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Abstract: Promoting students’ mathematical reasoning and communication is 

a valued aspect of reformed pedagogies. The lack of research in the Singapore 

mathematics classroom particularly in the domain of mathematical talk 

focusing on students’ argumentative reasoning spurred the interest for this case 

study. By situating the students’ engagement of a mathematical task as a 

modelling activity, we compared two groups of students’ argumentative 

reasoning using an argumentation interpretive framework. The focus on 

argumentative reasoning allows us to see the interplay of different components 

of an argument that leads to some decisions and solutions made. We found that 

there was dynamic interaction between students’ arguments using simple 

justifications and the role of questions appeared to be a noteworthy contributor 

in the progressive evolution of arguments in eliciting and extending thinking.   
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Introduction 

The communication of mathematical ideas is essential to making sense of 

problem situations and solving problems successfully. To make thinking 

visible, students need to use mathematical language for reasoning, expressing, 

explaining, analysing, arguing as well as making connections between 

mathematical ideas (MOE, 2013). The construction of meaning in this sense 

is seen as mediated through language (Vygotsky, 1978) and reform 

pedagogies today value mathematical talk as a move away from passive 

learning. Mathematics education curriculums around the world have placed 

emphasis on communication and it is no exception in Singapore. The 

Singapore mathematics curriculum has “reasoning, communication and 

making connections” as one of its key features of its core processes since 2007 

(MOE, 2007, 2013). Teachers are therefore encouraged to create classroom 
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environments for students to discuss, clarify and hone their thinking through 

communication. In this respect, a constructivist approach is preferred where 

the classroom setting is one that empowers students to take ownership of their 

learning. The role of the teacher is not viewed as transferring knowledge but 

one that creates conditions for a communication-rich environment to take 

place by encouraging students to think critically, share ideas and seek 

clarifications for understanding (Thompson et al., 2008). Central to 

communication is argumentation where justifications are part of the 

arguments; students reason or provide evidence to convince others of their 

claims which in essence is an indication of their mathematical understanding 

as well (Rumsey, 2013).   

 

This study employed the use of a Model-Eliciting Activity (MEA) in 

promoting classroom discourse through rich student-teacher-task interaction. 

The simulated real-world task used in this study was for students to determine 

and recommend the best phone plan to a customer given the profile of the 

customer. Such an activity provides affordances for students to make use of 

mathematics to reason, argue and make justifications with respect to the 

decision models they would arrive at. According to Yackel (1995), notions of 

disagreement and conflicts will emerge in a community of inquiry, and it is 

through conflict resolutions and negotiations of meanings that information on 

students’ progress that are useful are noted for instructional decision making.  

 

The aim of this study was to investigate Primary 5 students’ argumentative 

reasoning. Using an argumentation interpretive framework, we compared how 

two groups of students successfully reached a decision in helping a customer 

adopt a phone plan through some forms of argumentative reasoning. In this 

paper, we discuss how argumentative reasoning is fostered and the 

implications thereof. 

Theoretical Perspectives 

Mathematical communication  

An emerging theme amongst mathematics educators in recent years has been 

about eliciting students’ mathematical ideas in an inquiry-based classroom 

through communicating their reasoning. Communication, according to the 

Ministry of Education curriculum document refers to “the ability to use 
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mathematical language to express mathematical ideas and arguments 

precisely, concisely and logically” (MOE, 2013, p.17). The document also 

asserts that communication helps students to develop their understanding of 

mathematics and sharpen their mathematical thinking. In this light, 

communication has to be a discursive activity where students share ideas and 

explain their ideas, and even record their thinking as a means of 

communicating those ideas. The MOE syllabus document links 

communication with reasoning and making connections as an inseparable 

aspect in the process of acquiring and applying mathematical knowledge.  

 

According to Rojas-Drummond and his associates (2013), students become 

active participants during the process of dialogic interactions in a collaborative 

context and Mercer and Littleton (2007) assert that teacher-student 

interactions enables the sharing of ideas and pursuit of common goals. 

Contemporary learning theories argue that learning occurs when students 

interact with one another in the negotiation of meaning (Cobb, Wood & 

Yackel, 1991; Vygotsky, 1978). In other words, cognitive abilities and 

capacities are formed in social phenomena when students are given the 

opportunity to clarify their thinking and construct long-term knowledge. The 

social activity in the form of discussions also contributes to building students’ 

critical thinking and mathematical understanding towards sense-making 

(Butera et al. 2014). Since spoken language is an essential aspect of working 

in groups, mathematical understanding increases through the sharing of 

different strategies during problem solving (Kinzer, Virag, & Morales, 2011). 

For example, when students express their thinking about how to solve a 

problem, the exposure to different strategies that they might not have thought 

of or recognized increases. In essence, the social learning constructivists point 

to the notion that the practice of learning and doing mathematics in a 

community shapes the knowledge that is produced, that is, “students do not 

simply passively “learn math” but also attribute meaning to forms of 

knowledge production” (Imm & Stylianou, 2012, p.131). By being conscious 

of each other’s contributions and revisiting their own thinking, students also 

hone their mathematical thinking and learn to express their thoughts more 

coherently. It is asserted that students are led to provide a better explanation, 

solution or process as they learn to communicate better using mathematical 

language (Allen, 2011). 
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Fostering argumentation and justification 

This study aimed to investigate students’ argumentative reasoning when 

completing a model-eliciting activity in a small group setting. Of interest are 

the types of reasoning that generate a richer discourse, in particular, children’s 

explanation and argumentation or justification of their solution process. We 

look at justification as developing a mathematically sound argument to lay 

claim on whether an idea or solution is valid. Such an environment will see a 

classroom community where ideas are tossed about, refuted, revised and 

refined with mathematical talk and mathematics as the source of authority. 

Arguing or justifying becomes an interactive process of knowing how and 

when to participate in a discursive exchange within the classroom community 

(Wood, 1999) and such practices of the students’ actions contribute to what is 

taken as shared by the classroom community. 

