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Felix Klein,  
(1849-1925) 

“The young found himself, at the outset, 

confronted with problems which did 

suggest, in any particular, the things with 

which he had been concerned at. Naturally 

he forgot these things quickly and 

thoroughly” 



Felix Klein,  
(1849-1925) 

“When, after finishing his course of study, he 
became a teacher, he suddenly found himself 
expected to teach the traditional elementary 
mathematics in the old pedantic way; and, since he 
was scarcely able, unaided, to discern any 
connection between this task and his university 
mathematics, he soon fell in with the time 
honoured way of teaching, and his university 
studies remained only a more or less pleasant 
memory which had no influence upon his teaching.” 



What kind of knowledge would a 

mathematics teacher do well to 

possess and to be nurtured in? 



Theory on Mathematics 
Teacher Knowledge 



Categories of the knowledge base for teacher’s 
pedagogical action by Shulman(1986) 

• Subject Matter Content Knowledge  
 
  
 
• General Pedagogical Knowledge 
 
 

•Pedagogical Content Knowledge  
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Projects on Teacher Knowledge 



• Learning Mathematics for Teaching (LMT) 
Project (Ball & Hill) 

 

• Knowledge of Algebra for Teaching (KAT) 
Project (Floden, Mundy & McCrory, MSU based 
research project) 

 

• School-Related Content Knowledge (SRCK) 
Project(Heinz, Lindmeier & Dreher) 

 

• Mathematical Meaning for Teaching (MMT) 
Project (Thompson) 
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Knowledge of Content and Teaching (KCT) 



Which student is using a method that 
would work for any two whole numbers? 

Student A 

    35

  25

  125

75

  875





Student B 

    35

  25

  175

700

  875





Student C 

    35

  25

    25

  150

  100

600

  875





Knowledge of Content and Students (KCS) 



Definitions as a crucial component of MKT 

What is 7 divided by 
0? 

Is 0 even or odd? 

An even number is an 
integer multiple of 2. 

A Polygon is a simple closed plane curve 
formed by straight line segments. 

An exterior angle is the angle formed between 
a side of a polygon and the extension of an 
adjacent side.  

What is the sum of the exterior 
angles around a polygon? 



MSU-based research project 

• Knowledge of school 
algebra 

algebra in middle and high school 
 
 
• Advanced mathematical 

knowledge 
related college math, e.g. calculus, 
abstract algebra 

 
 

• Teaching knowledge 
knowledge of typical errors, 
canonical uses of school math, 
curriculum trajectories, etc. 



Properties of Number Systems 
(Advanced Mathematical Knowledge) 

For which of the following sets S is the following statement true? 

 For all a and b in S, if ab = 0, then either a = 0 or b = 0. 

 

 i. The set of real numbers 

 i. The set of complex numbers 

 iii. The set of integers mod 6 

 iv. The set of integers mod 5 

 v. The set of 2x2 matrices with real number entries 

 

A. i only   D. i, ii, iii and iv only 

  B. i and ii only  E. i, ii, iii, iv, and v 

  C. i, ii and iv only 

 



) 

• Teachers must be able to reduce and simplify academic 
mathematical content so that it is accessible for students 
on a certain age level (cf. “unpacking mathematics”, Ball 
& Bass, 2003).  

 
• Teachers must know how topics of school mathematics 

are rooted in academic mathematics.  
 
School-related content knowledge (SRCK): This construct 
encompasses 
             

Heinz, Lindmeier & Dreher (2015) 

                   a specific type of mathematical content 
knowledge, namely a type of content knowledge 
applied in a school context for the teaching purpose.  



Heinz, Lindmeier & Dreher (2015) 



• Declarative knowledge is difficult to link to teacher’s 

decisions and actions in the context of teaching or 

plaining to teach.  

 

• Teachers’ mathematical meanings constitute their 

images of the mathematics they teach and intend 

that students have. Teachers’ mathematical 

meanings guide their instructional decisions and 

actions (Thompson, 2013). 



Teacher’s meaning of “over” 

Thompson(2015) 



Teacher’s meaning of “function” 

Thompson(2015) KSME Plenary lecture 

  total Level 3 Level 2 Level 1 Level 0 IDK 
No  

response 

f(x) 367 123 29 152 47 7 9 

g(x) 367 115 185 11 37 10 9 

Level 0 

Level 0 

Level 2 

Level 2 

Level 3 

Level 1 

Level 3 

Level 3 



International Studies on 

Teacher Knowledge 

 



• Content Knowledge 

 

• Pedagogical Content Knowledge 

• Instructional planning 

• Student learning 

• Curricular knowledge 

 

 

 

Professional Beliefs Professional Knowledge 

• Epistemological beliefs 

regarding mathematics 

 

• Instructionally related 

beliefs about teaching 

 

• Instructionally related 

beliefs of how students 

learn mathematics 







MCK 
Instruments being classified according to subdomains: 
1. Content domain (subdomains of number and operations, geometry and 

measurement, algebra and functions, data and chance); 
2. Cognitive domain (subdomains of knowing, applying, reasoning); and 
3. Curricular-level domain (subdomains of novice, intermediate, advanced). 

MPCK 
Items were therefore classified according to: 
1. Content domain (subdomains of number and operations, geometry and 

measurement, algebra and functions, and data and chance); 
2. MPCK-specific domain (subdomains of curricular knowledge, planning for 

mathematics teaching and learning, enacting mathematics for teaching 
and learning); and 

3. Curricular level (subdomains of novice, intermediate, and advanced levels). 



TEDS-M 2008 Item 



TEDS-M 2008 Item 



…. Still, what kind of 
knowledge do teachers need to 

know? 







