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Module 14* 
Calculus 

The Casio fx-9860GII PLUS and fx-CG 20 graphics calculators are both numerical machines, and 
so can only give approximations to the calculus, which is primarily concerned with continuous 
mathematics. However, some important aspects of calculus can still be explored effectively with the 
calculators, and good approximations to many key concepts are available. 

Local linearity 

If you draw the graph of a continuous elementary function, and zoom in on the graph far enough, 
the graph will become linear. This is the critical idea of ‘local linearity’. The slope of the graph is 
the derivative of the function at the point in question. It is unnecessary to think of the derivative as 
related to the slope of tangents or secants or chords. You can think of the slope of the curve itself, 
taken over a small enough interval.  

To see an example of this, draw the graph of y = 2 – x2 on the Initial screen. Trace to the point (0,2) 
and zoom in repeatedly, as the next screens show. (It is a good idea to use the FACT (w) menu to 
set the zoom factors to a higher than usual number, such as 10, in each direction before you start.) 

          

The curve appears to 'flatten out' at this point; if you continue to zoom in, the curvature will 
completely disappear and the graph will become a horizontal line, as below. These screens strongly 
suggest that the derivative (the slope of the curve) is zero at the turning point (0,2) of the graph. 

 

Repeated zooming in elsewhere on the graph produces a line, too, a slightly jagged one because of 
the screen resolution. The three screens below show this near the positive root of the function: 

           

You can think of the derivative at a point on the graph as the gradient of the curve at that point.  

Continuity and discontinuity 

Many of the functions used in school mathematics are continuous, and so do not present particular 
difficulties for use in mathematics. (In general, a function is continuous if you can draw its graph on 
paper without lifting your pencil off the page.) However, some functions are discontinuous, and so 
need to be treated with special care. The calculators have various ways of identifying 
discontinuities. 
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An example of a discontinuous function is the reciprocal function, f(x) =1/x, which has a jump 
discontinuityat the point x = 0. The function is not defined at this point. The screens below show 
this function graphed on the Initial screen.  

            

Notice that, although Draw Type (in SET UP) has been set to Connect, rather than Plot, the 
calculator does not connect the points over the point of discontinuity. If you trace the curve from 
left to right, notice that the cursor 'jumps' over the points where x = 0 and does not plot a point. 
Instead, it indicates that there is an error. 

Similarly, if you tabulate this function near the point of discontinuity, the calculator will identify 
the discontinuity (attempted division by zero) with an error message: 

 

Another kind of discontinuity is illustrated with the function f(x) = 1 – x2

1 – x   . This function has a 
removable discontinuity at x = 1. It is called ‘removable’ as if the function were redefined by 
defining f(1) = 2 it would then be continuous. The graphs below all show an apparent 'hole' at x = 1. 
The error is identified at the hole at (1,2) when tracing. The first two graphs are drawn on the Initial 
screen; the third shows the result of zooming in twice with factors of 10 on each axis.  

        

Once again, tables of values also identify the discontinuity at x = 1, when 1 – x = 0, although the 
function is defined and continuous for other values of x, as the next screens suggest. 

      

Numerical derivatives 

The derivative of a function at a point can be found from a graph by first turning on the Derivative 
command in the Graph mode SET UP menu, as shown below: 
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Tracing a graph will now give you an approximation to the derivative of the function as well as the 
coordinates of each point on the graph: 

      

To see many values of the derivative at once, press MENU 7 to enter Table mode. When the 
derivative trace is turned on, the numerical derivatives of functions are provided in a table, together 
with the function values. The screen below shows that there seems to be a clear connection between 
the values in the third column (the derivatives) and the first: suggesting that y'(x) = dy/dx = -2x in 
this particular case. Scrolling down the table will give more values consistent with this relationship. 

 

You can get a more visual display of derivatives for a graph by using the Sketch menu. After 
drawing a graph, press Sketch (r) and then Tang (w) to draw a tangent at any point. Then trace 
to the point you want and tap l. For example, the first screen below shows the tangent  y = 2x + 3  
to y = 2 – x2 at x = 1, while the second screen shows many other tangents for this function as well.  

