 1ÞPðGj; lÞ: ð12Þ

Claim. For i ¼ 1; 2; PðGiþ1; l� 1Þ ¼ 0 implies that PðGi; l� 1Þ ¼ 0:
If PðGiþ1; l� 1Þ ¼ 0; then by (12),

0ptðGi;Giþ1; lÞ ¼ �PðGi; l� 1ÞPðGiþ1; lÞp0:

Since PðGiþ1; lÞ40 and PðGi; l� 1ÞX0; we have PðGi; l� 1Þ ¼ 0: The claim holds.

By (12), it is obtained that

PðG2; l� 1ÞtðG1;G3; lÞ ¼PðG3; l� 1ÞtðG1;G2; lÞ

þ PðG1; l� 1ÞtðG2;G3; lÞ: ð13Þ

(i) If PðG2; l� 1Þ40; then tðG1;G3; lÞX0 by (13). If PðG2; l� 1Þ ¼ 0; then
PðG1; l� 1Þ ¼ 0 by the claim, implying that

tðG1;G3; lÞ ¼ PðG1; lÞPðG3; l� 1ÞX0:

(ii) Assume that tðG1;G3; lÞ ¼ 0:

If PðG3; l� 1Þ ¼ 0; then PðGi; l� 1Þ ¼ 0 for i ¼ 1; 2 by the claim, implying that
tðGi;Gj; lÞ ¼ 0 for 1piojp3 by (12). If PðG1; l� 1Þ ¼ 0; then

0 ¼ tðG1;G3; lÞ ¼ PðG1; lÞPðG3; l� 1ÞX0;

implies that PðG3; l� 1Þ ¼ 0: By the previous result, tðGi;Gj; lÞ ¼ 0 for 1piojp3:

Now consider the remaining case that PðGi; l� 1Þ40 for i ¼ 1; 3: Since
tðG1;G3; lÞ ¼ 0; by (13),

PðG3; l� 1ÞtðG1;G2; lÞ þ PðG1; l� 1ÞtðG2;G3; lÞ ¼ 0; ð14Þ

implies that tðGi;Giþ1; lÞ ¼ 0 for i ¼ 1; 2: &

Now we can prove the main result of this section.

Theorem 2.1. Let G be any chordal graph and H be any subgraph of G: Then for

lXvðGÞ; tðG;H; lÞX0 where equality holds iff HDG:

Proof. Let G be any chordal graph with order n and H be any subgraph of G: We
always assume that lXn:

Case 1: H is a spanning subgraph of G: If either G is empty or n ¼ 2; it is trivial.
Assume that G has m edges where mX1: Suppose that the theorem holds if nok;
where kX3: Now let n ¼ k:
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If H ¼ G; it is clear that tðG;H; lÞ ¼ 0: Suppose that the theorem holds if H is
subgraph of G with more that q edges, where qom: Now let H be any subgraph of G

with q edges.
Let e be an edge of G which is not in H: It is clear that H þ e is a subgraph of G

and H þ e has q þ 1 edges. By inductive assumption, we have

tðG;H þ e; lÞX0:

Note that H � e is a subgraph of G � e: Since G � e is a chordal graph by Lemma 2.2,
we have

tðG � e;H � e; lÞX0

by inductive assumption. By Lemma 2.4, we have tðG;G � e; lÞ40: Thus by Lemma
2.6,

tðG;H � e; lÞ40:

Since

PðH; lÞ ¼ PðH þ e; lÞ þ PðH � e; lÞ

by the definition of tðG;H; lÞ; we have

tðG;H; lÞ ¼ tðG;H þ e; lÞ þ tðG;H � e; lÞ40:

Case 2: H is a subgraph of G; but not spanning. Let t ¼ vðGÞ � vðHÞ40 and
H 0 ¼ H,tK1: Then H 0 is a spanning subgraph of G: By the result in case 1, we have
tðG;H 0; lÞX0: Observe that

tðH 0;H; lÞ ¼ ltPðH; lÞPðH; l� 1Þ � ðl� 1Þt
PðH; l� 1ÞPðH; lÞ

¼ ðlt � ðl� 1ÞtÞPðH; lÞPðH; l� 1Þ

4 0;

where the last inequality follows from Lemma 2.5. Hence tðG;H; lÞ40 by Lemma
2.6. &

By Theorem 2.1 and Lemma 2.1, we have the following result on mean colour
numbers.

