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What kinds of mathematical reasoning and proof could 

teachers teach and students learn at the secondary level? 

 

 

 

 

 

 

（Discussion Questions） 
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[Question 1] 

 

Please give your definition to the notion of “mathematical reasoning” in school mathematics 

classrooms and then discuss the following questions: 

 

Regarding the theorem “the sum of the interior angles of any triangle is 180°”, students provided 

seven proofs as follows.  

 

- Which one(s) do you think can be viewed as “mathematical reasoning” and which one(s) 

cannot? Why do you think so? 

- If you are now going to teach the proof of this theorem, which proof will you prefer more? 

Why? 

 

Proof 1: Hands-on physical experiment. 

Take a triangle cut out of paper, tear off the corners and place them 

together to see that they form a straight line. Do this a few times for 

different triangular shapes to confirm it.  

 

Proof 2: Practical measurement. 

Draw a triangle. Measure all the three interior angles to check that the sum 

is equal to 180°. Repeat the same process on other triangles. 

 

Proof 3: Use the fact that the exterior angle equals the sum of the two 

interior opposite angles. Extend the segment CA; the exterior angle∠1 is 

equal to the sum of the two interior opposite angles. Because the exterior 

angle and∠BAC make a straight line, the sum of all three angles is 180°. 

 

Proof 4: As shown in the diagram, draw a straight line through 

point C so that CE // AB, use the property of parallel lines to prove: 

∠DCE =∠B, ∠ACE =∠A. 

 

 

 

Proof 5: As shown in the diagram, draw a parallel line 

to side BC through point A, and, similarly, use the 

property of parallel lines to prove the original 

proposition. 
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Proof 6: Make use of the animation function of Sketchpad: Draw a triangle. If moving its vertex 

randomly, the sums of the three interior angles all equal to 180°, then, the original position is 

correct. 

 

Proof 7: As shown in the diagram, when the vertex C is 

approaching the straight line where AB locates, ∠A and 

∠C are approaching 0°, while ∠B is approaching 180°. 

Therefore, their sum is approaching 180°. 

 

Proof 8: As shown in the diagram, (the turtle-trip theorem: imagine 

walking round a triangle): Start at any point P and walk all the 

way round. This turns through 360°. At each vertex, the sum of 

exterior and interior angles is 180° so the sum of the three exterior and interior angles is 540°. 

Subtract the total 360° turn to leave the sum of the interior angles as 540°−360° = 180°. 
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[Question 2] 

The proofs of the following propositions may or may not be correct and please make a judgement. 

If there are mistakes, please explain the mistakes. 

  

Proposition 1: “As shown in the diagram, in a quadrilateral ABCD, 

E and F are the midpoint of AD and BC, respectively, and EF = 
1
2

(AB + CD), then AB // CD.” 

Proof: Suppose AB is not parallel to CD, then ABCD is not a 

trapezoid. Therefore, the line connecting the midpoints of the two 

legs is unequal to half the sum of the two bases, that is, EF  
1
2

(AB + CD), which contradicts the given. So, AB // CD.  

 

  

Proposition 2: P is any point inside △ABC, then the perimeter of 

△ABC is greater than the sum of the distances from P to the three 

vertices. 

Proof 1: As shown in the diagram, in △PBC,  

∵ ∠BPC >∠PCB 

∴ BC > PB. 

Because of the same reason，AB > PA，AC > PC. 

∴ AB + BC + CA > PA + PB + PC. 

Proof 2:  

∵ P is inside △ABC 

∴ AB + AC > PB + PC, AB + BC > PA + PC, BC + AC > PA + PB.  

∴ 2 (AB + AC + BC) > 2 (PA + PB + PC).  

∴ AB + AC + BC > PA + PB + PC. 

 

Proposition 3: Any triangle is an isosceles triangle. 

Proof: As shown in the diagram, suppose in △ABC, the 

bisector of ∠A intersects with the perpendicular bisector 

of BC at point P. 

Draw PE  AB (E is on AB)，PF  AC (F is on AC).  

Join BP and CP，then PE = PF，BP = CP.  

Based on the fact that RT△AEP ≌ RT△AFP，RT△BEP

≌ RT△CFP，then AE = AF，EB = FC.  

So, AE + EB = AF + FC，that is, AB =AC.  

So, △ABC is an isosceles triangle.  
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[Question 3] 

Do you agree with the statement “Mathematical reasoning and proof is the most important channel 

for students to learn and understand mathematics”? Please discuss the following instructional 

issues: 

(1) Why can’t zero be a divisor? 

_______________________________________________________________________________ 

_______________________________________________________________________________ 

_______________________________________________________________________________ 

_______________________________________________________________________________ 

(2) Why do two negative numbers make a positive? 

_______________________________________________________________________________ 

_______________________________________________________________________________ 

_______________________________________________________________________________ 

_______________________________________________________________________________ 

(3) Why an exponent can be an irrational number? 

_______________________________________________________________________________ 

_______________________________________________________________________________ 

_______________________________________________________________________________ 

_______________________________________________________________________________ 

(4) Why is it necessary to introduce radian measure? 

_______________________________________________________________________________ 

_______________________________________________________________________________ 

_______________________________________________________________________________ 

_______________________________________________________________________________ 

Please suggest relevant issues necessary for the discussion. 

_______________________________________________________________________________ 

_______________________________________________________________________________ 

_______________________________________________________________________________ 

_______________________________________________________________________________ 

_______________________________________________________________________________ 


