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Workshop Abstract  
Mathematics educators has long recognised the significance of 

representations in the solution of mathematical problems.  

Consistently, it is stated that diagrams facilitate the solution of 

mathematical problems because they represent problems’ 

structure and information. The workshop will provide suggestions 

for the efficient use of representations and  diagrams in the 

problem-solving situation. This workshop will also discuss the use 

of appropriate representations as tools for the solution of process 

problems for low-progress learners. Participants will have 

opportunities to review process problems for their low-progress 

learners. 
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What are the Learning Characteristics of Students with 
Learning Difficulties in Mathematics? 

1. Slow to understand abstract concepts 

2. Unable to make generalizations or draw conclusions 

3. Difficulty transferring knowledge from one area, task 
or activity to another 

4. Ask few questions and have little desire to follow up 
the answers 

5. Use rote memory rather than reasoning 

6. Resort to trial and error rather than to reasoning 
when solving a new problem 
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What are the Learning Characteristics of Students 
with Learning Difficulties in Mathematics? 

7. Exhibit poor retention and recall in all types of 
learning activities 

8. Lack fluency, clarity and precision in using 
mathematical language 

9. Have little or no originality in completing 
independent assignments 

10.Over dependent on teachers and parents for 
approval 

11.Lack motivation and confidence 
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Rationale  
1. Mathematical ideas are abstract mental constructs.  

2. To help low-progress learners to solve problems, problems  

must be represented in a more concrete way using 

external representations.  

3. A particular mode of representation cannot embody an 
abstract idea completely, it is necessary to use more 
than one representation.  

4. Sometime low-progress learners may have the concepts 
but do not have sufficient representations of 
the concepts. 

5 



Rationale  
5. Representation Standard of the Principles and 

Standards for School Mathematics (National 
Council of Teachers of Mathematics, 2000) states 
that instructional programs should enable all 
students to: 

 “select, apply, and translate 
among mathematical 

representations to solve 
problems” (p. 67).  

6 National Council of Teachers of Mathematics (2000). Principles and standards for school mathematics. Reston: NCTM. 



Multiple Representation 
Clement (2004) described five representations in mathematics:  

1. Relevant (realistic) situations,  
2. manipulatives,  
3. pictures,  
4. spoken language,  
5. written symbols,  

and how understanding the connections among these 

representations is useful for making sense of 

students’ responses to tasks.  
 
 
 
Source: Clement, L. (2004)  A model for understanding,  using, and connecting representations, Teaching Children Mathematics, 11 (2), 97-102 
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• A representation does not stand for a 
mathematical entity in an clear way.  

 

• Pupils need to be supported in 
constructing meaning with respect to 
every single mathematical representation 
and also in making connections between 
different representations. 

Multiple Representation 
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The translation model (Lesh, Post, & Behr, 1987, see Figure 1) emphasizes that the 
understanding of concepts (e.g. Fractions) lies in the ability of students to represent 
concepts through the five different categories of representation, as well as the 
ability to translate between and within representations . 
It consists of five categories of representation:  

1. Representation through realistic, real-world, or experienced contexts,  
2. Representation with manipulatives (concrete, hands-on models). 
3. Pictorial representation 
4. Language representation, and 
5. Symbolic representation,  
 

Multiple Representations 

Lesh, R., Post, T., & Behr, M. (1987). Representations and translations among representations in mathematics learning and problem solving. In C. Janvier (Ed.), Problems of 
representation in the teaching and learning of mathematics (pp. 33−40). Hillsdale, New Jersey: Lawrence Erlbaum. 
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How do you represent  
in realistic situations, pictorial and 
words? 
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How do you represent  
in realistic situations, pictorial and 
words? 



How do you teach Common Multiples? 
 Do your low-progress learners able to make 

sense of  Common Multiples?  How? 
 Are low-progress learners able to apply Common 

Multiples for everyday use? How? 

12 

Realistic Situation 
Common Multiples
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Source: Ministry of Education. (2012). Primary mathematics syllabus. Singapore: Curriculum Planning and Development Division 
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Realistic Situation 
Common Multiples



Process Problems 
 

• Process problems that lend themselves to 
exemplifying the processes inherent in 
thinking through and solving a problem.  

• They serve to develop  general strategies 
for understanding, planning, and solving 
problems as well as evaluating possible 
solutions. 
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Charles and Lester (1982)   
Reference:  Charles, R. I., & Lester, F. K. (1982). Problem solving: What, why and how. Palo Alto, California: Dale Seymour. 



• Process problems are also non-routine problems. 
 
• English (1996) defines non-routine problems as the 

problems that do not involve routine computations, 
but the application of a certain strategy, in this case a 
diagram, is most often required in order to solve a 
problem.  

 
• Non-routine problems are considered more 

complicated and difficult than routine problems in 
which only the application of routine computations is 
involved in their solution  

(Schoenfeld, 1992). 