Theorem 2.2. Let G be any chordal graph and H be any spanning subgraph of G: Then

mðGÞXmðHÞ where equality holds iff HDG:

Using Theorem 2.2, we are able to find a upper bound of mðHÞ for any graph H by
adding edges on H so that we get a chordal graph. In the following, we show a upper
bound for mðHÞ given by the tree width of H; denoted by twðHÞ; and the order of H:
(See the definition of tree width in [8].) Let oðGÞ denote the clique number of a graph
G: There is a relation between the two invariants.
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Lemma 2.7 (Diestel [2]). For any graph H;

twðHÞ ¼ minfoðGÞ � 1; where G is a chordal graph such that HDGg:

Theorem 2.3. For any graph H with order n and tree width k; we have

mðHÞpn � ðn � k � 1Þn�k�1=ðn � kÞn�k�2:

Proof. By Lemma 2.7, H is a spanning subgraph of a chordal graph G whose clique
number is k þ 1: By Theorem 2.2, mðHÞpmðGÞ: Since G is a chordal graph, we have

PðG; lÞ ¼ ðlÞkþ1

Yn�k�1

i¼1

ðl� aiÞ;

where ai is an integer with 0paipk: Thus by Theorem 1.1,

mðGÞ ¼ n � ðn � kÞ
Yn�k�1

i¼1

n � ai � 1

n � ai

pn � ðn � kÞ n � k � 1

n � k

� �n�k�1

¼ n � ðn � k � 1Þn�k�1=ðn � kÞn�k�2: &

3. Further results on the upper bounds

Assume that G is a chordal graph and H is a subgraph of G but not spanning. In
this section, we shall further prove the result in Theorem 2.2 under this condition.

Let G1 be the subgraph of G induced by VðHÞ: Then H is a spanning subgraph of
G1: Further let G2 ¼ G1,mK1; where m ¼ vðGÞ � vðG1Þ: Then G2 is a chordal graph,
which is a spanning subgraph of G: By Theorem 2.2, we have

mðHÞpmðG1Þ and mðG2ÞpmðGÞ:

Thus, we need only to prove mðG1ÞomðG2Þ ¼ mðG1,mK1Þ:

Lemma 3.1. For any graph G; mðG,K1Þ4mðGÞ iff

lðPðG; lÞÞ2oðlPðG; l� 1Þ þ PðG; lÞÞPðG; lþ 1Þ

for l ¼ vðGÞ:

Proof. Let n ¼ vðGÞ: By Theorem 1.1,

mðGÞ ¼ n � nPðG; n � 1Þ=PðG; nÞ:

Since PðG,K1; lÞ ¼ lPðG; lÞ; we have

mðG,K1Þ ¼ n þ 1� nPðG; nÞ=PðG; n þ 1Þ:
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Thus,

mðG,K1Þ � mðGÞ ¼ 1� n
ðPðG; nÞÞ2 � PðG; n � 1ÞPðG; n þ 1Þ

PðG; nÞPðG; n þ 1Þ :

Observe that mðG,K1Þ � mðGÞ40 iff

nðPðG; nÞÞ2oðnPðG; n � 1Þ þ PðG; nÞÞPðG; n þ 1Þ: &

Lemma 3.2. For any graphs G and H; if l4maxfvðGÞ � 2; vðHÞ � 2g; then

2ðlþ 1ÞPðG; lÞPðH; lÞp ðlPðG; l� 1Þ þ PðG; lÞÞPðH; lþ 1Þ

þ ðlPðH; l� 1Þ þ PðH; lÞÞPðG; lþ 1Þ; ð15Þ

where the equality holds iff GDHDKk for some k:

Proof. Let vðGÞ ¼ n and vðHÞ ¼ m: By (1), we have

PðG; lÞ ¼
Xn

k¼1

bkðlÞk;

where bk is a non-negative integer for k ¼ 1; 2;y; n; and

PðH; lÞ ¼
Xm

k¼1

ckðlÞk;

where ck is a non-negative integer for k ¼ 1; 2;y;m: Thus

PðG; lÞPðH; lÞ ¼
X

1pipn
1pjpm

bicj � ðlÞiðlÞj

and

ðlPðG; l� 1Þ þ PðG; lÞÞPðH; lþ 1Þ

þ ðlPðH; l� 1Þ þ PðH; lÞÞPðG; lþ 1Þ

¼
X

1pipn
1pjpm

bicjððlðl� 1Þi þ ðlÞiÞðlþ 1Þj þ ðlðl� 1Þj þ ðlÞjÞðlþ 1ÞiÞ:
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Observe that