      

It seems clear from these successive tangents that the gradient of the curve (and so the derivative of 
the function) changes from positive to negative as you go from left to right across the screen, and is 
zero at the turning point at the top. Note that, since the tangents are sketched, they will be erased if 
you change the screen in any other way (such as zooming, or adding another function and then 
drawing again.) You will also erase tangents if you shift to a different mode and then return. You 
can erase a sketch with the clear screen command CLS (q) in the Sketch menu. 

In Run-Mat mode, a numerical derivative command d/dx can be found in the MATH menu, 
accessed with MATH (r). Select d/dx (r) and then complete the expression on the screen to 
show the function (of X) concerned and the X-value at which you want the derivative, after  using 
the $ key. Tap l to evaluate the derivative, shown below for f(x) = x2 – x – 1 when x = 5.  

 

To evaluate the derivative of this function at several points in succession, as above, press l after 
each result, edit the value with BB!! and press l again. It appears in this case that the 
value of the derivative increases by 2 for every increase of 1 in the variable x. 
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As well as using the Math menu, note that you can also access calculus functions, including the 
derivative function, in an imenu, obtained with CALC (r). (If the calculator is already in 
Run-Mat mode, however, it is quicker to use the MATH menu.) 

The Math menu contains a second derivative command as well, which works in the same way as the 
first derivative. For f(x) = x2 – x – 1, the second derivative is constant, consistent with the first 
derivative increasingly steadily. In the screens below, the command was edited each time, starting 
with BB!, to produce successive results. 

         

The screens below shows that you can find derivatives of a function already defined in the function 
list, while in Run-Mat mode. To enter the Y symbol for Y1, you first need to choose VARS (o) 
then GRPH (r) to put the menu shown above on the screen. The Y comes from q(Y). 

           

The calculator provides approximations to these derivatives, rather than exact results. However, as 
you can see from these few examples, the approximations are very good ones, and results which are 
exactly integers will usually (but not always) be found as integers. 

When you have finished exploring derivatives, it is a good idea to turn the Derivative trace off in 
SET UP, as it will be quite distracting otherwise, and it takes the calculator longer to do some tasks. 

Dealing with derivative functions 

You can use the calculators to graph or tabulate many values of derivatives at once, in order to 
study derivative functions. Enter the two functions shown below into the functions list. The second 
function, Y2, is the derivative of the first function, Y1 at all points, not just one particular point. 

     

To enter the derivative command for Y2, tap i and then CALC (w) to access the CALC menu, 
followed by d/dx (q). Enter the symbol for Y using the menu at the bottom of the screen. Instead 
of a particular value for x, use the f key to indicate all values of the variable. After the function 
is defined, use the STYL (r) menu to draw Y2, the derivative function, with a bold style to 
distinguish it from the original function, as in the screen at right above. 
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The derivative function requires the calculator to find the numerical derivative of function Y1 at 
each pixel point across the screen, and to then plot the point, so it takes a bit more time to plot than 
the original function. Use this time to predict in your mind what the graph should look like, by 
thinking about the sign and the value of the gradient of the function at different points.  

Drawing a pair of graphs like this is illuminating in many ways, allowing you to compare features 
of the graph of the function and its derivative. For example, notice that the turning point on the 
graph of the function is where the derivative graph crosses the x-axis: 

     

Now press MENU 7 and examine the table. Set the table step equal to 1. From the table, it is fairly 
easy to see in this case that the derivative function has the rule y = 2x + 1, especially if you get a 
few more values by scrolling down a bit further. 

     

To explore the relationship between x and the derivative function Y2 when the connection is less 
obvious, you can use the list memory and statistics facilities described in Module 11 to analyse the 
data from the table. The same ideas apply to the second derivative function, which can be defined 
symbolically, graphed and tabulated in the same way as the first derivative function. Because of the 
many computations involved, the calculator takes longer to graph the second derivative function 
than the first derivative function, but you will still find it useful to see all three together as shown 
below. In this case, we drew the second derivative function with a dotted line, to distinguish it from 
the other two). You can make good use of the time taken to draw the graphs by imagining what the 
graphs of the derivative functions should look like, before they appear on the screen.  