 

Studies have provided compelling evidence that elementary school children 

are capable of reasoning mathematically and learning justification (Lampert, 

1990; Ball, 1991). In the negotiation of meaning, students also develop 

argumentation practices towards supporting the solutions they have 

constructed. The interplay of constructs in the verbal discourse comprising 

explaining, arguing and justifying is seen to foster sense-making and 

reasoning mathematically. According to Yackel (2001) explaining serves the 

purpose of clarifying the students’ mathematical thinking that might not have 

been apparent to others while justifying was a response to challenges to 

apparent violations of normative mathematical activity. Carpenter, Franke and 

Levi (2003) asserted that students cannot learn mathematics with 

understanding without justifications. Students need to make sense of the 

concepts and procedures and justify to themselves first before they share their 

ideas and attempt to convince others that what they know is valid. They have 

to use arguments that are convincing and thus persuade what is doubted into a 

convincing idea worth pursuing.   

 

Several researchers have developed classification frameworks to understand 

argumentation or justification discourse better. For example, Brown and 

Renshaw’s (2000) Collective Argumentation framework coded the classroom 

discourse into conversational turns such as requesting for answer, requesting 

for explanation, stating an answer, explaining, restating, expanding, 

rephrasing and evaluating towards situating negotiation of meaning within the 

context of a community of learners rather than an individual. Berland and 
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Reiser’s (2009) argumentation framework proposes three levels of discourse: 

sense-making (students seeking to understand), explanation (students seek to 

explain their understanding) and persuasion (students put forth their 

understanding in such a way that they will stand up to the scrutiny of others) 

to investigate the promotion of proportional reasoning in primary school 

students. Chin and Osborne’s (2010) analytical framework for oral 

argumentation included descriptions that required the need to justify, and the 

types of arguments were differentiated by students’ ability to make claims 

without justification (Type 1), with simple justification (Type 2) without 

rebuttal, detailed justification without rebuttal (Type 3), with rebuttal that 

addresses opposing argument or supports one’s earlier argument (Type 4) or 

with self-rebuttal that considers the limitation or weakness of one’s own 

argument (Type 5). Such studies contribute to helping educators acquire a 

greater understanding of how they may be able to support collaborative 

discourse in the classroom and even the role that the teacher can play in 

orchestrating mathematical discussions.  

 

Another fitting construct in fostering the argumentation/justification is the role 

of questioning. According to Rojas-Drummond and his associates (2003), 

engaging in a collaborative discourse and using inquiry and argumentation is 

not something that students could accomplish without adult intervention. 

Teachers therefore have a role to play in facilitating justification and 

advancing the students’ thinking through questioning (Matino & Maher, 

1999). They found that by putting themselves in the community of learners, 

they could elicit justification, solution reorganization, and possibly 

generalization through effective questioning. Hmelo-Silver and Barrows 

(2008) found that questioning and supporting students’ ideas with some 

feedback statements were especially important in cultivating knowledge-

building. Fraivillig, Murphy and Fuson’s (1999) Advancing Children’s 

Thinking framework draws on asking questions that elicits children’s thinking 

about the problem situation, supporting the students’ contributions as well as 

extending their thinking which in a sense would encourage them to explain 

and justify their solutions. Conversely, Mueller, Yankelewitz and Maher 

(2012) found that peer interaction amongst students led to different types of 

argument construction such as (i) co-construction, where arguments were built 

collaboratively through exchanges from ground up, (ii) integration of 

arguments, where students’ arguments were strengthened through peers’ 

arguments, and (iii) modification, where students’ make revisions or 
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corrections to one make sense of an argument. Indeed, asking questions allows 

students to articulate their own understanding of the concepts and procedures, 

make connections with other ideas and also become aware of what they do or 

do not know. Questions raised by students activate their prior knowledge, 

focus their learning efforts, facilitate their understanding of new concepts and 

help them elaborate on their knowledge as well as arouse their epistemic 

curiosity (Schmidt, 1993). Wong and Quek (2009) asserted that students will 

learn mathematics better and understand more when they can clarify their 

doubts through asking questions. As well, they can learn from feedback to 

their queries, whether the feedback is given by the teachers or classmates. By 

asking questions, the students will need to as a response, engage in explaining 

and justifying through making sound arguments.  

Mathematical modelling and model-eliciting activities 

According to the Ministry of Education (MOE, 2013, p.15), “mathematical 

modeling is the process of formulating and improving a mathematical model 

to represent and solve real-world problems”.  The document also states that “a 

mathematical model is a mathematical representation or idealisation of a real-

world situation that can be as complicated as a system of equations or as 

simple as a geometrical figure” (MOE, 2013, p16). While there has been a 

number of relevant works (Ang, 2001; Blum & Niss, 1991; Lesh et al., 2003; 

MOE, 2013) documenting the various ways that the mathematical modelling 

process may be presented, for the purpose of this study, a simplistic diagram 

that illustrates the modelling process is shown in Figure 1.  

 

 

 

 

Figure 1. The mathematical modelling process 

 

Students have to demonstrate the following processes during the modelling 

process: Beginning with a real world problem, students seek to understand the 

problem and make assumptions using the information given. They formulate 
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variable relationships towards developing a mathematical model as they move 

to the model world as part of the Formulation Phase. In the model world, they 

mathematise the problem situation by working out the mathematical solutions 

during the Mathematisation Phase. In the Interpretation Phase, they relate the 

solutions back to the real world situation and this include some decision 

making as they analyse the solutions to determine if they fit the real world 

situation. Some revisions are made as students reflect, verify their solutions 

and restructure them during the Verification Phase. The process is considered 

cyclical as students express, test and revises the models they have generated 

until they are satisfied with one that they consider to fit the real world situation 

best.  