ðlðl� 1Þi þ ðlÞiÞðlþ 1Þj þ ðlðl� 1Þj þ ðlÞjÞðlþ 1Þi

¼ ðl� i þ 1ÞðlÞiðlþ 1Þj þ ðl� j þ 1ÞðlÞjðlþ 1Þi

¼ ðlþ 1ÞðlÞi�1ðlÞj�1ððl� i þ 1Þ2 þ ðl� j þ 1Þ2Þ

¼ 2ðlþ 1ÞðlÞiðlÞj þ 2ði � jÞ2ðlþ 1ÞðlÞi�1ðlÞj�1

X2ðlþ 1ÞðlÞiðlÞj

for l4maxfn � 2;m � 2g; where the equality holds iff i ¼ j: Thus the lemma
holds. &

Corollary 3.1. For any graph G; if l4vðGÞ � 1; then

lðPðG; lÞÞ2oðlPðG; l� 1Þ þ PðG; lÞÞPðG; lþ 1Þ: ð16Þ

Proof. If follows directly from Lemma 3.2 by letting HDG: &

The next result follows directly from Lemma 3.1 and Corollary 3.1.

Theorem 3.1. For any graph G; we have mðGÞomðG,K1Þ:

By Theorem 3.1, it is easy to get the main result in this section.

Theorem 3.2. If G is a chordal graph and H is a non-spanning subgraph of G; then

mðHÞomðGÞ:

Proof. Let G1 and G2 be the graphs constructed in the beginning of this section.
Then by Theorem 2.2, we have

mðHÞpmðG1Þ and mðG2ÞpmðGÞ:

Since G2 ¼ G1,mK1; where m ¼ vðGÞ � vðHÞ40; by Theorem 3.1, we have
mðG1ÞomðG2Þ: Therefore mðHÞomðGÞ: &

4. Lower bounds

Our main result in this section is to prove that mðHÞpmðGÞ if H is a subgraph of G

and HAO; where the equality holds iff HDG: Recall that O is a set of chordal graphs
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defined in Section 1. For any integer pX2; let

Op ¼ fGjGAO and the clique number of G is pg:

Observe that O2 is the set of trees with order at least 2; and when pX3; any graph
in Op can be obtained from a tree by replacing a vertex by Kp: The chromatic

polynomial of any graph in Op can be expressed in terms of p and its order.

For any positive integer n; let Gn denote the set of graphs with order n and
On;p ¼ Gn-Op:

Lemma 4.1. PðH; lÞ ¼ ðlÞpðl� 1Þn�p
for any HAOn;p:

Lemma 4.2. A graph G contains a subgraph in On;p iff G has a component whose order

and clique number are at least n and p; respectively.

For integers n and p with nXpX2 and any graph G; define

CðG; n; p; lÞ ¼ PðG; lÞ
ðlÞpðl� 1Þn�p: ð17Þ

So CðG; n; p; lÞ ¼ PðG; lÞ=PðH; lÞ by Lemma 4.1, where H is any graph in On;p: It is

clear that tðG;H; lÞX0 iff CðG; n; p; lÞXCðG; n; p; l� 1Þ: Observe that

dðCðG; n; p; lÞÞ
dðlÞ ¼

P0ðG; lÞ � PðG; lÞð1l þ 1
l�1

þ?þ 1
l�pþ1

þ n�p
l�1

Þ
ðlÞpðl� 1Þn�p : ð18Þ

Define

eðG; p; lÞ ¼ P0ðG; lÞ � PðG; lÞ n � p

l� 1
þ
Xp�1

i¼0

1

l� i

 !
; ð19Þ

where n ¼ vðGÞ:

Lemma 4.3. Let H be any graph in On;p; where nXp40: If eðG; p; lÞX0 for lXvðGÞ �
1; then tðG;H; lÞX0 for lXvðGÞ: Further, if eðG; p; lÞ40 for l4vðGÞ � 1; then

tðG;H; lÞ40 for lXvðGÞ:

We shall prove that if GAGn and G contains a subgraph in On;p; then eðG; p; lÞX0

for lXn � 1: We need to introduce some supporting results.