           

In this case, since the original function is quadratic, its first derivative is a linear function and its 
second derivative is a constant function. Both the graph and the table show these characteristics 
quite well. Notice, for example, that all the values for the second derivative in the table are the 
same, so you can easily see that its rule is y = 2. 

Relative maxima and minima 

The quadratic function used as an example in the previous section had a relative minimum (at the 
bottom of the parabola) which was also a global minimum – the lowest value obtained by the 
function for any real value of x. Other functions are different from this, and we are often interested 
in local minima or local maxima that may not be global. On a graph, these are readily seen as 
places where the curve loops (up or down respectively).   

You can get an approximate idea of a local maximum or minimum by tracing, as the graphs of  
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y = x3 – x2 – x + 1 below shows. The graphs are drawn on the Initial screen, after zooming in once 
with Zoom Factor of 2 and setting the tick marks at every 0.2 for each axis. For these graphs, 
 -3.15 ≤ x ≤ 3.15 and -1.55 ≤ y ≤ 1.55. There seems to be a relative maximum near x = -0.4 and a 
relative minimum near x = 1. The screen is not sharp enough to see whether the x-axis is below, 
through or above the local minimum point. 

           

Pay particular attention to the y-values as you trace. It seems from these screens that there is a local 
maximum to the right of x = -0.4 and to the left of x = -0.3. As the graph would continue going up 
to the right of the screen, however, it is clear that this is not a global maximum of the function.  

You could get a better idea of the local maximum, and the associated x-value by zooming in near 
the loop, but a quicker way is to use a graph solve command. Tap G.Solve (y) to select the menu 
and then Max (w) to find the maximum. In this case, since only one function is defined, the 
calculator will proceed to look for any relative maximum points on the graph. Although the value 
given is only an approximation, it looks as if there is a relative maximum at x = -1/3, which is 
between x = -0.4 and x = -0.3, as expected, and a relative minimum at x = 1. 

     

Another way to find relative maxima and minima from a graph is to use the derivative function. The 
relative extrema will occur where the (first) derivative is zero – that is, where the graph of the first 
derivative crosses the x-axis. In this case, since the function itself is cubic, the first derivative is 
quadratic, and there are two solutions.  

           

These two solutions can be found using the ROOT command in the graph solve menu. You will 
need to select the derivative function (with B) and use the $ key to get the second root after the 
first one is found. Be patient! The calculator has to do a great deal of computation to find these 
solutions, which may take a few seconds to appear. It seems that the relative maximum is at x = -1/3 
and the relative minimum is at x = 1, which is on the x-axis. 

As well as finding relative extrema using graphs, you can get good numerical approximations to 
them in Run-Mat mode. Tap CALC (ir) and the continuation key, u, to see the FMax and 
FMin commands. The syntax in each case is: FMax(function,left,right,precision). In this statement, 
the function rule must use x as the variable; left and right are the two endpoints of an interval on 
which you want to find the maximum or minimum and precision is an integer from 1 to 9, to choose 
how many decimal places of accuracy you want the result to have. A higher number is more 
precise, but will take longer to get. You can omit a number for the precision if you wish, in which 
case the calculator will choose a value of 4 for you. If a function is already defined in the function 
list of Graph or Table mode, you can use the Y variable from the o menu instead of a rule. 
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Numerical integration 

As for differentiation, the calculators can give you good numerical approximations to definite 
integrals, in either Graph or Run-Mat modes. 

Once a graph of a function is drawn, you can find the definite integral of the function as the area 
under the graph between two values, using the graph solve menu. For example, consider the 
function f(x) = 2 – x2, drawn on the Initial screen below. To find the area under the curve and above 
the x-axis, tap G.Solv (y) and select ∫dx(ue). (On the fx-CG 20, there is a larger suite of four 
integration commands, but we will deal with only the first command here, which is available on 
each calculator.)  

