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The re-introduction of Further Mathematics at the A-Levels in 2016 is a positive development in providing better opportunities for
interested or talented students to learn, do and use mathematics more deeply. This workshop hopes to provide participants an
insight into an enhanced approach where students learn advanced mathematics (i) through the scaffolding and integration of
mathematical thinking processes, and (ii) in tandem with the professional development in mathematical discourse for the
mathematics teachers involved. It is hoped that the learning and experiences acquired will provide further impetus to the
development of new ways of learning and teaching of Mathematics beyond the current lecture and tutorial system at the junior
colleges.
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• Attitudes (Beliefs, Interests, Appreciation, Confidence, 
Peserverence) – These are essentially outcomes of learning 
experiences.

• Concepts & Skills – Conceptual & procedural knowledge, 
understanding (mathematical senses) are the focus. Necessary 
areas to develop fluency and mastery in, needs to be identified. 
Key areas of potential to develop positive and productive 
learning experiences (e.g conceptual scaffolding) and the use of 
ICT to support them (e.g. conceptual exploration through 
variation, repetition to reinforce learning, assessment to 
feedback on learning).
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• Processes (Reasoning, Communication & Connections; 
Applications & Modelling; Thinking Skills and Heuristics) –
Focus on getting learners to talk about and demonstrate their 
understanding and thinking. Use range of problems within the 
mathematics as well as using the mathematics to solve real 
problems. Use process scaffolding, problem posing and 
variation.

• Metacognition (Monitoring one’s own thinking; Self-
regulation of learning) – Focus on learning activities which 
encouraged and support reflection, discourses (e.g. articulation 
of experiences in learning, doing and using mathematics)
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Singapore Mathematics Framework (2003)

• Problem solving is the key focus: routine & non-routine, 
open-ended, closed ended, real-world related that may require 
mathematical modeling

• Ability to use mathematics to solve problems – problem 
solving heuristics

• Need to assess students’ understanding of concepts, 
mastery of skills, & competency in process & 
metacognition, and attitude towards mathematics (an 
outcome of learning experience)
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We, the teachers of Singapore, pledge that: 

• We will be true to our mission to bring out the best in our pupils. 

• We will be exemplary in the discharge of our duties and 
responsibilities. 

• We will guide our pupils to be good and useful citizens of Singapore. 

• We will continue to learn and pass on the love of 
learning to our pupils. 

• We will win the trust, support and co-operation of parents and the 
community so as to enable us to achieve our mission."
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Getting Mathematics Teachers Ready

• We teach who we are. We teach what and how we do.
• What and how we learn and use mathematics shape our ideas on 

mathematics instruction that which often form the foundation on 
which we eventually build our own teaching. 

‘One of the greatest paradoxes of mathematics education is that, 
although we mathematics teachers are immersed in mathematical 
work every day of our professional lives, most of us nevertheless have 
little experience with the kind of work that research mathematicians 
do. Our ideas of what doing & using mathematics looks like are based 
mainly on our own experiences as students.’

Weiss & Moore-Russo (2012)
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• Beyond being adept in symbolic manipulation and procedural knowledge, 
there is a need to develop mathematical meanings and use them in thinking 
through posing problems to generalizing a solution to a specific problems to 
a broader class of problems – doing mathematics

A Common Goal

What’s Next?
• Quality of our mathematical learning experience has an impact on our 

instructional design and delivery 
• Revisiting, retracing or re-learning of mathematics can provide a useful 

context to develop pedagogical content knowledge, pedagogy & 
assessment literacy.
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5 Practices for Orchestrating Productive Math Discussions
by Margaret S. Smith & Mary Stein, NCTM & Cowin Press, 2011

1. Anticipating
• Do the problem yourself
• What are students likely to produce?
• Which problems will most likely be the most useful in addressing the mathematics

2. Monitoring
• Listen, observe, identify key strategies
• Keep track of approaches
• Ask questions of students to get them back on track or to think more deeply

3. Selecting
• CRUCIAL STEP – What do you want to highlight?
• Purposefully select those that will advance mathematical ideas

4. Sequencing
• In what order do you want to present the student work samples?
• Do you want the most common? Present misconceptions first?
• How will students share their work? Draw on board? Put under doc cam?

5. Connecting
• Craft questions to make the mathematics visible.
• Compare and contrast 2 or 3 students’ work – what are the mathematical relationships?
• What do parts of student’s work represent in the original problem? The solution? Work done in the past?
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Example 1

Prove by induction that 
for all positive integers n.

21 3 5 7 ..... (2 1)n n      

Example 2

Prove by induction that 

for all positive integers n.

2 2 2 2 2 ( 1)(2 1)1 2 3 4 .....
6

n n nn  
     

Which is better to begin with?
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1) Show that, if the line y = mx + c is tangent to the ellipse E with 

equation                      , then                         .

2) The locus of the points at which two perpendicular tangents to E
meet is called its director curve.  Use the result of part (1) to find a 
quadratic equation in m, with coefficients in terms of a, b, x and y, 
and hence show that the director curve of E is a circle, stating its 
centre and radius.

3) Deduce the equation of the director curve of the circle with equation

2 2

2 2 1x y
a b

  2 2 2 2c b a m 

2 2 2x y r 

Example
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Theoretical Lens

• “What you do not notice, you cannot act upon” (Mason,
2002, p. 7)

• Students’ mathematical reasoning can be a function of
their knowledge and resources, and mathematical
noticing
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Mathematical Noticing 

Triggered through:

• learning tasks/activities

• Students’ cognitive struggle

• didactical contract of the mathematics classroom 
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Methodology

• Noticing can be captured by records of students’ 
mathematical thinking and abstraction (von Glasersfeld, 
1995)

• We infer what students notice from their math problem task 
solution artefacts

• Informal interview with students
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The H2 Further Math classroom 

• 12 students (9 Male, 3 female)

• Teaching moves and elements of learning activities were 
designed to direct students’ attention to important features of 
the mathematical situation in Conics 

• Classroom norms were established to govern students’ 
expectations to come out with alternative solutions and 
explain their solution process
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Polar equation of circle
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Polar equation of circle



Mid-points of focal chords of parabola
MTC2016



MTC2016



Mathematical noticing situated 
within the learning task 

Total Eclipse Annular Eclipse
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Students’ mathematical lens for the solar eclipse
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Director curve of ellipse
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Students’ 
cognitive struggle



Students’ cognitive struggle
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Dr Hang’s facilitation of the alternative solution 
in finding the director curve of ellipse.
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Facilitating students’ mathematical noticing 
for the alternative solution
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Teachers’ Practice

•Teachers must have independent experience in the 
problem task solution space, so as to construct the 
necessary lesson image for facilitating students’ 
mathematical noticing
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Thank you