Lemma 4.4 (Dong [3]). For any graph G with order nX3 and wAVðGÞ; there is a set

BðG;wÞ (or simply B) of graphs with order n � 2 such that

PðG; lÞ ¼ ðl� dÞPðGn; lÞ þ
X
RAB

PðR; lÞ; ð20Þ
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where Gn ¼ G � w and d ¼ dGðwÞ: The set BðG;wÞ is empty iff w is a simplicial

vertex of G; and every graph of BðG;wÞ can be obtained from G � w by adding

edges joining vertices in NGðwÞ and contracting a pair of nonadjacent vertices in

NGðwÞ:

In the following, we give a recursive expression for eðG; p; lÞ:

Lemma 4.5. Let p be a positive integer and G be a graph with order nXp: Let w be a

vertex in G with dGðwÞ ¼ d and Gn ¼ G � w: Then

eðG; p; lÞ ¼ ðl� dÞeðGn; p; lÞ þ
X
RAB

eðR; p; lÞ

þ 1

l� 1
ðð2l� d � 1ÞPðGn; lÞ � 2PðG; lÞÞ: ð21Þ

Proof. By the definition of eðG; p; lÞ and Lemma 4.4,

eðG; p; lÞ ¼PðGn; lÞ þ ðl� dÞP0ðGn; lÞ þ
X
RAB

P0ðR; lÞ

� ðl� dÞPðGn; lÞ n � p

l� 1
þ
Xp�1

i¼0

1

l� i

 !

�
X
RAB

PðR; lÞ n � p

l� 1
þ
Xp�1

i¼0

1

l� i

 !

¼PðGn; lÞ þ ðl� dÞeðGn; p; lÞ � l� d

l� 1
PðGn; lÞ

þ
X
RAB

eðR; p; lÞ � 2

l� 1

X
RAB

PðR; lÞ:

By Lemma 4.4 again,X
RAB

PðR; lÞ ¼ PðG; lÞ � ðl� dÞPðGn; lÞ:

The result then follows. &

Lemma 4.6. Let G be any connected graph with order n and clique number at least p:
Then jEðGÞjXðp

2
Þ þ ðn � pÞ; where equality holds iff GAOp:

Proof. Since G is connected, there exists an ordering x1; x2;y; xn of vertices in G

such that GpDKp and dGi
ðxiÞX1 for i ¼ p þ 1;y; n; where Gi is the subgraph of G
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induced by fx1; x2;y; xig: Thus

jEðGÞj ¼ jEðGpÞj þ
Xn

i¼pþ1

dGi
ðxiÞX

p

2

 !
þ ðn � pÞ:

If the above equality holds, then dGi
ðxiÞ ¼ 1 for i ¼ p þ 1;y; n; implies that GAOp:

If GAOp; then it is clear that jEðGÞj ¼ ðp
2
Þ þ ðn � pÞ: &

Now we introduce another result from [4]. It also follows directly from a result in
[5] if dðwÞX4:

Theorem 4.1 (Dong [4]). For any graph G and wAVðGÞ with dðwÞX1; we have

ð2l� dðwÞ � 1ÞPðG � w; lÞ � 2PðG; lÞX0 ð22Þ

for lXvðGÞ � 1; where the inequality is strict if dðwÞX2 and l4vðGÞ � 1:

Now we can prove one of the main results in this section.

Theorem 4.2. Let G be any connected graph with order n and clique number at

least p: Then eðG; p; lÞX0 for lXn � 1; where the inequality is strict if GeOp and

l4n � 1:

Proof. If n ¼ p; then G ¼ Kp and it is clear that eðG; p; lÞ ¼ 0:

Now assume that nXp þ 1: First, consider a special case that G has a simplicial
vertex w such that the clique number of G � w is at least p: It is obvious that G � w is
connected. We have

PðG; lÞ ¼ ðl� dðwÞÞPðG � w; lÞ:

Note that 1pdðwÞpn � 1: Then by Lemmas 4.4 and 4.5,

eðG; p; lÞ ¼ ðl� dðwÞÞeðG � w; p; lÞ þ ðdðwÞ � 1ÞPðG � w; lÞ
l� 1

X0

for lXn � 1; where the inequality is strict if dðwÞX2 and lXn � 1 by inductive
assumption and the fact that PðG � w; lÞ40 for l4n � 2: If dðwÞ ¼ 1; then GAOp

iff G � wAOp; and

eðG; p; lÞ ¼ ðl� 1ÞeðG � w; p; lÞX0;

where the inequality is strict if G � weOp and l4n � 2 by inductive assumption.