After selecting a function (if necessary, when more than one is defined in the function list), the 
calculator needs an input for the lower limit and the upper limits for the area. You can trace to a 
suitable value for the lower and upper bounds, and tap l after each, but be aware that, if your 
choices are made with the cursor, their accuracy depends on the screen resolution. It is usually 
better to enter bounds in turn directly from the keyboard and tap l after each:  

          

After the lower bound is chosen, the calculator draws a vertical line, and asks for the upper bound. 
In this case, the choices of x = ±√2 allow us to find the area under the curve and above the x-axis. 
After the upper bound is chosen, the calculator will shade the area selected and print its area on the 
screen. In this case, the area is calculated to be about 3.771 units, as shown at right above. 

In this particular case, if you trace instead of entering values, the closest you can get to the two x-
intercepts are x = -1.4 and x = 1.4, different from the exact values of x = - 2  and x = 2 . 

Alternatively, numerical integration can be performed in RUN mode, using the integration 
command in either the MATH menu or the CALC menu. This method relies on your knowing the 
limits of integration, and not needing to check the graph for any reason.  

When set in Math mode, the calculator displays the integral in conventional notation, as the first 
screen below shows. Enter the information in the following order: expression $ lower limit $ 
upper limit l.  

      

This method of numerical integration can be quicker than the graph-based method, but relies on 
your knowledge of the situation; in many cases, it is wise to draw a graph first, in order to 
understand what the integral is measuring.  

Notice that in this case the calculator has given an exact result for the integral. In other cases a 
numerical approximation will be provided by the calculator and the theoretical methods of the 
calculus would be needed to find an exact result. 
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Limits and asymptotic behaviour 

You can use graphical approaches to limits with careful use of the zooming facilities of the 
calculator. These provide a good foundation for later, more analytic, treatments. For example, to 
evaluate the limit of sin x

x   as x → 0, first make sure that the calculator is set to radian mode. Then 
draw the graph of y = (sin x)/x on the Trig screen. Trace to position the cursor near the point (0,1). 
Notice that the calculator indicates that the function is undefined at x = 0 in both Graph and Table 
modes.  

       

In Graph mode, open the zoom menu and use FACT (w) to change the zoom factor from the 
normal setting of 2 to a larger value to speed up the process of examining the limit. The screen 
below shows the zoom factors set to be 5 in each direction: 

            

Tap d to return to the zoom menu and Zoom In (e) repeatedly. Here are some screens obtained 
with these zoom factors: 

            

If the resulting curve is traced, the eventual value of the function is clearly 1. The calculator graph 
does eventually show a limiting value of 1 for the function near x = 0, even though the function is 
undefined at that point. Similarly, in Table mode, it is also clear from the right screen below that the 
limit of  sin x

x   as x → 0 seems to be 1: 

       

Another way of examining limits graphically is to change the viewing window manually. This is 
especially helpful for examining limits to infinity; often, a very large value for the independent 
variable will help you see what the limit appears to be, and it is quicker to change it manually than 
to zoom in just the horizontal direction.  

For example, to evaluate the limit of 
2x – 7

x   as x→ ∞, first draw the graph of  y = (2x–7)/x  and then 

change the viewing window to show large values of x, such as XMin = 0 and XMax = 1000. Change 
the X Scale value as well, so that the x-axis is not too chunky. Experiment to get suitable values for 
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the y-axis. The screen on the left below has -1 ≤ y ≤ 3, and shows that the limit appears to be 2. 

      

To verify this apparent limit, leave the y-values the same, and change the x-values to go from 0 to  
1 000 000, with X Scale = 100 000. The screen on the right suggests that the limit as x tends to 
infinity is 2.  

As well as graphical approaches, a table of values can also help you to see the likely limits of a 
function at a point or at infinity. For example, switch to table mode, and examine values of the 
function for very large values of x. Use the SET command to tabulate the function from  
x = 1 000 000 to x = 2 000 000, in steps of 100 000: 

          

Notice that the calculator uses scientific notation for very large numbers. You can get a sense of the 
limiting process by using B and N to scroll tables. The table extract above shows that, for  
x = 1 700 000, the value of the function is very close to 2. Further down the same table, for x = 2 
000 000, the value is even closer to 2. Even larger values of x can be chosen, by editing the values 
in the x column directly. The next three screens show very large x values of 100 million, 10 billion 
and 100 billion respectively. The resulting value of the expression is closer and closer to 2. 