 

The modelling activity chosen in this study comes from a class of activities 

known as model-eliciting activities. Model-eliciting activities (MEAs) are 

complex, open, non-routine problems situated in real-world contexts that 

enable students to exercise both informal and formal mathematics knowledge 

interactively when engaged (Wessels, 2011). They encourage students to 

investigate concepts in mathematics through the generation of mathematical 

models (Chamberlin, 2013). With MEAs, learners are given the opportunity 

to consolidate existing mathematical knowledge and build new knowledge, 

and it provides an opportunity for teachers to understand the students’ 

mathematical thinking as well (English 2003; Lesh et al., 2003). One key 

aspect of engaging in MEAs is that the iterative process enables students to 

describe their thinking, explain, manipulate, or predict the behavior of the real-

world system or what is known as mathematising towards selecting the most 

appropriate solution pathway for problem solving within the real-world 

context. The models that students generate are viewed as a description of a 

system using mathematical concepts and language and as well, may take the 

form of graphs, formulas, tables and so forth. The iterative process results in 

greater sense-making of the interpretation of the real-world situation and 

models that are better and more stable than those initially conceived (Lesh & 

Doerr, 2000). A body of literature has found that young children revealed 

positive outcomes from their abilities to create abstract mathematical 

representations or models ranging from data organization and ranking systems 

based on assigning points or weightages before being formally taught when 

they were engaged in MEAs (e.g. English, 2006; Mousoulides et al., 2007). 

We posit that when learners develop mathematical models, they are 

developing mathematical ideas and making mathematical translations through 
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mathematising to give meanings to their conceptual representations as they 

solve the real-world problem. In this sense, students' representational fluency 

through the flexible use of mathematical ideas is developed (Doerr & English, 

2003; Lesh & Doerr, 2003). MEAs also provide affordances for students to 

question, explain, argue and justify their solutions as they will have to not only 

generate models that stand up to scrutiny but also convince why the models 

are sharable. 

Method 

Research design: multi-tiered teaching experiment 

This study adopted a research design that is based on a three-tiered 

corroborative teaching experiment framework (Lesh & Kelly, 2000) for 

implementing a Model-Eliciting Activity (MEA) with a class of Primary 5 

students. The starting premise began with the researcher (Tier 1) collaborating 

with the teachers (Tier 2) in the discussion and design of the MEA as well as 

the research goal and implementation of the case study. Anticipated students’ 

responses and ways to scaffold the discussion were also discussed so that the 

teachers would acquire an understanding of the students’ mathematical 

reasoning and model development as the students (Tier 3) construct models in 

their attempt to complete the modelling activity successfully. During the 

implementation of the MEA, the teachers (Tier 2) help to facilitate and 

scaffold the students’ (Tier 3) learning. Interaction between the researcher 

(Tier 1) and the teachers (Tier 2) would continue thereafter towards analysing 

and interpreting the findings. The main principle underlying this framework 

is to seek corroboration through triangulation. According to English (2003, 

p.227), all participants or learners worked interdependently with “each of them 

engaged in a common goal of trying to make sense of, and learn from, their 

respective experiences.” In this study, the interactivity between the three tiers 

suggests that all learners were engaged differently in their own form of 

learning, but all of them were involved in making sense of their experiences 

by developing models that were used to generate descriptions, explanations, 

constructions, and justifications using a variety of representational systems. 

Participants 

An intact class of 40 Primary 5 (Grade 5) students from a girls’ school in 

Singapore participated in the study. The class comprised high- and middle-
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ability students. The Primary 5 students had had one experience in working 

on a different MEA six months before as part of the ongoing case study 

research the school has undertaken. The teachers who were involved as 

facilitators of the MEA had attended a MEA workshop the year before and 

had acquired an understanding of working with MEAs. They had also 

facilitated the earlier MEA with the same class and in the process gained 

experience through the facilitation. Their roles were to listen to the groups’ 

conversation as they periodically sat with them to monitor the learning and 

offer scaffolding questions when deemed necessary to clarify ideas or probe 

thinking without undermining the students’ intellectual autonomy (Fraivillig, 

Murphy & Fuson, 1999). In this study, the teacher’s questioning was of 

importance to elicit the students’ reasoning which would otherwise not have 

been as clear if the verbal protocols are solely left to one’s inference based on 

reading the data.   

The Model-eliciting activity                   

The model-eliciting activity (see Appendix 1) required students to determine 

the best cell-phone plan for a customer given the profile of the customer. The 

task was designed to suit the students’ age level and experience to ensure 

greater familiarity based on the local context of the prevalent use of cell-

phones in today’s world. The crafting of the MEA ensured that it befitted the 

six instructional design principles espoused by Lesh et al. (2003), namely, (1) 

the reality principle (i.e., elicits sense-making and extension of prior 

knowledge), (2) the model construction principle (i.e., warrants the need to 

develop a mathematically significant construct), (3) the self-evaluation 

principle (i.e., requires self- assessment), (4) the construct documentation 

principle (i.e., requires students to make visible their thinking), (5) the 

construct generalization principle (i.e., sharable, adaptable, reusable in other 

similar situations), and (6) the simplicity principle (i.e., the simplicities of the 

problem solving situation). Adherence to the design principles implies that the 

discourse would be richer and more meaningful with the certainty that students 

would be generating some models.  

Procedures and data collection  

Prior to carrying out the MEA, the mathematics teacher of the class went 

through the modelling task briefly to help them understand the problem 

context.  The students were grouped in nine groups of fours or fives based on 

their intact groupings as during the earlier MEA. Two groups that were 
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deemed to provide rich data for this study were selected as the target groups 

by the teacher to have their modelling endeavours video-recorded. The 

modelling task (printed on a task sheet) was provided for each group. The 

students were encouraged to think aloud during their discussion. At the end of 

60 minutes, some groups were invited to share their findings and for the class 

to critique. All the groups had to write their solutions on big pieces of butcher 

papers, which were collected at the end of the session after the group 

presentations. The video data were transcribed with the purpose of 

triangulating with the written solutions towards understanding the students’ 

mathematical reasoning and in particular their argumentation and justification 

that have an impact on the decisions made.   