If n ¼ p þ 1; then G contains a vertex w such that G � wDKp: The vertex

w must be a simplicial vertex. In this case the theorem follows from the above
result.

Now suppose that nXp þ 2: We apply Lemma 4.5. There is a vertex w in G such
that G � w is connected and the clique number of G � w is at least p: We may assume
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that w is not a simplicial vertex of G and so dðwÞX2: Thus

jEðGÞj ¼ dðwÞ þ jEðG � wÞjX2þ
p

2

 !
þ n � p � 14

p

2

 !
þ n � p;

implies that GeOp by Lemma 4.6. By inductive hypothesis, eðGn; p; lÞX0 for

lXn � 2: Let RABðG;wÞ: By Lemma 4.4, R is connected with clique number at
least p: By inductive hypothesis, we have eðR; p; lÞX0 for lXn � 3: Finally by
Theorem 4.1,

ð2l� dðwÞ � 1ÞPðG � w; lÞ � 2PðG; lÞX0

for lXn � 1; where the inequality is strict if l4n � 1: Hence by Lemma 4.5,
eðG; p; lÞX0 for lXn � 1; where the inequality is strict if l4n � 1: &

Theorem 4.3. Let HAOn;p and GeOp where nXpX2: If H is a subgraph of G; then

tðG;H; lÞ40 for lXvðGÞ:

Proof. Assume that H is a subgraph of G: Then the order of G is at least n:
Case 1: vðGÞ ¼ n: Since HAOn;p and H is a spanning subgraph of G; G must be

connected and with clique number at least p: Since GeOp; by Theorem 4.2, we have

eðG; p; lÞX0 for lXn � 1; where the inequality is strict if l4n � 1: Thus by Lemma
4.3, we have tðG;H; lÞ40 for lXvðGÞ ¼ n:

Case 2: G is connected with order m4n:
So G contains a subgraph H 0AOm;p: Thus by the result in case 1, we have

tðG;H 0; lÞ ¼ PðG; lÞðl� 1Þpðl� 2Þm�p � PðG; l� 1ÞðlÞpðl� 1Þm�p
X0

for lXm: (It is possible that GAOm;p: In this case, the equality holds.) Since m4n;

the following inequality immediately follows:

tðG;H; lÞ ¼PðG; lÞðl� 1Þpðl� 2Þn�p � PðG; l� 1ÞðlÞpðl� 1Þn�p

4
1

ðl� 1Þm�ntðG;H 0; lÞ

X 0

for lXvðGÞ ¼ m:
Case 3: G is disconnected. Then H is a subgraph of some component G1 of G: By

the result in cases 1 and 2, we have

tðG1;H; lÞ ¼ PðG1; lÞðl� 1Þpðl� 2Þn�p � PðG1; l� 1ÞðlÞpðl� 1Þn�p
X0
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for lXvðG1Þ: Let G2 be the subgraph of G induced by VðGÞWVðG1Þ: Then
PðG; lÞ ¼ PðG1; lÞPðG2; lÞ: Since PðG2; lÞ4PðG2; l� 1Þ for lXvðG2Þ; we have

tðG;H; lÞ ¼ PðG; lÞðl� 1Þpðl� 2Þn�p � PðG; l� 1ÞðlÞpðl� 1Þn�p40

for lXvðGÞ: This completes the proof. &

Any connected graph contains a spanning tree, i.e., a graph in O2: Thus,
the next result follows directly from Theorem 4.3 by letting p ¼ 2: It is the main
result in [3].

Corollary 4.1. For any connected graph G; we have

PðG; lÞðl� 2Þn�1 � PðG; l� 1Þlðl� 1Þn�2
X0

for lXn; where n is the order of G:

Lemma 4.7. Let G be a graph with components G1;G2;y;Gk whose order and clique

number are, respectively, ni and pi for i ¼ 1; 2;y; k: Then

mðGÞXn � ðn � 2Þn�p0

nk�1ðn � 1Þn�p0

Yk

i¼1

ðn � piÞ;

where

n ¼
Xk

i¼1

ni and p0 ¼
Xk

i¼1

pi;

and the inequality is strict iff piX2 and GieOpi
for some i:

Proof. First we have

PðGi; lÞðl� 1Þpi
ðl� 2Þni�pi

XPðGi; l� 1ÞðlÞpi
ðl� 1Þni�pi ;

for lXni; since if pi ¼ 1; then ni ¼ 1 and thus the equality holds; if piX2; then it
follows from Theorem 4.3 and the inequality is strict iff GieOpi