It’s perfect! 
No error. 



T: If it does not converge, 
the value of this infinite 
radical cannot be defined. So 
assuming that the infinite 
radical converges is wrong. 

This is ‘smaller than 2’. 
And the number is getting 
bigger. An increasing sequence 
which has an upper bound is 
convergent. So the infinite 
radical is convergent. 



Therefore 



Monotone convergence theorem 
If a sequence is 
increasing(decreasing) and bounded 
above(below), then the sequence will 
converge to the supremum(infimum) 



Advanced math as a discipline  
Math for prospective teachers 

Math as a school subject 
Math for students 

Quadratic equation 
Simple continued fraction is changed 
into a quadratic equation. And it is 
related with extraneous root. 

Monotone convergence theorem 
If a sequence is increasing(decreasing) 
and bounded above(below), then the 
sequence will converge to the 
supremum(infimum) 
 

 
 







• I don’t know 
 
 

• 0 
 
 

• 1 
 
 

• Cannot be 
defined 



gcd(0, 0) 

• I don’t know 
 

 
 

• 0 
 
 

• Cannot be 
defined 



Math as a school subject 
Math for students 

Exponents rules and properties 

Common divisor of two natural numbers 

The principle of the permanence 

of equivalent forms 

Advanced math as a discipline  
Math for prospective teachers 



If a middle school student has asked you to 
what extent  he or she needs to factorize this 
polynomial, how would you explain it? 





• The result of 
factorization 
doesn’t change 
 
 
 
 
 

• The result of 
factorization 
would change 

 



• The result of 
factorization 
doesn’t change 
 
 
 
 
 

• The result of 
factorization 
would change 

 



Math as a school subject 
Math for students 

Factorization 
Factorization of polynomial 

The foll 

Advanced math as a discipline  
Math for prospective teachers 



Understanding of Extension of 
Mathematical Definitions 

Rigorous Understanding of 
Mathematical Theorems 

Rigorous Understanding of 
Mathematical Definitions 

Advanced math  
as a discipline  

Math for prospective teachers 

Math as a school subject 
Math for students 





  How does the subject matter preparation of 
mathematics teachers related with their 
students’ subsequent academic 
performance?  

Monk, D.H. (1994). Subject area preparation of secondary mathematics and science teachers and student achievement.  
Economics of Education Review, 13(2), 125-145. 

 
• A curvilinear relationship between teachers’ undergraduate 

mathematics preparation and pupil performance in the junior 
year…the model performed best when the distinction was drawn at 
having five or fewer vs.. having more than five undergraduate 
mathematics courses.   
 



Mason, J., & Spence, M. (1999).  

Knowing that can be achieved instrumentally 
by memorizing mnemonics such as SOHCAHTOA for the trigonometric ratios 
or CAST for the signs of the trig ratios in different quadrants; 
by habituation through sufficient repetition and use, such as learning tables, or 
‘minus times minus is plus’, or where the minimum occurs for a quadratics.   

Knowing that can be achieved relationally 
by connection and image: the sine of an angle Is what is is(i.e. not known 
through a formula or mnemonic but perceived directly); 



 

Knowing how can be achieved relationally 
through reconstructing: distance = speed * time from the units in which each is measured; 
trigonometric multiple angle formulae from an awareness of how they are generated.  

 
Knowing why can appear to be achieved instrumentally 
through memorizing: definition of limit, continuity, area,… 

 

Knowing why can be achieved relationally 
through constructing your own justifications and stories for what one is doing and why, 
such as what a limit is and how you justify one, what area is and how you find it, etc.. It 
helps to know that other people also have such stories, and to hear those stories, but each 
persons stories are their own.  

Mason, J., & Spence, M. (1999).  



Maths education at university level, as it stands, is based like 
many subjects on the system of lectures. The huge quantities 
of work covered by each course, in such a short space of time, 
make it extremely difficult to take it in and understand. The 
pressure of time seems to take away the essence of 
mathematics and does not create any true understanding of 
the subject. From personal experience I know that most 
courses do not have any lasting impression and are usually 
forgotten directly after the examination. This is surely not an 
ideal situation, where a maths student can learn and pass an 
do well, but not have an understanding of his or her subject.  

Third Year Mathematics Students, (Tall, 1993). 

Tall, D. O.: 1993a ‘Mathematicians thinking about students thinking about mathematics’, Newsletter of the London 

Mathematical Society 202, 12-13.  



Methodology on Mathematics 
Education(2015) 

Group presentation  

& Supplementary 
lecture by Instructor 

Collaborative 
questioning 

Sharing the 
selected questions 

by whole class 
SNS    

 Presenting the 
whole discussion 

issues 

Group 
discussion 

Sharing the 
result of group 

discussion 

Writing task  

about  

the discussion 

Introducing 
exemplary 

writing tasks 

Revising Questions 
by Instructor 

classroom 

outside 

classroom 

• Individual brain storming 

• Sharing Questions in a Group 

• Selecting Questions 

-Expressions, sentence structures 

-Revising questions for discussion 

-Integration on practice  

• 1st discussion in a group 
• 2nd discussion between groups 

discussing same issues 



“Here, it will always be my duty to demonstrate you the 

mutual coherence of questions arising from the single 

disciplines, which is not always sufficiently done in special 

courses, as well as to emphasise especially their relations to 

questions of school mathematics. By that, this is what I hope, 

it will be easier for you to acquire the ability I would define 

as the ultimate objective of your academic study: that from 

the big amount of knowledge you receive here, once you will 

be able to elaborately select ideas for your own teaching.“ 
  

Felix Klein,  
(1849-1925) 



Kwon, Oh Nam 
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Thank YOU! 