Argumentation interpretive framework  

In this study, we sought to investigate students’ argumentative reasoning in 

their attempt to complete a model-eliciting activity. We adapted and modified 

Chin and Osborne’s (2010) analytical framework of oral argumentation as it 

reflected the quality of arguments that include the depth of explanations, 

elaborateness of the warrants and grounds cited, appropriateness of examples 

as justifications and the absence or presence of rebuttals used to refute 

opposing ideas. Since teachers have considerable influence in a collaborative 

platform with respect to the scaffolding offered to students, we incorporated 

Fraivillig, Murphy and Fuson’s (1999) framework comprising eliciting, 

supporting and extending prompts to reflect the type of questions asked and 

the support a teacher could offer that may lead to an argumentative discourse. 

The argumentation interpretive framework is shown in Figure 2. 

 

As the participants were young children and novice modellers, the terms 

“arguments” and “justifications” had to be defined for age-appropriateness in 

relation to the MEA they were engaged in. We viewed students’ arguments 

and justifications in this study as both a social and cognitive process. In this 

respect, we define “argument” as the ability to make claims with evidence as 

well as evaluate evidence to comment on the validity of the claims. The term 

“justification” used in the framework does not relate to the formal idea of 

“proof” that mathematicians tend to associate it with. We viewed 

“justification” as part of the argumentation and reasoning practices that 

establish an explanation of why something works mathematically. 

Justification with grounds would mean that the students were able to relate or 

use data as their qualifying reasons or backing for their argument. The 
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argumentation interpretive framework is to be inclusive by having the 

different types of arguments with those that are without justifications to those 

with simple or detailed justifications with rebuttals.  

 

 
Type of Prompt/Question Code 

Elicit an answer to a calculation, an agreement/disagreement, 

unpack a meaning, an opinion 

El 

Press for clarification / elaboration Pr 

Support as feedback to concur / clarify / explain Su 

Extend to challenge thinking, push for alternative solutions, make 

better analysis of data. 

Ex 

Type of Argument  

Make a claim / assumption without justification or grounds. Ac 

Make a claim with simple justification or grounds but no rebuttal. Ac+ 

Make a claim with detailed justification or grounds but no rebuttal. Ac++ 

Make a claim with simple justification after retrospection. Ac+Rp 

Make a claim as a rebuttal mainly due to a difference in perception 

and without ground. 

AcRb 

Make a claim as a rebuttal with simple justification or grounds. Ac+Rb+ 

Make a claim with detailed justification or grounds and with a 

rebuttal that addresses a weakness of the opposing argument and/or 

provides further support for one’s earlier argument. 

Ac++Rb+ 

Make a claim with detailed justification or grounds and with a self-

rebuttal that considers the limitation or weakness of one’s own 

argument. 

Ac+sRb 

Note: grounds – comprising data, warrant, and/or qualifier and backing 

 

 
Figure 2. Interpretive framework for analysing argumentation discourse 
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Findings 

In this section, we compare the argumentative reasoning of the two target 

groups of students within the Formulation and Interpretation phases of 

mathematical modelling. The analyses of the students’ discourses from these 

two phases would enable a richer exemplification of their argumentative 

reasoning and decision-making. The Formulation phase involves 

understanding the problem and making assumptions leading to the 

formulation of variable relationships. For this MEA, students need to simplify 

the problem so that they have a common premise to work on in their model 

development endeavor. We anticipated that since the phone plans comprised 

variables like cost and time presented in different rates, students would have 

to establish a common premise like cost per month for a certain fixed number 

of hours used to make the comparisons. During the Interpretation phase, the 

students would have to relate their mathematical solutions to the problem 

situation. This is where they present their decisions of the models generated 

alongside the mathematical solutions they have come up with which enables 

comparisons and justifications to be made.  

Formulation phase 

We found the two groups did make assumptions towards a common premise 

and the discussions were triggered mainly by questions that served a particular 

purpose and the argumentation moves made were claims that were based on 

the data in the task sheet.  

 

Group 1 

Table 1 is based on an episode when the students were thinking about the cost 

on Plan C. The students had already agreed that in order to make comparisons 

between the costs of each plan, they needed to find common ground and in 

this case, they would find how much it would cost a user with 5 minutes of 

phone usage per month (see Lines 1 and 2). When a question was raised by S2 

(Line 3) about how much they would have to pay for the plan, members in 

response made their claims from the data in the task sheet illustrating a Type 

2 argument, Ac+ (see Lines 4, 6 sand 7), that the cost was based on a flat rate 

of $10 regardless of the time usage. The argument raised was also to address 

S2’s second question (Line 5) to find out why they needed only to pay $10. 

The teacher played a supporting (Su) role to affirm what “flat rate” meant 

(Lines 10 and 12). We inferred that within the episode, the discussion led to 
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an understanding of the meaning of flat rate and how the rate was to be used 

in the workings of the costs. The episode shows an example of collective 

argumentation where claims based on data together with the support (Su) 

rendered by the teacher were used to address questions raised by students 

(Lines 9 and 11).   

 
Table 1 

Mathematical talk of Group 1 during formulation 

Line Speaker Protocol Code Purpose 

1 S4 Find 1 month. Find 1 

month. 

Ac Claim without 

justification 

2 S1 So 5 minutes times 30 

equals 150. 

- Compute total minutes 

in a month with 5 

minutes per day 

3 S2 So how much? (writing) El Elicit for answer 

4 S3 But its 10 hours free call. So 

it's still $10. 

Ac+ Claim based on data 

5 S2 Why only $10? Pr Press for elaboration 

6 S3 Because the free call is only 

nothing. He didn't exceed 

the 10 hours free call. 