Process Problems 

16 Schoenfeld, A. (1992). Learning to think mathematically: Problem-solving, metacognition, and sense making in mathematics. In D. A. Grouws (Ed.), Handbook of 
research on mathematics teaching and learning (pp. 334–368). New York: Macmillan. 

English, L. (1996). Children’s construction of mathematical knowledge in solving novel isomorphic problems in concrete and written form. The Journal of 
Mathematical Behavior, 15, 81–112. doi:10.1016/ S0732-3123(96)90042-5. 
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Percentage of a Quantity 
Example [2014PSLE Paper2]  

A youth club has 50 male and 70 female members.  

16% of the male members and 10% of the female 

members are students.   

What percentage of the members are students?  

       Answer: 12.5% 



Solution Representations 
• Solution representations refer to both the solver’s thinking tools 

and her/his communication modes for solving mathematical 
problems.  

• In solving a problem, a solver first needs to formulate a 
representation of the problem, based on her/his interpretation of 
the problem conditions.  

• From the representation, the solver determines goals.  After the 
solver solves a mathematical problem, she/he may then use a 
certain representation to express solution processes in order to 
communicate the thinking involved in generating the solution.  

• Thus, solution representations are the visible records generated by 
a solver to communicate her/his thinking of the solution processes 
to a mathematical problem.  

Cai, J. & Wang, T (2006).  U.S. and Chinese Teachers' Conceptions and Constructions of Representations: A Case of Teaching Ratio 
Concept. International Journal of Science and Mathematics Education. 4(1), 145-186. 18 



Example [2014PSLE Paper2]  
A youth club has 50 male and 70 female members. 16% of the male 
members and 10% of the female members are students.  What 
percentage of the members are students? 
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16% 84% Male  

10% 90% Female  

50 male members 

70 female members 

Percentage of the members that are student = 12
2
1 % 
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0% 100% 50% 

Multiple Representations 

100% 0% 20% 40% 60% 80% 

a) Find 1%  
b) Find 5% 
c) Find 10% 
d) Find 20% 
e) Find 25% 
f) Find 75% 

Benchmark 
Percentages 
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a) Find 1%  
b) Find 5% 
c) Find 10% 
d) Find 20% 
e) Find 25% 
f) Find 75% 

0% 100% 50% 

Multiple Representations 

100% 0% 20% 40% 60% 80% 
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b) Find 25%  

0% 100% 50% 
25% 

Multiple Representations 
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Five apples and 3 oranges cost $2.70.  
One apple and 2 oranges cost $1.10.  
How much does 1 orange cost? 
 
 5 apples + 3 oranges  $2.70 
 1 apple + 2 oranges   $1.10 
(x5) Make the number of apples the same  
   
 5 apples + 10 oranges  $5.50 
 
 7 oranges    $5.50 - $2.70 = $2.80 
 1 orange    $2.80 ÷ 7 = $0.40 
      Ans: $0.40 
    



Simultaneous Concepts????? 
Jane was given a problem to solve: 

2 erasers and 3 pencils cost 95 cents. 

1 eraser and 2 pencils cost 55 cents 

(a) How much does 1 eraser cost? 

(b) How much does 1 pencil cost? 
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Process Problem 



Jane was given a problem to solve: 
2 erasers and 3 pencils cost 95 cents. 
1 eraser and 2 pencils cost 55 cents 
(a) How much does 1 eraser cost? 
(b) How much does 1 pencil cost? 
          95 cents 
 
 
    55 cents 
 
 

             110 cents 
 

1 eraser costs 25 cents 
1 pencil costs 15 cents 
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eraser eraser pencil pencil pencil 

eraser pencil pencil 

eraser eraser pencil pencil pencil pencil 



Implications for Teaching and Learning 
• Greeno and Hall (1997, p. 365) suggest several ways in 

which research shows that representations enhance 
problem-solving ability. 
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"Representations often match the process of 
solving the problem, providing a kind of model 
of the students' thinking as they work. . . . 
Students often construct representations in 
forms that help them see patterns and perform 
calculations, taking advantage of the fact that 
different forms provide different supports for 
inference and calculation."  

Greeno, James G., and Rogers P. Hall. "Practicing Representation: Learning with and about 
Representational Forms." Phi Delta Kappan 78 (January 1997): 361-67. 



Implications for Teaching and Learning 
• Brenner et al. (1997, p. 666-67) contend that 

"attempts to teach problem representation 
strategies for mathematical problem solving have 
focused on teaching students ways to: 
translate the words of a problem into other 
modes of representation using diagrams, pictures, 
concrete objects, the problem solver's own words, 
equations, number sentences, and verbal 
summaries." 

Brenner, Mary E., Richard E. Mayer, Bryan Moseley, Theresa Brar, Richard Duran, Barbara Smith Reed, and David Webb. 
"Learning by Understanding: The Role of Multiple Representations in Learning Algebra." American Educational Research 
Journal 34 (winter 1997): 663-89. 
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