: Since

PðG; lÞ ¼
Yk

i¼1

PðGi; lÞ;

we have

PðG; lÞðl� 2Þn�p0
Yk

i¼1

ðl� piÞXPðG; l� 1Þlkðl� 1Þn�p0
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for lX max
1pipk

ni; where

n ¼
Xk

i¼1

ni and p0 ¼
Xk

i¼1

pi:

Then by Theorem 1.1, the result follows immediately. &

Theorem 4.4. Let G be a graph with components G1;G2;y;Gs and H be a graph with

components H1;H2;y;Ht; where sXt; such that HiAO and Hi is a subgraph of Gi for

i ¼ 1; 2;y; t: Then mðGÞXmðHÞ; where equality holds iff GDH:

Proof. Let the order and clique number of Gi be ni and pi; respectively, and
let G0

i be a spanning subgraph of Gi such that G0
iAOni ;pi

if ni41 and G0
iDK1

otherwise for i ¼ 1; 2;y; s: Let G0 be the graph with components
G0

1;G0
2;y;G0

s:
By Lemma 4.7, we have

mðG0Þ ¼ n � ðn � 2Þn�p0

nk�1ðn � 1Þn�p0

Yk

i¼1

ðn � piÞ;

where

n ¼
Xk

i¼1

ni and p0 ¼
Xk

i¼1

pi:

By Lemma 4.7 again, we have mðGÞXmðG0Þ where the inequality is strict iff piX2 and
G0

ieO for some i: This also shows that the theorem holds if s ¼ t and Hi and Gi has

the same order and same clique number for i ¼ 1; 2;y; s:
For i ¼ 1; 2;y; t; since Hi is a subgraph of Gi and HiAO; G0

i contains a subgraph

H 0
iAO such that H 0 and Hi has the same order and same clique number. By Lemma

4.1, H 0
i and Hi has the same chromatic polynomial.

Let H 0 be the graph with components H 0
1;H 0

2;y;H 0
t: Then PðH 0; lÞ ¼ PðH; lÞ

and H 0 is a subgraph of G0: Since G0 is chordal, we have mðH 0ÞpmðG0Þ by Theorems
2.2 and 3.2, where the equality holds iff H 0DG0:

Since PðH 0; lÞ ¼ PðH; lÞ; we have

mðHÞ ¼ mðH 0ÞpmðG0ÞpmðGÞ:

Now suppose that mðHÞ ¼ mðGÞ: Then mðH 0Þ ¼ mðG0Þ ¼ mðGÞ: Since G0 is chordal, by
Theorems 2.2 and 3.2, we have s ¼ t and H 0DG0; implies that Hi and Gi has the same
order and same clique number for i ¼ 1; 2;ys: By the result in the second paragraph
of the proof, we have HDG: &
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5. Unsolved problems

In this section, we propose some new problems on mean colour numbers.
Motivated by Theorem 4.4, we believe that deleting all but one of the edges

which are incident with a fixed vertex does not increase the mean colour numbers of
graphs.

Conjecture 1. For any graph G and a vertex w in G with dðwÞX1; if H is a graph

obtained from G by deleting all but one of the edges which are incident to w; then

mðGÞXmðHÞ:

The following conjecture is weaker.

Conjecture 2. For any graph G and a vertex w in G; mðGÞXmððG � wÞ,K1Þ:

Let O0 denote the set of graphs G in which each block is a complete graph.

By the definition, a graph in O0 is not necessarily connected, but is chordal. It is

clear that OCO0: Also motivated by Theorem 4.4, another conjecture was proposed
below.

Conjecture 3. For any graphs G and H; if HAO0 and H is a subgraph of G; then

mðGÞXmðHÞ:

Although Bartels and Welsh’s conjecture that mðGÞXmðG � xyÞ holds
for any graph G and any edge xy in G was disapproved by counter-
examples constructed by Mosca, it is possible that mðGÞXmðG � xyÞ holds for some
edge xy:

Conjecture 4. For any non-empty graph G; there exists some edge xy in G such that

mðGÞXmðG � xyÞ:

The following conjecture is more general.

Conjecture 5. For any non-empty graph G;

jEðGÞj � mðGÞX
X

xyAEðGÞ
mðG � xyÞ:
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