Ac+ Claim based on data 

7 S4 It's flat rate. Ac+ Claim based on data 

8 Tr Flat rate is like no matter 

how much (interrupted) 

Su Support to explain 

9 S2 That means even I call once 

or even 2000 times I still 

pay this? 

El Elicit for meaning 

10 Tr Yes. That means this is the 

amount that I must pay 

before everything else. 

Su Support to explain 

11 S4 So even if you didn't call 

anything? 

El Elicit for meaning 

12 Tr Yes, you would still have to 

pay $10. 

Su Support to explain 
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Group 2 

The episode in Table 2 shows an initial instance of the students’ discussion to 

find a common premise for making comparison of the various phone plans. 

We see the role of student-questioning to elicit for opinions (Lines 1 and 8), 

and pressing for elaboration (Lines 2 and 5). Responses to the questions posed 

were mainly of Type 2 argumentation, Ac+, as their claims were warranted 

based on the variables of “months” and “minutes” that were essential in the 

discussion. There was an instance in Line 6 when S3 pushed for an alternative 

proposal to begin with $60 as the common starting premise, an argumentative 

claim that was warranted since it was based on the data for Plan A. What 

followed in Line 7 was a claim with rebuttal that was warranted (Ac+R+) since 

the data of the various plans presented in the task sheet did not have a common 

base to begin with. Students were found to support (Su) members’ proposals 

and argumentative claims readily as seen in Lines 4 and 9. By verbalizing 

one’s support, it could lead others to question less, concur and move one with 

one’s proposal.  

 
Table 2 

Mathematical talk of Group 2 during formulation 

Line Speaker Protocol Code Purpose 

1 S4 Maybe we write all these to 1 

month, 1 month, and then see 

how? 

El Elicit for opinion 

2 S1 How do you know how much 

is all these in 1 month? 

Pr Press for 

elaboration 

3 S3 Change to 1 month and then 

to minutes. 

Ac+ Claim based on 

data 

4 S2 Yeah, true. Su Support to concur 

5 S1 How come this is like $30 per 

month, and this is like $5 per 

month? 

Pr Press for 

elaboration 

6 S3 Why don't you change all 

these to $60? 

Ex           

Ac+ 

Push for 

alternative 

proposal Claim 

based on data  

7 S1 But this is in month and this 

is in minutes. 

Ac+Rb+ Claim with 

warranted rebuttal  
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8 S3 Can we say that Plan B, Plan 

C and Plan D, right, there are 

all mobile data? Plan A is for 

phone calls. 

El Elicit for opinion 

9 S2 Oh. So that will be Plan A. Su Support to concur 

 

The above two excerpts informed that both groups in the Formulation phase 

considered the need to work on a common premise in order to make fair 

comparisons of the phone plans. They made assumptions for their basis 

towards simplifying the problem. There were some differences however in the 

argumentation discourse. For Group 1, the discussion moved along rather 

smoothly as most of what the students discussed was not challenged and 

appeared to be the passage for them to progress along. Their argumentation 

moves comprised mainly simple argumentative claims with simple 

justifications based on data (Ac+). The teacher’s supportive role could have 

affirmed the group’s readiness to progress to the next phase. 

 

For Group 2, members asked more pressing type (Pr) of questions like “How 

do you know …?” and “How come …?” as they sought to find a common 

premise to work on. The argumentative claims were simple and warranted as 

they were founded on data (Ac+). There was an instance of pressing for an 

alternative proposal which was met with a simple and warranted 

argumentation rebuttal (Ac+Rb+). Generally there was consensus and support 

(Su) and the group decided to begin with $60 as the starting common premise 

to work on. Concurrence with this proposal enabled the group to move towards 

the next phase. We noted that teacher scaffolding was not present.  

Mathematisation phase 

For this phase, students worked on their mathematical solutions after they had 

agreed on a common starting premise.  

 

Group 1 

The students worked out the costs for the different plans based on the 

assumption that the potential customer used 5 minutes of calls per day. With 

that, they concluded that Plan D was the cheapest based on the total cost per 

month as presented in the initial interaction shown in Table 3 (see Lines 1 to 

5). We found when the teacher interjected and pressed the group to explain 

why they chose Plan D (Lines 6, 8, 10 and 15), the group then began to exhibit 
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a higher level of argumentative reasoning. The group realized that their 

starting premise of using 5 minutes was not well substantiated (Lines 11, 12 

and 14) because they did not find out if by using another set of time duration 

in hours, the costs would differ from the original proposal. This discussion led 

to the pupils making more plausible claims after retrospection (Ac+Rp) as 

seen in Lines 16 and 17 and Lines 21 to 24.   

 
Table 3 

Mathematical talk of Group 1 during mathematisation 

Line Speaker Protocol Code Purpose 

1 S3 So now this is the 

cheapest. 

Ac+ Claim based on 

“evidence” 

2 S2 So the plan we should get 

is Plan D? 

El Elicit for agreement 

3 Chorus Yeah. - - 

4 S4 We can write the 

conclusion. 

- - 

5 S3 We should actually put 

"assuming" 5 minutes per 

day (advises S2 to write it 

above each plan) 

- - 

   (S2 writes the conclusion) - - 

6 Tr Can you explain why you 

think you should get Plan 

D? 

Pr Press for elaboration 

7 S1 Because it's the cheapest. Ac+ Claim based on 

“evidence” 

8 Tr Cheapest based on what? El Press for elaboration 

9 S3 He used 5 minutes per 

day. 

Ac+ Claim based on 

“evidence” 

10 Tr He used 5 minutes per 

day. But if he doesn't use 

5 minutes? 

Ex Extend to challenge 

thinking 

11 S3 Then it'll be more varied. 

But this will still be the 

cheapest. 

Ac Claim without ground 
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12 S1 I think so. Ac Claim without ground 

13 Tr Are you sure? El Elicit for 

agreement/disagreement 

14 S1 I don't know. - - 

15 Tr If you don't know, then 

what do you think you 

should do? 

