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Large and Small Samples 



The Central Limit Theorem

In education research, the item responses to questionnaires
are highly discrete and the distribution of responses is non-
normal. However, for the distribution of total scores,
normality is very plausible.

In life testing of electronic devices, the time to failure of
individual devices has non-normal distribution. However, for
moderately large samples, the normality assumption for the
total (or average) time to failure will be reasonable.



The Central Limit Theorem

Let 𝑋𝑋1,𝑋𝑋2, … ,𝑋𝑋𝑛𝑛 be a random sample of size 𝑛𝑛 from any
distribution with mean 𝜇𝜇 and finite variance 𝜎𝜎2.
Let �𝑋𝑋 = 1

𝑛𝑛
∑𝑖𝑖=1𝑛𝑛 𝑋𝑋𝑖𝑖 be the sample mean.



Why does binomial distribution of 𝑋𝑋 approach a
normal distribution as 𝑛𝑛 becomes infinite?

If 𝑋𝑋~𝐵𝐵𝐵𝐵𝑛𝑛𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝑛𝑛,𝑝𝑝 , then 𝑋𝑋 can be regarded as the
number of successes in 𝑛𝑛 Bernoulli trials,

𝑋𝑋 = 𝑌𝑌1 + 𝑌𝑌2 + ⋯+ 𝑌𝑌𝑛𝑛, 

where 𝑌𝑌1,𝑌𝑌2, … ,𝑌𝑌𝑛𝑛 is a random sample from a
𝐵𝐵𝐵𝐵𝑛𝑛𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 1,𝑝𝑝 population.



Original Population 
Distribution

x P(x)
1 1/4
2 1/4
3 1/4
4 1/4

𝑛𝑛 = 1

Suppose the original population is uniform.



Joint Distribution of X1 and X2
P(x2) 1/4 1/4 1/4 1/4

P(x1) x1 x2 1 2 3 4
1/4 1 1/16 (2) 1/16 (3) 1/16 (4) 1/16 (5)
1/4 2 1/16 (3) 1/16 (4) 1/16 (5) 1/16 (6)
1/4 3 1/16 (4) 1/16 (5) 1/16 (6) 1/16 (7)
1/4 4 1/16 (5) 1/16 (6) 1/16 (7) 1/16 (8)

Probability Distribution for 
X1+X2

x1+x2 P(x1+x2)
2 1/16
3 2/16
4 3/16
5 4/16
6 3/16
7 2/16
8 1/16

𝑛𝑛 = 2

𝑥𝑥1 + 𝑥𝑥2

𝑃𝑃(𝑥𝑥1 + 𝑥𝑥2)



Probability Distribution for 
X1+X2+X3

x1+x2+x3 P(x1+x2+x3)
3 1/64
4 3/64
5 6/64
6 10/64
7 12/64
8 12/64
9 10/64

10 6/64
11 3/64
12 1/64 𝑛𝑛 = 3

𝑥𝑥1 + 𝑥𝑥2 + 𝑥𝑥3

𝑃𝑃(𝑥𝑥1 + 𝑥𝑥2 + 𝑥𝑥3)



𝑛𝑛 = 4

𝑥𝑥1 + 𝑥𝑥2 + 𝑥𝑥3 + 𝑥𝑥4

𝑃𝑃(𝑥𝑥1 + 𝑥𝑥2 + 𝑥𝑥3 + 𝑥𝑥4)

Probability Distribution for 
X1+X2+X3+X4

x1+x2+x3+x4 P(x1+x2+x3+x4)
4 1/256
5 4/256
6 10/256
7 20/256
8 31/256
9 40/256

10 44/256
11 40/256
12 31/256
13 20/256
14 10/256
15 4/256
16 1/256



“Student’s” t

If we sample from a normal population with mean 𝜇𝜇 and
variance 𝜎𝜎2, the sampling distribution of �̅�𝑥 is normal with mean
𝜇𝜇 and variance 𝜎𝜎2/n.