         

In such ways, the calculator suggests that the value of the expression is 2, within the limits of 
accuracy of the machine. Of course, analytic methods are needed to prove that the limit is exactly 2. 
The calculator merely provides very strong evidence that it is likely to be 2. 

The same kinds of ideas are useful for examining asymptotic behaviour of functions graphically.  

For example, to examine the limiting behaviour of f(x) = x
2 + 2

x   , first draw the graph of  
y=(x2 + 2)/x on the Initial screen. Only two small bits of the graph appear in the window. However, 
if you zoom out repeatedly, as shown below, the limiting curve appears to be the identity line y = x 
after two, four and six zooms, with standard zoom factors of 2 in each direction. 

         

Once again, some analysis of the function is necessary to prove this result, but the calculator helps 
you to 'see' it visually rather than mentally.  
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Exercises 
The  main purpose of the exercises is to help you to develop your calculator skills. 

1 a Find the derivative of f(x) = 3 – x3 at x = -1.2, 2.3 and 1.7, without using a graph.  
   (Use B after each result to save typing.) 

b Check your answers to part a by tracing a graph, with the Derivative turned on. 

 c Check your results in part a again by using a table. 

2 Draw a graph of y = cos x on the default Trig viewing window. Trace to a point on the graph 
and then zoom in several times to see the local linearity. Use Zoom ORIG to return to the 
original viewing window, and try another point in the same way. 

3 The function f(x) = x
2 + x + 1

x2 – x – 6  has two points of discontinuity on the interval -5 ≤ x ≤ 5. Use a 
table to identify these two points. 

4 Draw a graph of y = |3 – x| – 1 on the Initial screen with the Derivative trace turned on. Trace to 
the vertex of the graph and zoom in several times. Explain what you see.  

5 Graph the function f(x) = x3 – 3x + 1 and its derivative function on the same screen. What are 
the values of x at the turning points of f(x)? How did you find out? 

6 Find the minimum value of f(t) = 4 + t2
2t   for  0 < t ≤ 5. 

7 a Draw a graph of f(x) = 2x + 1. Then use a graph solve command to evaluate. dxx )12(
1

0
∫ +  

Check your answer by finding the area of the trapezium. 

b Use the integral command in the Math menu in RUN mode to evaluate ∫ −
1

0

21 dxx  

and explain why it is approximately equal to 
π
4  . 

 c Evaluate dxex x∫
1

0

2  without drawing a graph. (The answer should be e – 2.) 

8 Find the limit, as x → 0 of   1 – cos x
x   . 

9 Describe the asymptotic behaviour of the function  f(x) = 5 + x
2x  . 

10 Evaluate the limit of   2x + 7
1 – 3x    as x → ∞.  
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Activities 
The  main purpose of the activities is to help you to use your calculator to learn mathematics. 

You may find that some of them are too advanced for you. Ignore activities you don't yet understand. 

1 Make a derivative function transformer by defining the second function in the function list to 
be the derivative of the first one. 

 

 Use your transformer to investigate various kinds of functions.  

For example, what happens if the first function is linear? quadratic? cubic? 

2 In Table mode, with f(x) = x2 – x, tabulate both f and its derivative for x = 0 to 5 in steps of 1. 
Study the table carefully and then guess what f ’(7) will be.  

Check your guess with the calculator.  

 Predict what will happen if you study a related function, such as g(x) = x2 – x – 2 in the same 
way. Use the calculator to check your predictions. 

3 Examine the asymptotic behaviour of some rational functions like 

f(x) = 
x2 + 3
x – 2     and   g(x) = 

x3+ 2x + 5
x + 1   . 

Use both graphs and tables to study the functions. 

Explain your results. 

4 Draw the graph of  y = 
 

x – 1
x2 – x – 2

   
 
and explain any discontinuities you can see. 

5 Draw a graph of the function f(x) = 3x2 – 18x + 24 between x = 0 and x = 6. Find the area 
between the graph of the function and the x-axis for the following intervals: 

 (i) 0 ≤  x ≤  2     (ii) 2 ≤ x ≤ 4     (iii) 4 ≤ x ≤ 6     (iv) 0 ≤ x ≤ 6 

What do you notice about these areas? 