Ex Extend to push for better 

analysis of data 

16 S3 Use bigger number. Ac+Rp Claim after 

retrospection 

17 S4 Do another one like that, 

and then use bigger 

numbers. 

Ac+Rp Claim after 

retrospection 

18 S1 So this is our solution 1. - - 

19 S3 If we all change to 10 

minutes, then we all see if 

the price, like this price, is 

the cheapest. 

Ac+ Warranted claim 

20 S1 So you want 2 hours or 3 

hours? 

El Elicit for opinion 

21 S3 5 hours. Ac+ Warranted claim 

22 S4 1 hour. Ac+ Warranted claim 

23 Tr 1 hour meaning what? El Elicit for meaning 

24 S4 1 hour per day. Ac+ Warranted claim 

25 S1 Because he's a 

businessman. 

Ac+ Warranted claim 

26 S3 No. - - 

27 Tr You can assume. Now 

you're saying that this is 5 

minutes, and now this is 

1hour per day? 

Su Support as feedback 

28 S1 It's a really big gap.   

29 Tr Is it possible for you to 

use 1h per day? 

Pr Press for elaboration 

30 S2 I don't even call. Ac+ Claim based on personal 

experience 



148 Primary 5 Students’ Argumentative Reasoning 

31 S3 I call about 30 minutes 

only. 

Ac+ Claim based on personal 

experience 

32 S4 I also. Ac+ Claim based on personal 

experience 

33 S3 But my brother is 2 hours. Ac+ Claim based on personal 

experience 

34 Tr So it's possible that he 

may spend an hour on the 

phone, right? 

Su Support as feedback 

35 Pupils Yeah. - - 

36 Tr Is it also possible that 

since he's a businessman, 

he spends more time on 

the phone? 

Ex Extend to challenge 

thinking 

37 S3 Maybe. - - 

38 S3 So we want 1 hour per day 

or 30 minutes? 

El Eliciting for agreement 

 

It was noted that the difficulty the students had then was to reconcile the 

number of hours with their personal experience because they hardly used a 

phone for up to hours (see Lines 30 to 33). Their argumentative claims were 

coded as Ac+ as they were backed by their own experiences. Through the 

teacher’s scaffolding, Group 1 eventually worked on 1 hour of usage on the 

assumption that it was a reasonable duration for a businessman, which was 

more plausible than their initial 5 minutes of usage per day per month although 

their findings still resulted in Plan D being the cheapest. 

 

Group 2 

The group was working out the number of hours a customer would use based 

on $60 for each plan. There were several instances when members were 

reminding themselves to “Get all to 60. So see how much he can get for $60” 

and “Change everything to $60. See how much he uses per month”. However, 

as the mathematical solutions were being worked out, there was an instance 

of a member, S4, bringing up an alternative proposal (see Line 1) to find the 

cost based on a certain number of hours used as seen in Table 4. This proposal 

and claim was quickly rejected (see Lines 2 and 3) as it appeared that S5 and 

S1 did not wish to disrupt what was agreed upon based on the initial proposal. 
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S4 did try to defend the argumentative claim (Ac+Rb+) that they were 

supposed to find the cheapest option for the plans in Line 4 but the group was 

already engrossed in working out the mathematical solutions for the original 

proposal.  

 
Table 4 

Mathematical talk of Group 2 during mathematisation 

 

Line Speaker Protocol Code Purpose 

1 S4 Wait. Would it be 

better if we find like 

how much he uses 

per month? 

Ex 

Ac 

Challenge to have 

alternative solution with 

claim but without ground 

2 S5 No! We started this 

idea and we're 

going to end this. 

AcRb Claim with rebuttal without 

ground 

3 S1 Exactly. Su Support to concur 

4 S4 But our purpose is 

because we want to 

find what's cheap, 

right? 

Ac+Rb+ Claim as rebuttal based on 

collective goal 

 

In comparing the two groups with respect to the Mathematisation phase, we 

inferred that Group 1 was somewhat hindered by their personal experience in 

making calls for long durations. As students are more text savvy in today’s 

digital age and texting is pervasive, it is understandable why some students 

found it difficult to apportion a significant number of hours as phone usage to 

a businessman. Nonetheless, this difference in perception presented greater 

opportunities for argumentative reasoning. The students had progressed from 

deliberating the cost of using 5 minutes of phone calls a day in their decision 

model to using 1 hour per day which was a more plausible decision model. 

The teacher also played an important role in providing feedback and extending 

the students’ thinking through asking “extending” type of questions to press 

for elaboration and push for better analysis of data as well as challenge their 

thinking.  

 

Group 2, in contrast, was found to have very little teacher scaffolding. On their 

own, the students engaged one another with more eliciting, pressing and 
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extending type of questions to further the collective thinking of the group.  

Their personal experience of texting did not surface and they were able to 

work on two different approaches for the phone plans and make different 

recommendations as interpretation of the problem situation. We posit that 

group dynamics could also play a part in impacting the thinking process.   

Interpretation and verification phases 

During the Interpretation phase, the groups used their final worked solutions 

to relate to the problem situation. They explained alternative solutions and 

made recommendations as part of the verification process. 