Gosset’s work dealt with small samples, frequently in situations
where it was unreasonable to assume that 𝜎𝜎 was known. He
replaced 𝜎𝜎2 by 𝑠𝑠∗2 = ∑(𝑥𝑥 − �̅�𝑥)2 /𝑛𝑛 and later his result evolved
to its present form with 𝑠𝑠2 = ∑ 𝑥𝑥 − �̅�𝑥 2/(𝑛𝑛 − 1) instead of
𝑠𝑠∗2, and

𝑡𝑡 = �̅�𝑥−𝜇𝜇
𝑆𝑆/ 𝑛𝑛

.





Student’s t-distribution



Design of Experiments



The Lady Tasting Tea

First milk, then tea (top) 

or first tea, then milk (bottom). 

Could you taste the difference?

http://work.thaslwanter.at/Stats/html/_images/TeaFirst_MilkFirst.jpg


If she guesses, how many of the 
cups will she get correct?

How many will she have to get 
correct in order to convince you 
she’s not guessing?



 Given a cup of tea with milk, a lady claims she can
discriminate as to whether milk or tea was first added to
the cup.

 To test her claim, eight cups of tea are prepared, four of
which have the milk added first and four of which have
the tea added first.

 Question: How many cups does she have to correctly
identify to convince us of her ability?

The Experiment



An actual scenario described by Fisher as the “lady tasting tea” experiment 
is as follows:
For each cup, we record the order of actual pouring and what the lady says 
the order is. We can summarize the result by a table like this:

The Experiment

Tea first poured Milk first poured
Lady “Tea first” a b a+b
says “Milk first” c d c+d

a+c b+d n



8 cups of teas are prepared, 4 tea first and 4 milk first, and
the lady is informed of the design (i.e. that there are 4 cups
of pouring tea first and 4 cups of pouring milk first). Also
suppose that the cups of teas are presented to the lady in
random order. The lady’s task is to identify correctly the 8
cups of teas.

The Experiment
Fisher’s exact test



Number of mistakes 0 1 2 3 4

Probability

Probabilities for the number of cups with tea poured first that have
been correctly determined by the lady, assuming no sensory
discrimination. (For 4 cups with tea poured first and 4 cups with milk
poured first).



Compute p-value for the test of the null hypothesis that the
lady possesses no sensory discrimination.

p-value is the chance of observing a result as extreme or more
extreme than the one observed, given the null hypothesis.

If the lady makes no mistakes, then the p-value is

If the lady makes one mistake, then the p-value is



Alternative Design 1

Serve 8 cups of tea. For each cup a coin is flipped: if it 
lands heads, milk first is served; and if it lands tails, tea 
first is served.



Alternative Design 2

Serve the 8 cups in pairs. In each pair one cup is milk first 
and the other is tea first. 



An Approximate Test

With a large number of counts, we can approximate 
Fisher’s exact test with a z test.

Let A, B, C, D be the random variables underlying the counts in 
the 2 × 2 table. For Fisher’s design, A has a hypergeometric 
distribution. 

𝐸𝐸 𝐴𝐴 = (𝐵𝐵 + 𝑏𝑏)
𝐵𝐵 + 𝑐𝑐
𝑛𝑛

𝑉𝑉𝐵𝐵𝑉𝑉 𝐴𝐴 = (𝐵𝐵 + 𝑏𝑏)
(𝐵𝐵 + 𝑐𝑐)

𝑛𝑛
(𝑏𝑏 + 𝑑𝑑)

𝑛𝑛
𝑐𝑐 + 𝑑𝑑
𝑛𝑛 − 1

𝑧𝑧 =
𝐵𝐵 − 𝐸𝐸(𝐴𝐴)
𝑆𝑆𝑆𝑆(𝐴𝐴)

≈
𝑛𝑛(𝐵𝐵𝑑𝑑 − 𝑏𝑏𝑐𝑐)

(𝐵𝐵 + 𝑏𝑏)(𝐵𝐵 + 𝑐𝑐)(𝑏𝑏 + 𝑑𝑑)(𝑐𝑐 + 𝑑𝑑)



Fisher’s experiment had brought to the field of
statistics an emphasis on controlling the method for
obtaining data and importance of interpretation.