Investigate different functions and find where the area under the x-axis is greater than the area 
above the x-axis for a chosen interval. 

6 An object starting from rest moves so that its velocity v metres per second after t seconds is 
given by v = t2, or f(t) = t2.  

Use a suitable graph to calculate the distance travelled by the object in each of the first few 
seconds of motion (i.e., between t = 0 and t = 1, and then between t = 1 and t = 2, and so on.) 
Use your results to describe the motion of the object. 

Investigate the distance travelled in the first few seconds of motion for other velocity functions 
such as f(t) = 10 – t2 and f(t) = (t – 6)2. 
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Notes for teachers 
This module illustrates several ways in which the calculator can be used to explore various aspects 
of calculus, to help students understand some key introductory concepts. These include the idea of a 
derivative as a rate of change, the concept of a derivative function, continuity, limits, asymptotes 
and integration as area under a curve. The text of the module is intended to be read by students and 
will help them to start to see how the calculator can be used efficiently for various kinds of 
explorations of relevance to the calculus. The Activities are appropriate for students to complete 
with a partner or in a small group, so that they can discuss their observations and justify their 
conclusions. 

Answers to Exercises 

1.  -1.32, -15.87, -8.67   3. x = -2, 3   4. The graph does not change shape, even after repeated 
zooming. The derivative is -1 to the left of the vertex and 1 to the right of the vertex, and so is not 
defined at the vertex itself. Despite this, note that the calculator gives a value of 0.  5. x = -1, 1 are 
found by finding the roots of the derivative function.   6.  y = 2   7. (a) Area is 2   (b) Area is 
approximately 0.78543981634, as it is a quarter of a circle   (c) 0.7182818285   8. 0    
9. Horizontal line, y = ½   10. 2/3  

Activities 

1.  Activities using a derivative function transformer are very powerful for understanding how 
derivatives describe change in functions, and we suggest that students work on them together. 
They are also useful for whole class discussions. Students should readily see that derivatives of 
quadratic functions are linear, of cubic functions are quadratic, and so on. In addition, students 
should see that roots of derivative functions identify turning points of functions. 

2. Explorations of this kind will help students appreciate the idea of a derivative function and see 
the linear nature of the derivative of a quadratic function. Choosing functions differing only by 
a constant will also allow them to see that the derivative functions may be the same for 
different functions, an important idea for later study of differential equations. 

3. This activity exploits the potential of the calculator to help students understand asymptotic 
behavior of rational functions. As they zoom out, adjusting the axes as they do so in some 
cases, they will see that a ratio of a quadratic function and a linear function is linear in nature 
eventually, for example. Again, encourage students to work in pairs to explore functions in this 
way. They may need help in setting suitable zoom factors, to zoom out efficiently. 

4. Students should not have difficulty seeing the jump discontinuities in this case (at x = 2 and -1). 
If necessary, suggest that they think about factors of the expressions to understand their source. 
Encourage them to generate further examples for themselves. 

5. The key idea of this activity is that integrals find a signed area, so that care is needed to 
determine whether or not a graph is above the x-axis before interpreting an integral as an area, 
and hence the importance of drawing a graph. Suggest that students explore the absolute value 
function, f(x) = |3x2 – 18x + 24| to find positive areas. [Answers: (i) 20   (ii) 4   (iii) 20   (iv) 36   
Note that the fourth value is not the sum of the first three values.] 

6.  For students studying rectilinear motion, activities of this kind are helpful. They will need to 
rewrite v = t2 as y = x2 to suit the calculator. By exploring how the integrals change each 
second, and understanding that they represent distances travelled, they should be able to 
appreciate how the object is accelerating as it travels further in each second. Explorations with 
other functions will show different patterns of course, including deceleration. 
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*This module has been reproduced, with permission, from  

Kissane, B. & Kemp, M. (2014) Learning Mathematics with Graphics Calculators. Tokyo, 
Japan: CASIO. (pp 170-181) 

The entire publication can be freely downloaded from the CASIO Worldwide Education Website at: 

http://edu.casio.com/education/activity/ 

 