 

Group 1 

We are only able to show the final set of solutions for Group 1 based on the 

starting common premise of using 1 hour per day per month in Figure 3 

because the group upon assuming that their earlier starting common premise 

of working with 5 minutes was “untenable”, destroyed the working. In Figure 

3, the worked solutions for the four plans are shown and the group decided to 

choose Plan D as the cost was the lowest. We did not code for argumentative 

reasoning in the phase for Group 1 since they were presenting based on what 

was written in the paper. 
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Figure 3. Group 1’s decision as interpretation after a second round of comparing 

 

Group 2 

The students in Group 2 found Plan A to be the most suitable plan for the 

customer based on the calculations they had made for the four plans as shown 

in their written artifact (see Figure 4). They made the common premise to be 

$60 and worked out the time usage a user was entitled to for $60 per month 

for each plan. By paying $60, Plan A entitled a user to use 720 hours while 

the other plans entitled the user to use far fewer hours.   
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Figure 4. Group 2’s decision as interpretation based on $60 as the common premise 

 

The students tried to interpret their solutions back to the problem situation by 

making some recommendations and they were mindful of the need to make 

justifications (see Table 4, Lines 1) where S2 pressed for a justification, “Why 

choose Plan A?” (Pr). Interestingly, S4 (in Lines 2, 4  and 6) did not forget her 

earlier alternative proposal (during the mathematisation phase) and sought to 

press on with that even though it also drew a rebuttal from S1 (AcRb; Line 3) 

who felt it would not be of much help.  

 
Table 4 

Mathematical talk of Group 2 during interpretation 

Line Speaker Protocol Code Purpose 

1 S2 Then …can we like do a 

why? Why we choose Plan 

A? 

Pr Press for clarification 

2 S4 Why don't we do like 10h 

then 20h onwards then see 

how much it will cost? 

Ex Push for alternative 

solution 

3 S1 Yeah, although I think it 

won't help that much. 

AcRb Claim as a rebuttal 

without ground 

4 S4 Taking into account that he 

doesn't use texts, he only uses 

the phone, like more than any 

of us. So how long will he 

take? 

Ex Push for alternative 

solution 

5 S1 So how about 8 h? El Elicit for agreement 
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6 S4 So how long will he use if that 

is his only way of 

communication? How long 

do you use your phone to 

communicate? 

Ex Push for alternative 

solution 

 

The students nevertheless worked on the alternative solution as shown in 

Figure 5. It was an apt conclusion to the completion of the modelling activity 

because the alternative method provided another model means to make 

recommendations to a customer where in this case, Plan D was found to be the 

most suitable as it was the cheapest based on 30 hours of calls.  

 

Figure 5. Group 2’s decision as interpretation based on 30 hours of calls 

 

In comparing the two groups with respect to the Interpretation and Verification 

phases, we inferred that both groups had more than one set of solutions to 

make recommendations. The argumentative reasoning discourse was not 

evident in Group 1 as they presented what they already have worked out.  

Group 2, in contrast, had two very different models which afforded different 

recommendations to be made. Group 2 had some argumentative reasoning 

aspects because some of the members in the group had some contentions with 

the need for the alternative solution.  

 

On the whole, we found that for both the groups, each member contributed in 

short phrases or sentences in the discursive episodes. Argumentation moves 

coded were dominantly Ac+ where referrals of their claims were mainly 

evidenced from the given data in terms of time usage as well as from the 

calculations they have made after finding a premise to start with. The students 

were more inclined to write their solutions which provided the basis towards 
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the collective understanding of the group’s progress, and this accounted for 

why the argumentation moves were mainly of the Ac+ type. Argumentations 

with simple justifications or rebuttals (AcRb or Ac+R) were present 

occasionally but argumentations with detailed justifications or those with 

rebuttals (Ac++, Ac++Rb+) were not observed.  

Discussion and Implications 

Although studies in students’ engagement in mathematical talk is not new, 

framing argumentative reasoning as an important aspect of productive 

mathematics discussion has been found lacking in local research. Based on the 

findings of this study, we discuss some contributions on fostering students’ 

argumentative reasoning in the mathematics classroom. 

Tasks that foster argumentative reasoning 

To foster argumentative reasoning in the mathematics classroom, a high 

demand cognitive task is more suitable than to have students solve structured 

word problems. According to Stein et al. (2008), a high demand cognitive task 

engages students in complex thinking processes and provides affordances for 

the creation of multiple solution paths or entry points. The model-eliciting 

activity chosen for students in this study has features of a high demand 

cognitive task. Students had to have a sense of purpose in working 

collaboratively towards coming up with solutions and making 

recommendations as required. It also means that students had to communicate 

throughout the 60 minutes as they go through the various modelling phases. 

This required the students to maintain a high level of cognitive demand to 

discuss and uncover the mathematics that is embedded in the tasks. The 

Formulation phase necessitated the need to understand the problem and to 

make assumptions. The assumptions paved the way for the students to then 

work on the solutions which were also tied to their generation of the decisions 

models. In this phase, the students’ argumentation moves were found to be 

mainly “making a claim/argument with simple justification or grounds”; 

coded as Ac+.  This shows that students were focused on the data provided 

and there was a constant need to make use of them in generating their 

solutions. The Interpretation phase as well provided affordances for students 

to justify their decisions after working out their solutions. This phase is not an 

end in itself. The justifications were open to scrutiny and that paved the way 



Chan, C.M.E., Vapumarican, R., Oh, K.W., Liu, H.T. and Seah, Y.H.S. 155 

for revising current or generating an alternative solution. In this phase, more 

high-level questions (Extending type) were asked to challenge thinking.  

The role of questions in argumentative reasoning 

Argumentative reasoning is elicited when students pay attention to the details 

of the data given and try to make sense of them. What we observed in this 

study is that in trying to mathematise the problem situation, students asked 

questions to elicit responses for the purpose of seeking agreement or an 

opinion, to unpack a meaning or even to press for elaboration. To strengthen 

their cause and make connections in what they were working on, they asked 

questions to challenge thinking or push for seeking alternative solutions as in 

the case of Group 2. This is consistent with the view put forth by Chin and 

Osborne (2010) that such questions support the co-construction of evidence-

based-arguments especially in the negotiation of perspectives towards 

achieving better outcomes as well as achieving an understanding that was 

more than what an individual could achieve on his or her own. In this regard, 

the socio-cognitive dynamics at play during the discursive interaction gave 

rise to argumentative reasoning and in the process enabled the students to 

work towards some consensus of ideas.  