The Experiment
Fisher’s exact test



Regression and Correlation



Height data: As part of a study on the resemblances between family members, Sir Francis
Galton’s disciple, Karl Pearson (1857-1936), measured the heights in inches of 1078
fathers and their sons at maturity.

“Regression towards the Mean”



Multiple Regression 



Students’ Height and Parents’ Height

A sample of n = 214 
students from the 
University of California 

Data source: Applied Regression Models, (4th edition), Kutner, Neter, and Nachtsheim).

The variables are 

Y = student’s height, 

x1 = mother’s height,

x2 = father’s height. 

Multiple linear regression model is  𝑌𝑌 = 𝛽𝛽0+ 𝛽𝛽1𝑥𝑥1 + 𝛽𝛽2𝑥𝑥2 + 𝜀𝜀

Qns: Can students’ height be predicted by their parents’ height?



56 58 60 62 64 66 68 70

58
60

62
64

66
68

70
72

74

60
65

70
75

80

momheight

da
dh

ei
gh

t

H
ei

gh
t

monheight

He
ig

ht

3D Scatterplot

Regression Plane



Sample scatter plots illustrating values of R



Limitation of R

Correlation coefficients should be calculated only when the trend is linear.

High 𝑅𝑅2 doesn’t imply useful prediction or good fit.
Near zero doesn’t imply no relationship between the variable. 



Correlation and Causation 



Does Fast Food Cause Heart Disease?

It was reported in a newspaper that a research study showed that
people who eat fast food regularly have greater rates of heart
diseases.



Deduction and Inference

 Deductive inference (deduction)

 Inductive inference (induction)



Example 1:

Premise: John’s birthday is in the month of September. 
It rained on John’s last birthday.

Conclusion: It rained in September.

Example 2:  

Premise: Last September was the rainiest on record.
John’s birthday is in September. 

Conclusion: It rained on John’s last birthday.

Deductive Argument

Inductive Argument



A basic problem in inductive inference: 
measure the strength of an inductive argument. 

Two divergent interpretations of probability: 

 Probability as a measure of belief

P(conclusion true | premises true) 

 Probability as a physical constant in some system

----- Bayesian Statistics

----- non-Bayesian Statistics

Statistical inference is concerned with drawing conclusions 
about the population on the basis of a sample. 



Bayesian Statistics 



Example: Puzzed False Positive

A screening test1 for a certain cancer is assumed to be quite accurate with
following results/reports:
- If a tested patient has the disease, the test returns a positive result 99% of
the time, or with probability 0.99.
- If a tested patient does not have the disease, the test returns a negative
result 95% of the time, or with probability 0.95.
It is also known that only 0.1% of the overall population has that cancer.

Question: When a person has a positive result on this test, how
likely is it that he actually has a cancer?

1 Screening test: a test for a particular disease given to patients who have no symptoms. The goal of
it is to identify all individuals who might have the disease.



C -- the event that the patient has the cancer;
̅𝐶𝐶 -- the event that the patient doesn’t have the cancer;
𝑇𝑇+ -- the event that a patient is tested positively;
𝑇𝑇− -- the event that a patient is tested negatively.

Formulate the stated conditions into probability statements:

When a tested patient has the cancer the probability of having a
positive result is 99%.

When a tested patient doesn’t have the cancer the probability of
having a negative result is 95%.

About 0.1% of the overall population has the cancer, so a randomly
selected person has 0.001 probability of having the cancer.



Q: The probability asked for in the question is a conditional 
probability:



Totally probability theorem tells us that the probability of an
event is the sum of the probability of its disjoint part.

C

−T

+T

Sample Space Ω

C
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what is the reason that causes such a low probability for a man 
with a positive test result to be a true positive? 
Where those false positive comes from? 



Given an earlier state of knowledge or belief, it tells how to
update beliefs based upon current observations.

Bayes’ theorem 

)(
)|()(

)|(
AP
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ABP jj

j =

We can rewrite Bayes’ theorem as:

yprobabilitpriorlikelihoodyprobabilitPosterior ×∝
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