 

We also noted that the teacher can influence the quality of student interaction 

especially in situations when the students are going around a particular idea 

without making much progress or have generated a very surface level model, 

like in the case of Group 1, when the students were satisfied with their solution 

based on a somewhat unrealistic figure used to compute the cost of the phone 

plan. The teacher asked questions to challenge the students to come up with 

more plausible figures which resulted in another set of solutions. This led to a 

revision of the model as the students worked on new data to try and validate 

their earlier proposals. Under such circumstance, the negotiation of meanings 

involved argumentative reasoning as well with the role of questions in the 

socio-cognitive dynamics stimulating argumentation and explanation.  

Lower-level and higher-level argumentation 

All students had been relatively active participants. Observations of the 

interactions of the two groups showed that they were involved in asking 

questions, making argumentation claims and justifications albeit mainly at the 

lower levels, that is, arguments without detailed justifications or disputes. We 

concur with Mercer (2002) that working through communal argumentative 
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reasoning was not something younger students were able to achieve easily 

without adult mediation. Conversely, we also noted that whenever responses 

or reasons supplied by members were deemed to be sufficiently plausible in 

taking the discussion forward, concessions rather than challenges or counter-

challenges were often made. Since time was of essence to complete the task 

by the hour as well, it led to progressive discourse where students would agree 

to reasonable response and moved on or built on without “rocking the boat” 

vigorously. In a sense, they were being task-oriented towards achieving an 

outcome through completing the task. It is noteworthy as well to bring up that 

group dynamics could influence the argumentative discourse. Take the case 

of Group 2, where S4 who had a good alternative proposal but was made 

inadmissible by some members until she pressed to have it tried out at the end 

as part of the verification. If S4 had been more assertive, the argumentation 

discourse could have been richer and with greater elaboration. However, it 

may also lead to members becoming personal if members continue to want 

their way.  

Implications for instructions  

The use of a cognitively high-demand task for a mathematics activity (e.g. 

model-eliciting activity) should be the first consideration to get students to be 

active participants in problem solving where a high degree of communication 

is needed. Such a task provides affordances for argumentative reasoning to 

take place. The socio-cognitive dynamics at play during engagement suggests 

that students will have to ask questions and provide responses based on data 

which serves to support the construction of evidence-based arguments. 

 

There may be instances when students’ discussions are not stretched to reach 

more desirable outcomes. The teacher thus has to play an important role at 

critical junctures of the students’ discussion to facilitate deeper 

communication. However, facilitating productive mathematical discussions 

can be difficult for teachers. To assist teachers in being more focused in 

supporting students’ discourse, Conner and her associates (2014) suggest that 

teachers could study frameworks on collective argumentation and reflect on 

the types of support they could offer. Based on this study, teachers could learn 

about and recognize different types of arguments from the interpretive 

framework and in future help students talk over the arguments and have them 

to think if their responses could value add by building on or reconstructing an 

idea. Moreover, teachers have to be familiar with the high demand cognitive 
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task as part of preparing for the student activity to anticipate the challenges 

and solutions in order to facilitate better. Good preparation will enable the 

teacher make apposite assessment and know when to interject and scaffold the 

students’ thinking and to challenge them to get better outcomes. Exercising 

more listening will help the teacher to know how to comprehend the students' 

thinking better as well.  

 

To strengthen students’ argumentation skills as mathematical practice, 

mathematics instructional units used in the classroom may be reviewed to 

promote students’ use of argumentation. Instructional strategies such as 

providing language support, discussing rich familiar content, specifying 

conditions, introducing false claims and manipulating familiar content to be 

unfamiliar may be helpful in facilitating argumentation discourse during 

mathematics lessons whenever appropriate (Rumsey & Langrall, 2016).  In 

this respect, professional learning and development has to do more in creating 

and supporting learning environments that enable students to express, test and 

revise their thinking through rich discourse communities as well as in the use 

of the afore-mentioned instructional strategies. Teachers could also be 

supported in learning about the features of such activities (e.g. MEAs), 

designing them and the means to support student learning such as through 

direct participation, how to ask high-press questions, making reflections and 

assessments. As we have noted that students are also capable of asking 

extending type of questions, students may also be given resources on some 

“meta-linguistic understanding of the features of good arguments, a structure 

to support their thinking, knowledge of the social norm of group discourse, 

and sufficient time to elaborate their ideas” (Chin & Osborne, 2010, p.279). 

Limitations of the Study 

The case study is based on the qualitative analysis of only two groups of 

students and therefore could not be generalised. A more accurate picture with 

respect to understanding students’ argumentative reasoning could be 

ascertained if more groups had participated to be video-recorded for the 

interplay of their questioning, argumentation and justification and even to 

establish some patterns in the argumentative discourse. The current study only 

serves to exemplify the types of argumentative reasoning displayed by target 

group students and the socio-dynamics that fosters such reasoning. As well, 
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although an interpretative framework has been devised, interpreting 

behaviours is still very much a human endeavour that can still be biased based 

the lens the coders wear. As such, the coding and interpretation of behaviours 

could never be 100% accurate in such studies even though several discussions 

were carried out with good intention to find convergence in the meanings of 

the codes in relation to the students' protocols and behaviours.  

Closing Remarks 

The aim of this paper was to investigate Primary 5 students’ argumentative 

reasoning. By situating the interaction of task, students and teacher in the 

context of a model-eliciting activity, the design has enabled a high discourse 

community to take place as part of laying the foundation for shifts towards 

argumentation. Using an argumentation interpretive framework, students' 

interaction exemplifying the types of argumentative reasoning were captured 

and analysed. This study has shown that primary school students are capable 

of making arguments or claims with simple justifications and rebuttals. The 

role of questioning stood out to enable the argumentative discourse to become 

richer and for students to make better interpretations back to the problem 

situation. Timely teacher scaffolding also plays a part in fostering students' 

argumentative reasoning. More research needs to be carried out on fostering 

productive discourse that involves argumentative reasoning.  
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